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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 51 ]. This is test number [ 107 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100. ( 51) %0.(0)
Mathematica | % 100. ( 51) %0.(0)
Maple % 78.43 (40) | % 21.57 (11)

Maxima %0.(0) % 100. ( 51)
Fricas % 31.37 (16 ) | % 68.63 ( 35)
Sympy %0.(0) % 100. ( 51)

Giac % 0. (0) % 100. ( 51)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 27.45 0. 72.55 0.
Maple 17.65 56.86 3.92 21.57
Maxima 0. 0. 0. 100.
Fricas 19.61 11.76 0. 68.63
Sympy 0. 0. 0. 100.
Giac 0. 0. 0 100.




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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FriCAS Giac/Xcas Maxima Sympy

Rubi Mathematica Maple



The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) Mean size Normalized mean Median size
Rubi 5.32 533.49 1. 500.
Mathematica 7.95 5092.84 23.07 289.
Maple 9.09 6 6.16806 10 10149. 6 1.57399 10
Maxima Round[Mean]], 0.01] | Round[Mean]], 0.01] | Round[Mean]], 0.01] | Round[Median][], O.
Fricas 17.19 4002.38 17.65 2943.
Sympy Round[Mean]], 0.01] | Round[Mean[], 0.01] | Round[Mean(], 0.01] | Round[Median][], 0.
Giac Round[Mean]], 0.01] | Round[Mean][], 0.01] | Round[Mean(], 0.01] | Round[Median][], 0.
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1.4 list of integrals that has no closed form an-
tiderivative

b

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {1}[2}[3,[4[5}[6} (7} 8} 9} [19} [20} 21 [22} 23} 24} 25} 26} [32} 34} [35} 44} [45} (46} 5T}
Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/

13

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

WoOoNOLHWNE



Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each

CAS
2.1.1 Rubi
A rudes (1B BRABAIIT bl bebobebiby
B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica
A grade: {[27}[28}[29}[30} [B1},[36} 37} [38} B9} 40} [47} [48} 49} [50]

B grade: { }

C grade: { [T} 2}[3}{4 @@lllllllll
(83,84} B3} 41} [42; [43} 44} [45)

F grade: { }

2.1.3 Maple

A grade: {[29}3233, 86} 87,38} [41} {42, (43}

de {[Th23[3} 45} 64 B} 04 [LO) L1} [L2} [L3} L4 [L5} [T 7 [18 [T [20} 21} 22, 23 24, 27, 28, 45} (4G, 47

15
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C grade: {m}
F grade: {[25][26][30} 31} 34} 35} [39} [40} [4} [£9} [50] }

2.1.4 Maxima

A grade: {

B grade: { }

C grade: { }

F grade: { 1,233, 5,617, B0, 0} T 2 18[9} 20,21, 22,553,225
[28) [29] B0 31} [32} (331 84} 35 36, 137} 38} (35, 0} {41 (42} [£3} 44 145, 4G 50,51/}

21.5 FriCAS

A grade: {[27,[28,[29],80, 31} 3687, 88} %} 40|}
B grade: {[45}[46}[47}[48}[49,[50] }

C grade: { }

F grade: { {123} 51[6} (7,[8 O} L0} L1} [1}[13} 1 4[15} 16} 17} 18} 19} |20} 21} 22} 23} P4} 25} 2632}
(83184} 35} |41, |42 43, 44} 51]}

2.1.6 Sympy

A grade: { }

B grade: { }

C grade: { }

Fgrade: (1334657,56T0 T 3 0 1161715 T, 7,22,
[28}[29}[301[31}[32}[33} 34} 35} [36} 37 [38, 46}[47}[48)[49}[50}[51] }
21.7 Giac

A grade: { }

B grade: { }

C grade: { }

F grade (DARBAARTIT 31s 70,2102, 73
343536137 20, 1] (42} 143 [£4} 45 [46} 47 |48} 493, 50, 51
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — :
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica  Maple  Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 975 975 690 17767396 0 0 0 0
normalized size | 1 1. 0.71 18223. 0. 0. 0. 0.
time (sec) N/A 24.463 6.221 1.056 0. 0. 0. 0.
Problem 2 Optimal | Rubi Mathematica  Maple  Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 889 889 582 17247437 0 0
normalized size | 1 1. 0.65 19400.9 0. 0. 0. 0.
time (sec) N/A 23.995 4.913 0.432 0. 0. 0. 0.
Problem 3 Optimal | Rubi Mathematica ~ Maple = Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 748 748 451 17766953 0 0 0 0
normalized size | 1 1. 0.6 23752.6 0. 0. 0. 0.
time (sec) N/A 23.63 2.34 0.401 0. 0. 0. 0.
Problem 4 Optimal | Rubi Mathematica =~ Maple = Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 676 676 405 17247074 0 0 0 0
normalized size | 1 1. 0.6 255134 0. 0. 0. 0.
time (sec) N/A 26.571 0.535 0.45 0. 0. 0. 0.
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Problem 5 Optimal | Rubi Mathematica ~ Maple  Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 601 601 250 21947835 0 0 0 0
normalized size | 1 1. 0.42 36518.9 0. 0. 0. 0.
time (sec) N/A 23.288 0.278 0.405 0. 0. 0. 0.
Problem 6 Optimal | Rubi Mathematica  Maple  Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 574 574 228 17246812 0 0 0 0
normalized size | 1 1. 0.4 30046.7 0. 0. 0. 0.
time (sec) N/A 23.269 0.135 0.415 0. 0. 0. 0.
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F(-2) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 571 571 223 53198 0 0 0 0
normalized size | 1 1. 0.39 93.17 0. 0. 0. 0.
time (sec) N/A 23.583 0.342 5.83 0. 0. 0. 0.
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 612 612 261 1166066 0 0 0 0
normalized size | 1 1. 0.43 1905.34 0 0 0. 0.
time (sec) N/A 23.744 1.121 19.957 0 0 0. 0.
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 690 690 289 2856003 0 0 0 0
normalized size | 1 1. 0.42 4139.13 0 0 0. 0.
time (sec) N/A 23.733 1.816 140.041 0 0 0. 0.
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 548 548 456 9581348 0 0 0 0
normalized size | 1 1. 0.83 17484.2 0 0 0. 0.
time (sec) N/A 1.085 6.12 0.35 0 0 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 495 495 283 7491919 0 0 0 0
normalized size | 1 1. 0.57 15135.2 0. 0. 0.
time (sec) N/A 0.82 2.524 0.305 0 0 0. 0.
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 383 383 252 9581048 0 0 0 0
normalized size | 1 1. 0.66 25015.8 0 0 0. 0.
time (sec) N/A 0.731 0.842 0.329 0 0 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 352 352 228 7491708 0 0 0 0
normalized size | 1 1. 0.65 21283.3 0 0 0. 0.
time (sec) N/A 0.373 0.183 0.336 0 0 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 294 294 173 9338488 0 0 0 0
normalized size | 1 1. 0.59 31763.6 0. 0. 0. 0.
time (sec) N/A 0.286 0.093 0.326 0. 0. 0. 0.
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Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 298 298 173 7300213 0 0 0 0
normalized size | 1 1. 0.58 24497 4 0. 0. 0. 0.
time (sec) N/A 0.311 0.123 0.368 0. 0. 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 350 350 223 28513 0 0 0 0
normalized size | 1 1. 0.64 81.47 0. 0. 0. 0.
time (sec) N/A 0.701 0.245 1.877 0. 0. 0. 0.
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 395 395 264 675102 0 0 0 0
normalized size | 1 1. 0.67 1709.12 0 0 0. 0.
time (sec) N/A 0.765 1.402 18.206 0 0 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 500 500 315 1981914 0 0 0 0
normalized size | 1 1. 0.63 3963.83 0. 0. 0.
time (sec) N/A 0.8 5.383 45.891 0 0 0. 0.
Problem 19 Optimal | Rubi Mathematica ~ Maple = Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1190 1190 884 13067596 0 0 0 0
normalized size | 1 1. 0.74 10981.2 0. 0. 0. 0.
time (sec) N/A 6.507 23.276 0.326 0. 0. 0. 0.
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Problem 20 Optimal | Rubi Mathematica ~ Maple @ Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 864 864 611 13066795 0 0 0 0
normalized size | 1 1. 0.71 15123.6 0. 0. 0. 0.
time (sec) N/A 4.79 20.016 0.303 0. 0. 0. 0.
Problem 21 Optimal | Rubi Mathematica  Maple = Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 686 686 286 13066412 0 0 0 0
normalized size | 1 1. 0.42 19047.3 0. 0. 0. 0.
time (sec) N/A 4.514 15.267 0.321 0. 0. 0. 0.
Problem 22 Optimal | Rubi Mathematica ~ Maple = Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 638 638 328 11847956 0 0 0 0
normalized size | 1 1. 0.51 18570.5 0. 0. 0. 0.
time (sec) N/A 3.95 4.812 0.291 0. 0. 0. 0.
Problem 23 Optimal | Rubi Mathematica =~ Maple  Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 635 635 318 13066372 0 0 0 0
normalized size | 1 1. 0.5 20577. 0. 0. 0. 0.
time (sec) N/A 3.791 4.602 0.288 0. 0. 0. 0.
Problem 24 Optimal | Rubi Mathematica ~ Maple = Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 750 750 450 15825630 0 0 0 0
normalized size | 1 1. 0.6 21100.8 0. 0. 0. 0.
time (sec) N/A 4.578 4.348 122.368 0. 0. 0. 0.
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Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-1) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 829 829 583 0 0 0 0 0
normalized size | 1 1. 0.7 0. 0. 0. 0. 0.
time (sec) N/A 4.939 6.166 180. 0. 0. 0. 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-1) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1007 1007 786 0 0 0 0 0
normalized size | 1 1. 0.78 0. 0. 0. 0. 0.
time (sec) N/A 4.928 6.172 180. 0. 0. 0. 0.
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 270 270 290 684 0 3421 0 0
normalized size | 1 1. 1.07 2.53 0. 12.67 0. 0.
time (sec) N/A 0.613 5.826 0.25 0. 36.87 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 209 209 208 467 0 2952 0 0
normalized size | 1 1. 1. 2.23 0. 14.12 0. 0.
time (sec) N/A 0.349 1.494 0.179 0. 21.228 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 179 179 180 289 0 2641 0 0
normalized size | 1 1. 1.01 1.61 0. 14.75 0. 0.
time (sec) N/A 0.224 0.279 0.186 0. 16.188 0. 0.
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 203 203 192 0 0 5280 0 0
normalized size | 1 1. 0.95 0. 0. 26.01 0. 0.
time (sec) N/A 0.292 11 0.597 0. 5.381 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 435 435 187 0 0 2934 0 0
normalized size | 1 1. 0.43 0. 0. 6.74 0. 0.
time (sec) N/A 0.544 1.156 0.509 0. 19.086 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1254 1254 639 1945 0 0 0 0
normalized size | 1 1. 0.51 1.55 0. 0. 0. 0.
time (sec) N/A 0.993 29.37 0.212 0. 0. 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 829 829 428 1497 0 0 0 0
normalized size | 1 1. 0.52 1.81 0. 0. 0. 0.
time (sec) N/A 0.552 1.799 0.153 0. 0. 0. 0.
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 861 861 1258 0 0 0 0 0
normalized size | 1 1. 1.46 0. 0. 0. 0. 0.
time (sec) N/A 0.585 26.903 0.497 0. 0. 0. 0.




24

Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 943 943 1590 0 0 0 0 0
normalized size | 1 1. 1.69 0. 0. 0. 0. 0.
time (sec) N/A 0.717 32.167 0.498 0. 0. 0. 0.
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-1) A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 182 182 173 240 0 2962 0 0
normalized size | 1 1. 0.95 1.32 0. 16.27 0. 0.
time (sec) N/A 0.353 2.162 0.19 0. 18.118 0. 0.
Problem 37, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 141 141 136 155 0 2450 0 0
normalized size | 1 1. 0.96 1.1 0. 17.38 0. 0.
time (sec) N/A 0.21 0.236 0.189 0. 13.274 0. 0.
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 79 79 79 102 0 733 0 0
normalized size | 1 1. 1. 1.29 0. 9.28 0. 0.
time (sec) N/A 0.114 0.111 0.19 0. 3.86 0. 0.
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 142 142 136 0 0 2500 0 0
normalized size | 1 1. 0.96 0. 0. 17.61 0. 0.
time (sec) N/A 0.228 0.57 0.559 0. 11.78 0. 0.
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Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-1) A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 249 249 188 0 0 3267 0 0
normalized size | 1 1. 0.76 0. 0. 13.12 0. 0.
time (sec) N/A 0.318 4.136 0.545 0. 16.017 0. 0.
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-1) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 662 662 533 646 0 0 0 0
normalized size | 1 1. 0.81 0.98 0. 0 0 0.
time (sec) N/A 0.439 22.577 0.184 0. 0 0 0.
Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 436 436 311 402 0 0 0 0
normalized size | 1 1. 0.71 0.92 0. 0 0 0.
time (sec) N/A 0.341 8.994 0.158 0. 0 0 0.
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 436 436 235 231 0 0 0 0
normalized size | 1 1. 0.54 0.53 0. 0 0 0.
time (sec) N/A 0.306 0.683 0.155 0. 0 0 0.
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-1) F(-1) F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 707 707 683 0 0 0 0 0
normalized size | 1 1. 0.97 0. 0. 0. 0. 0.
time (sec) N/A 0.728 27.892 0.537 0. 0. 0. 0.
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Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 235 235 182725 826 0 8193 0 0
normalized size | 1 1. 777.55 3.51 0. 34.86 0. 0.
time (sec) N/A 0.549 34.144 0.202 0. 32.014 0. 0.
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 159 159 57597 601 0 2421 0 0
normalized size | 1 1. 362.25 3.78 0. 15.23 0. 0.
time (sec) N/A 0.394 35.643 0.165 0. 6.31 0. 0.
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 154 154 155 508 0 2384 0 0
normalized size | 1 1. 1.01 3.3 0. 15.48 0 0
time (sec) N/A 0.285 2.836 0.159 0. 5.54 0 0
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 155 155 156 417 0 2410 0 0
normalized size | 1 1. 1.01 2.69 0. 15.55 0 0
time (sec) N/A 0.218 2.936 0.155 0. 5.257 0 0
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-1) B F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 280 280 278 0 0 8429 0 0
normalized size | 1 1. 0.99 0. 0. 30.1 0. 0.
time (sec) N/A 0.387 3.295 0.446 0. 28.113 0. 0.
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Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-1) B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 477 477 555 0 0 11061 0 0
normalized size | 1 1. 1.16 0. 0. 23.19 0. 0.
time (sec) N/A 0.552 6.069 0.449 0. 35.949 0. 0.
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 981 981 831 3598 0 0 0 0
normalized size | 1 1. 0.85 3.67 0. 0. 0. 0.
time (sec) N/A 0.876 34.031 0.163 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

number of rules

the integrand. Finally the ratio —

integrand size

is given. The larger this ratio is, the harder the

integral was to solve. In this test, problem number [1] had the largest ratio of [ 0.4242 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?er of no.rmatlize.d integrand ——
# grade steps unique antlderl\./atlve leaf size integrand leal size
used rules leaf size

1 A 21 14 1. 33 0.424

2 A 19 12 1. 33 0.364

3 A 16 12 1. 33 0.364

4 A 10 9 1. 33 0.273

5 A 10 9 1. 31 0.29

6 A 9 7 1. 24 0.292

7 A 18 13 1. 31 0.419

8 A 17 12 1. 33 0.364
Continued on next page




Table 2.1 — continued from previous page

number of number of normalized integrand —
# | grade steps unique antideri\./ative leaf size togrand leaf size
used rules leaf size

9 A 21 14 1. 33 0.424
10 A 15 10 1. 33 0.303
11 A 14 9 1. 33 0.273
12 A 11 8 1. 33 0.242
13 A 9 7 1. 33 0.212
14 A 6 4 1. 31 0.129
15 A 6 3 1. 24 0.125
16 A 10 7 1. 31 0.226
17 A 11 8 1. 33 0.242
18 A 14 9 1. 33 0.273
19 A 20 12 1. 33 0.364
20 A 14 11 1. 33 0.333
21 A 10 7 1. 33 0.212
22 A 7 5 1. 33 0.152
23 A 7 5 1. 31 0.161
24 A 13 10 1. 31 0.323
25 A 13 10 1. 33 0.303
26 A 18 12 1. 33 0.364
27 A 9 8 1. 35 0.229
28 A 8 7 1. 35 0.2
29 A 8 7 1. 33 0.212
30 A 10 7 1. 33 0.212
31 A 22 9 1. 35 0.257
32 A 14 9 1. 35 0.257
33 A 8 6 1. 26 0.231
34 A 9 8 1. 35 0.229
35 A 10 8 1. 35 0.229
36 A 8 7 1. 35 0.2
37 A 7 6 1. 35 0.171
38 A 4 4 1. 33 0.121
39 A 8 5 1. 33 0.152
40 A 11 6 1. 35 0.171

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;:?2?;; %
used rules leaf size

41 A 5 5 1. 35 0.143
42 A 4 4 1. 35 0.114
43 A 4 3 1. 26 0.115
44 A 7 7 1. 35 0.2
45 A 8 7 1. 35 0.2
46 A 6 6 1. 35 0.171
47 A 6 6 1. 35 0.171
48 A 6 6 1. 33 0.182
49 A 12 7 1. 33 0.212
50 A 16 8 1. 35 0.229
51 A 9 8 1. 35 0.229
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Chapter 3

Listing of integrals

3.1 ftan5(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=975

32
(ctan201+-ex)+-btan(d-+ex)4—a)/ tan?(d-+ex) (35b2—-42ctan(d-+ex)b—-32ac)(ctan2014-ex)+—btan(d-+ex
+
5ce 240c3e

[Out] (Sqrt[a”2 + b™2 + c*x(c + Sqrt[a”™2 + b~2 - 2%a*xc + c72]) - a*(2*c + Sqrt[a~2
+ b72 - 2%axc + c”2])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa
*c + ¢72]) - b*Sqrt[a”2 + b~2 - 2xaxc + c"2]*Tan[d + e*x])/(Sqrt[2]*(a~2 +
b2 - 2xaxc + c72)7(1/4)*Sqrt[a”2 + b2 + cx(c + Sqrt[a™2 + b2 - 2%axc + ¢
~2]) - ax(2*%c + Sqrt[a”2 + b™2 - 2*axc + c”2])]*Sqrtla + b*Tan[d + e*x] + c
xTan[d + exx]~2])]1)/(Sqrt[2]*(a”2 + b™2 - 2xa*xc + c~2)7"(1/4)*e) + (b*ArcTan
h[(b + 2xcxTan[d + exx])/(2*Sqrtlc]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + ex*x
1721)1)/(2xSqrt[cl*e) - (b*(b~2 - 4xaxc)*ArcTanh[(b + 2*cxTan[d + exx])/(2x
Sqrt[c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(16xc~(5/2)*e) + (b*
(7072 - 12%axc)*(b~2 - 4xaxc)*ArcTanh[(b + 2*c*Tan[d + ex*x])/(2*Sqrt[c]*Sq
rt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(256%c~(9/2)*e) - (Sqrt[a™2 +
b~2 + c*x(c - Sqrt[a”™2 + b72 - 2xa*xc + c”2]) - ax(2%c - Sqrt[a”2 + b"2 - 2xa
*c + c¢”2])]*ArcTanh[(b"2 + (a - c)*x(a - ¢ + Sqrt[a™2 + b~2 - 2*a*xc + c~2])
+ bxSqrt[a”2 + b2 - 2*axc + c”2]*Tan[d + exx])/(Sqrt[2]*(a”2 + b™2 - 2*a*c
+ ¢c72)7(1/4)*Sqrt[a™2 + b™2 + cx(c - Sqrt[a”™2 + b™2 - 2*axc + c72]) - a*x(2
xc - Sqrt[a™2 + b72 - 2xaxc + c”2])]x*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + ex
x]1721)1)/(Sqrt[2]*(a”2 + b2 - 2%axc + c~2)"(1/4)*e) + Sqrt[a + b*Tan[d + e
*x] + cxTan[d + exx]~2]/e + (b*(b + 2xcxTan[d + exx])*Sqrt[a + b*Tan[d + ex
x] + c*xTan[d + e*xx]~2])/(8*%c™2xe) - (b*(7*b~2 - 12xa*xc)*(b + 2%c*Tan[d + ex
x])*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])/(128%c"4x*e) - (a + b*Tan[d
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+ exx] + cxTan[d + e*x]~2)7(3/2)/(3*cxe) + (Tan[d + e*x] 2*(a + b*Tan[d +
exx] + c*Tan[d + exx]~2)7(3/2))/(5*c*xe) + ((35%b~2 - 32*xaxc - 42%b*cx*Tan[d
+ exx])*(a + b*Tan[d + exx] + cxTan[d + exx]~2)"(3/2))/(240%c"3%xe)

Rubi [A] time = 24.4627, antiderivative size = 975, normalized size of antiderivative =

. . number of rules
1., number of steps used = 21, number of rules used = 14, integrand size = 33, —————
integrand size

= (0.424, Rules used = {3700, 6725, 640, 612, 621, 206, 742, 779, 1021, 1078, 1036, 1030, 208,
205}

32
(ctanzaiﬁ-ex)+-btan(d-+ex)4—a)/ tan?(d + ex) (35b2——42ctan(d-+ex)b——32ac)(ctan2014-ex)+—btan(d-+ex)

+
5ce 240c3¢

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x] 5*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2],x]

[Out] (Sqrt[a”2 + b™2 + c*x(c + Sqrt[a”™2 + b~2 - 2%a*xc + c72]) - a*(2*c + Sqrt[a~2
+ b72 - 2%axc + c”2])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa
*c + ¢72]) - b*Sqrt[a”2 + b~2 - 2xaxc + c"2]*Tan[d + e*x])/(Sqrt[2]*(a~2 +
b2 - 2%xaxc + c72)7(1/4)*Sqrt[a”2 + b2 + cx(c + Sqrt[a™2 + b2 - 2%axc + c
~2]) - ax(2*%c + Sqrt[a”2 + b™2 - 2*axc + c”2])]*Sqrtla + b*Tan[d + e*x] + c
xTan[d + exx]~2])]1)/(Sqrt[2]*(a”2 + b™2 - 2xa*xc + c~2)"(1/4)*e) + (b*ArcTan
h[(b + 2xc*Tan[d + exx])/(2*Sqrtlc]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x
1721)1)/(2xSqrt[cl*e) - (b*(b~2 - 4xaxc)*ArcTanh[(b + 2*cxTan[d + exx])/(2x
Sqrt[c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(16xc~(5/2)*e) + (b*
(7072 - 12%axc)*(b~2 - 4*axc)*ArcTanh[(b + 2*c*Tan[d + ex*x])/(2*Sqrt[c]*Sq
rt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(256%c~(9/2)*e) - (Sqrt[a”™2 +
b~2 + c*x(c - Sqrt[a”™2 + b72 - 2xa*xc + c”2]) - ax(2%c - Sqrt[a”2 + b"2 - 2xa
*c + c¢”2])]*ArcTanh[(b"2 + (a - c)*x(a - ¢ + Sqrt[a™2 + b™2 - 2*axc + c~2])
+ bxSqrt[a”2 + b™2 - 2*axc + c”2]*Tan[d + exx])/(Sqrt[2]*(a”2 + b™2 - 2*ax*c
+ ¢c72)7(1/4)*Sqrt[a”™2 + b™2 + cx(c - Sqrt[a”™2 + b™2 - 2*axc + ¢c72]) - a*x(2
xc - Sqrt[a™2 + b72 - 2xa*xc + c”2])]xSqrt[a + b*Tan[d + e*xx] + c*Tan[d + ex
x]1721)1)/(Sqrt[2]*(a”2 + b2 - 2%axc + c~2)"(1/4)*e) + Sqrt[a + b*Tan[d + e
*x] + cxTan[d + exx]”2]/e + (b*(b + 2xcxTan[d + exx])*Sqrt[a + b*Tan[d + ex
x] + c*xTan[d + e*xx]~2])/(8*c™2xe) - (b*(7*b~2 - 12xa*xc)*(b + 2*c*Tan[d + ex
x])*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])/(128xc"4xe) - (a + b*Tan[d
+ exx] + cxTan[d + e*x]~2)7(3/2)/(3*%cxe) + (Tan[d + exx]~2*x(a + b*Tan[d +
exx] + c*Tan[d + e*x]~2)7(3/2))/(5*cxe) + ((35%b~2 - 32xa*xc - 42*b*xcxTan[d
+ exx])*(a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2)7(3/2))/(240%c~3*e)
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Rule 3700

Int[tan[(d_.) + (e_)*(x_ )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 640

Int[((d_.) + (e_D)*(x_))*((a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol
] > Simp[(ex(a + b*x + c*x72) " (p + 1))/ (2xcx(p + 1)), x] + Dist[(2%c*xd - b
xe)/(2xc), Int[(a + b*x + c*xx"2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, xl
&& NeQ[2xc*d - bxe, 0] && NeQ[p, -1]

Rule 612

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xc*x
)*(a + b*xx + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(px(b~2 - 4x*axc))/(2*xcx(2
*p + 1)), Int[(a + b*x + c*x"2) " (p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4x*p]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xcxx)/Sqrtla + bxx + cxx~2]]1, x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)~"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 742

Int[((d_.) + (e_)*x_))"(m)*x((a_.) + (b_)*(x_) + (c_)*x_)"2)"(p), x_S
ymbol] :> Simp[(ex(d + e*x)"(m - 1)*(a + bxx + cxx"2)"(p + 1))/(c*x(m + 2*p
+ 1)), x] + Dist[1/(c*(m + 2%p + 1)), Int[(d + exx) " (m - 2)*Simp[c*d~2x(m +
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2xp + 1) - ex(axex(m - 1) + b*xdx(p + 1)) + e*x(2xc*d - b*xe)*x(m + p)*x, x]*(

a + b*x + c*xx"2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, m, p}, x] && NeQ[b~2 -
dxaxc, 0] && NeQ[c*d™2 - bxdxe + axe”2, 0] && NeQ[2*c*d - bxe, 0] && If[Rat
ionalQ[m], GtQ[m, 1], SumSimplerQ[m, -2]] && NeQ[m + 2%p + 1, 0] &% IntQuad
raticQla, b, ¢, d, e, m, p, x]

Rule 779

Int[((d_.) + (e_)*x_)N)*x((f_.) + (g_)*xxD))*((a_.) + (b_.)*(x_) + (c_.)*(
x_)"2)"(p_), x_Symbol]l :> -Simp[((bxexg*(p + 2) - c*x(exf + dxg)*(2*p + 3) -
2xckexgx(p + 1)*x)*(a + b*x + c*xx"2)"(p + 1))/(2*%c™2*(p + 1)*(2%xp + 3)), x
1 + Dist[(b™2%exg*(p + 2) - 2%axckexg + c*(2xckxd*f - bkx(exf + dxg))*(2*p +
3))/(2xc™2x(2xp + 3)), Int[(a + bxx + c*xx"2)7p, x], x] /; FreeQ[{a, b, c, d
, e, T, g, p}, x] && NeQ[b~™2 - 4xaxc, 0] && !'LeQ[p, -1]

Rule 1021

Int[((g_.) + (h_D*(x_))*((a ) + (b_)*(x) + (c_)*(x_)"2)"(p)*((d) + (£
_D)*(x_)"2)7(q ), x_Symbol] :> Simp[(h*(a + b*x + c*x72)7p*x(d + £*x72)7(q +
D)/ (2xfx(p + q + 1)), x] - Dist[1/(2*f*x(p + q + 1)), Int[(a + bxx + c*x72
)7 (p - Dx(d + £xx72)"g*Simp [h*px(b*xd) + ax(-2xg*xf)*(p + q + 1) + (2xh*px(c
xd - axf) + bx(-2xgxf)*(p + q + 1))*x + (h*px(-(b*xf)) + cx(-2*gxf)*x(p + q +
)*x"2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b"2 - 4x*a
*c, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1078

Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +

(e_)*(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f
xx~2], x], x] + Dist[1/c, Int[(A*c - a*C + Bkcxx)/((a + c*x"2)*Sqrt[d + ex*x
+ f*xx72]), x], x] /; FreeQ[{a, c, d, e, £, A, B, C}, x] && NeQ[e™2 - 4xdx*f
, 0]

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*c*e”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)*x, x]/((a + ¢
*xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQl[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030
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Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2%axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax
exx”2, x], x], x, Simpl[a*h - gkxc*x, x]/Sqrt[d + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[axh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps



ftanS(d + ex)\/a + btan(d + ex) + ctan®(d + ex) dx =

Mathematica [C]

(b2—4uc) tanh_l b+2c tan(d+ex)
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Subst (f @ dx, x, tan(d + ex))
e
O e e e
- e
Subst (fxm dx, x, tan(d + ex)) Subst (f 13
= +

e

Ja+btan(d +ex) +ctand(d+ex)  (a+btan(d +ex) +ct

e 3ce

\/a +btan(d + ex) + ctan®(d + ex)  b(b + 2ctan(d + ex))\/
= +
e

\/a +btan(d + ex) + ctan®(d + ex)  b(b + 2ctan(d + ex))\/

= +
e
btanh™ b2ctan(@+e) b (b2 - 4ac) tanh ™
2\/(_:\/a+h tan(d+ex)+c tan?(d+ex)

2+/ce
\/a2+b2+c(c+\/a2+b2—2ac+02)—a(26+\/u2+b2—2

time = 6.22143, size = 690, normalized size = 0.71

(-

(b+2c tan(d+ex))\/a+b tan(d+ex)+c tanz(d+ex)

3563
2\/5\/a+b tan(d+ex)+c tanz(dJrex)] (1511hc— 4 ) 4c -

b (b+2¢ tan(d+ex))\/a+b tan(d+ex)+c tanz(dﬂ’x)

4c

8c2

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx] 5*Sqrtl[a + bxTan[d + exx] + c*Tan[d + e*xx]~2],x]
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[Out] ((-2xSqrtla - I*b - cl*ArcTanh[(2*a - I*b + (b - (2xI)*c)*Tan[d + ex*x])/(2x*
Sqrtla - I*b - c]xSqrtl[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])] + ((b - (2%
I)*c)*ArcTanh[(b + 2*%cxTan[d + exx])/(2xSqrt[c]*Sqrt[a + bxTan[d + exx] + ¢
xTan[d + exx]~2])])/Sqrtlc]l)/4 + (-2xSqrtl[a + I*b - cl*ArcTanh[(2%a + I*b +

(b + (2xI)*c)*Tan[d + exx])/(2*Sqrt[a + Ixb - c]*Sqrt[a + b*Tan[d + e*x] +
cxTan[d + exx]~2])] + ((b + (2xI)*c)*ArcTanh[(b + 2*c*Tan[d + exx])/(2*Sqr
t[c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])])/Sqrtlc])/4 + Sqrtla + b
xTan[d + exx] + c*Tan[d + exx]”2] - (a + bxTan[d + exx] + cxTan[d + e*xx]~2)
~(3/2)/(3%c) + (Tan[d + exx]"2x(a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2)~(3/2
))/(5*xc) + (bx(-((b~2 - 4*axc)*ArcTanh[(b + 2*c*Tan[d + ex*x])/(2xSqrt[c]*Sq
rt[a + bxTan[d + exx] + cxTan[d + exx]~2])])/(8%c~(3/2)) + ((b + 2xc*Tan[d
+ exx])*Sqrt[a + bxTan[d + exx] + c*Tan[d + exx]72])/(4xc)))/(2xc) + (-(((-
35%b~2) /4 + 8xaxc + (21*bkxcxTan[d + exx])/2)*(a + b*Tan[d + e*x] + c*Tan[d
+ e*xx]72)7(3/2))/(12xc™2) + (((-35%b~3)/4 + 15*xaxbxc)*(-((b~2 - 4x*axc)*ArcT
anh[(b + 2xc*Tan[d + exx])/(2xSqrt[c]l*Sqrt[a + b*Tan[d + e*x] + cxTan[d + e
*x]721)1)/(8*c~(3/2)) + ((b + 2%c*Tan[d + e*x])*Sqrtl[a + b*Tan[d + e*x] + c
*Tan[d + exx]~2])/(4*c)))/(8+c™2))/(5xc))/e

Maple [B] time = 1.056, size = 17767396, normalized size = 18223.

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atbxtan(exx+d)+c*xtan(e*xx+d)~2) " (1/2)*tan(exx+d) "5,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f \/c tan (ex + d)? + btan (ex + d) + a tan (ex + d)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2)*tan(e*xx+d)~5,x, algorithm="
maxima"

[Out] integrate(sqrt(c*tan(e*xx + d)~2 + bxtan(exx + d) + a)*tan(e*x + d)75, x)
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Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d)+c*tan(exx+d) ~2)~(1/2)*tan(e*xx+d)~5,x, algorithm="

fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a +btan (d + ex) + ctan® (d + ex) tan® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(e*xx+d)**2)**(1/2)*tan(exx+d)**5,x)

[Out] Integral(sqrt(a + b*tan(d + e*x) + c*tan(d + e*x)**2)*tan(d + e*x)**5, x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2)*tan(e*xx+d)~5,x, algorithm="

giac")

[Out] Timed out
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3.2 ftan4(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=889

3/2 3/2
tan(d + ex) (c tan(d + ex) + btan(d + ex) + a) T (ctan’(d + ex) + btan(d + ex) + a) ! (5b% - 4ac) (b + 2ct
- +
4ce 24c%e

[Out] -((Sqrt[a”2 + b™2 + cx(c - Sqrt[a”2 + b™2 - 2*axc + c~2]) - ax(2xc - Sqrtla
"2 + b”2 - 2%axc + c”2])]*ArcTan[(b*Sqrt[a~2 + b™2 - 2%axc + c72] - (b™2 +
(a - c)*(a - ¢ + Sqrt[a™2 + b™2 - 2*xa*xc + c¢~2]))*Tan[d + e*xx])/(Sqrt[2]*(a"~
2 + b72 - 2%axc + c”2)7(1/4)*Sqrt[a”2 + b2 + cx(c - Sqrt[a™2 + b~2 - 2xaxc
+ ¢c72]) - ax(2*%c - Sqrt[a”2 + b~2 - 2*xa*xc + c”2])]*Sqrt[a + bxTan[d + exx]
+ cxTan[d + exx]~2])])/(Sqrt[2]*(a”2 + b™2 - 2xa*xc + c"2)7(1/4)*e)) + (Sqr
t[c]*ArcTanh[(b + 2*cxTan[d + exx])/(2*Sqrt[c]*Sqrt[a + bxTan[d + exx] + cx*
Tan[d + exx]~2])])/e + ((b”2 - 4*axc)*ArcTanh[(b + 2*cxTan[d + e*x])/(2*Sqr
t[c]#Sqrt[a + bxTan[d + e*x] + cxTan[d + exx]~2])]1)/(8*c~(3/2)*e) - ((b"2 -
4xaxc)*(5xb~2 - 4xaxc)*xArcTanh[(b + 2xc*Tan[d + e*xx])/(2%Sqrt[c]*Sqrtl[a +
b*Tan[d + exx] + cxTan[d + exx]~2])])/(128*%c~(7/2)*e) - (Sqrt[a™2 + b™2 + ¢
x(c + Sqrt[a”™2 + b™2 - 2%axc + c”2]) - ax(2xc + Sqrt[a™2 + b72 - 2xa*c + c”
2])1*ArcTanh[(b*Sqrt[a”2 + b™2 - 2%axc + c2] + (b™2 + (a - c)*(a - ¢ - Sqr
t[a™2 + b™2 - 2%axc + c¢72]))*Tanl[d + exx])/(Sqrt[2]*(a”2 + b~2 - 2%axc + ¢~
2)7(1/4)*Sqrt[a”2 + b72 + cx(c + Sqrt[a”™2 + b~2 - 2xa*xc + c”2]) - ax(2*c +
Sqrt[a”2 + b72 - 2*a*xc + c”2])]*Sqrtla + bxTan[d + exx] + c*Tan[d + e*xx]~2]
)1)/(Sqrt[2]*(a”2 + b™2 - 2*axc + c”2)"(1/4)*e) - ((b + 2*cxTan[d + e*xx])*S
grtla + b*Tan[d + e*x] + c*Tan[d + exx]~2])/(4*c*xe) + ((5xb~2 - 4*axc)x(b +
2*c*Tan[d + exx])*Sqrt[a + bxTan[d + exx] + c*Tan[d + exx]~2])/(64*c”3*e)
- (5%b*(a + bxTan[d + exx] + c*Tan[d + e*x]~2)7(3/2))/(24*c"2xe) + (Tan[d +
exx]*(a + b*Tan[d + e*x] + cxTan[d + e*xx]~2)7(3/2))/(4*c*e)

Rubi [A] time = 23.9947, antiderivative size = 889, normalized size of antiderivative =

. . b f rul
1., number of steps used = 19, number of rules used = 12, integrand size = 33, ==
integrand size

= 0.364, Rules used = {3700, 6725, 612, 621, 206, 742, 640, 990, 1036, 1030, 208, 205}

3/2 3/2
tan(d + ex) (c tan(d + ex) + btan(d + ex) + a) 2 5 (ctan’(d + ex) + btan(d + ex) + a) ! (5b% - 4ac) (b + 2ct
- +
4ce 24c%e

Antiderivative was successfully verified.
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[In] Int[Tan[d + e*x] 4*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2],x]

[Out] -((Sgrt[a™2 + b™2 + cx(c - Sqrt[a”2 + b™2 - 2*axc + c~2]) - ax(2xc - Sqrtla
"2 + b2 - 2%axc + c”2])]*ArcTan[(b*Sqrt[a”2 + b™2 - 2*axc + c”2] - (b™2 +
(a - c)*(a - ¢ + Sqrt[a™2 + b™2 - 2*a*xc + c¢~2]))*Tan[d + e*xx])/(Sqrt[2]*(a”~
2 + b72 - 2%xa*xc + c72)7(1/4)*Sqrt[a”2 + b72 + cx(c - Sqrt[a”™2 + b~2 - 2xaxc
+ ¢c72]) - ax(2xc - Sqrtl[a™2 + b72 - 2xaxc + c”2])]*Sqrt[a + b*Tan[d + ex*x]
+ c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2%a*xc + c~2)7(1/4)*e)) + (Sqr
t[c]*ArcTanh[(b + 2*cxTan[d + exx])/(2*Sqrt[c]*Sqrt[a + bxTan[d + exx] + cx*
Tan[d + exx]~2])]1)/e + ((b™2 - 4xaxc)*ArcTanh[(b + 2*c*Tan[d + ex*x])/(2*Sqr
t[c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])]1)/(8xc~(3/2)*e) - ((b"2 -
4xaxc)*(5xb~2 - 4xaxc)*ArcTanh[(b + 2*c*Tan[d + ex*xx])/(2*Sqrt[c]*Sqrt[a +
b*Tan[d + exx] + cxTan[d + exx]~2])])/(128%c~(7/2)*e) - (Sqrt[a™2 + b™2 + ¢
x(c + Sqrt[a”2 + b™2 - 2%axc + c72]) - ax(2xc + Sqrt[a™2 + b72 - 2xa*xc + c”
2])]*ArcTanh[(b*Sqrt[a”2 + b™2 - 2%a*xc + ¢c72] + (b™2 + (a - c)*(a - ¢ - Sqr
t[a™2 + b™2 - 2%axc + c¢72]))*Tan[d + exx])/(Sqrt[2]*(a”2 + b~2 - 2*a*xc + ¢~
2)7(1/4)*Sqrt[a”2 + b"2 + cx(c + Sqrt[a”™2 + b~2 - 2xa*xc + c~2]) - ax(2*c +
Sqrt[a”2 + b™2 - 2%axc + c”2])]*Sqrtl[a + b*Tan[d + e*x] + c*Tan[d + ex*x]~2]
)1)/(Sqrt[2]*(a”2 + b™2 - 2*axc + c~2)"(1/4)*e) - ((b + 2*cxTan[d + e*xx])*S
qrtla + b*Tan[d + e*x] + c*Tan[d + e*xx]~2])/(4*c*xe) + ((5xb~2 - 4*axc)*(b +
2+c*Tan[d + exx])*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])/(64%c”3*e)
- (b*b*(a + bxTan[d + exx] + c*Tan[d + e*x]~2)7(3/2))/(24*c"2xe) + (Tan[d +
exx]*(a + b*Tan[d + e*x] + c*Tanl[d + e*x]~2)7(3/2))/(4*cxe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )17 (@m_.) + (c_)*x((f_.)*xtanl[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*x(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 612

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xc*x
)*(a + b*xx + c*x"2)7p)/(2%cx(2xp + 1)), x] - Dist[(px(b~2 - 4xaxc))/(2*xcx(2
*p + 1)), Int[(a + b*x + c*xx™2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b™2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4xp]
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Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2xcxx)/Sqrtla + bxx + cxx~2]]1, x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4*axc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 742

Int[((d_.) + (e_)*(x D))" (m)*x((a_.) + (b_)*(x) + (c_)*x)D)"2)"(p_), x_8S
ymbol] :> Simp[(ex(d + e*xx)"(m - 1)*(a + bxx + cxx"2)"(p + 1))/(c*x(m + 2*p
+ 1)), x] + Dist[1/(cx(m + 2%p + 1)), Int[(d + e*xx)"(m - 2)*Simp[c*d™2x(m +
2xp + 1) - ex(axex(m - 1) + b*xdx(p + 1)) + ex(2xcxd - b*xe)*(m + p)*x, x]*(
a + bxx + c*¥x72)7p, x], x] /; FreeQ[{a, b, c, d, e, m, p}, x] && NeQ[b"2 -
dxaxc, 0] && NeQ[c*d™2 - bkxdxe + a*xe™2, 0] && NeQ[2*c*d - bxe, 0] && If[Rat
ionalQ[m], GtQ[m, 1], SumSimplerQ[m, -2]] && NeQ[m + 2%p + 1, 0] && IntQuad
raticQla, b, ¢, d, e, m, p, x]

Rule 640

Int[((d_.) + (e_)*(x_))*((a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol
] > Simp[(ex(a + b*x + c*x"2) " (p + 1))/ (2xcx(p + 1)), x] + Dist[(2%c*d - b
xe)/(2xc), Int[(a + b*x + c*xx"2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, xl
&& NeQ[2xc*d - bxe, 0] && NeQ[p, -1]

Rule 990

Int[Sqrtl(a_) + (b_)*(x_) + (c_.)*(x_)"2]/((d_) + (f_.)*(x_)"2), x_Symbol]

:> Dist[c/f, Int[1/Sqrtla + b*x + c*x~2], x], x] - Dist[1/f, Int[(cxd - ax
f - b*f*x)/(Sqrtla + b*x + c*x~2]*(d + f*x~2)), x], x] /; FreeQ[{a, b, c, d
, T}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*xc*e”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - axf + q) - gcx
e)*x, x]/((a + c*x"2)*Sqrtld + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)*x, x]/((a + ¢
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xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4x*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[a*h - gkxc*x, x]/Sqrt[d + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[axh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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Subst (f % dx, x, tan(d + ex))
f tan*(d + ex)yJa + btan(d + ex) + c tan?(d + ex) dx = -
Subst (f (—Va + bx + cx? + x®Va + bx + cx® + %Zcxz) ¢
- e
Subst (f Va + bx + cx? dx, x, tan(d + ex)) Subst (fxz*
= - +
e

(b + 2ctan(d + ex))\/u + btan(d + ex) + ctan®(d + ex)
4ce

(b + 2ctan(d + ex))\/a + btan(d + ex) + ctan®(d + ex) .

4ce

Vetanh™ bractan@+e) (b2 - 4ac) tanh™
2\/2\/u+b tan(d+ex)+c tan?(d+ex)

e

\/a2+b2+c(c—\/a2+b2—2ac+c2)—a(2c—\/a2+b2-

\/a2+b2+c(c—\/a2+b2—2ac+cz)—a(2c—\/a2+b2-

Mathematica [C] time = 4.91309, size = 582, normalized size = 0.65

2 .
(b2—4ac) tanh ™! b+2c tan(d+ex) } (% —2uc)[(b2—4ac) tanh_l[ br2c tan(d+ex) ]—2\/E(b+2c tan(d+ex))+/a+b tan(d+ex)+c

2\/5\/11+b tan(d+ex)+c tan?(d+ex) 2\/5\/a+b tan(d+ex)+c tanZ(d+ex)
32 - 872

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x] 4*Sqrtl[a + bxTan[d + exx] + c*Tan[d + e*xx]~2],x]
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[Out] ((-4*I)*Sqrtla - I*b - cl*ArcTanh[(2*a - I*b + (b - (2xI)x*c)*Tan[d + exx])/
(2%Sqrt[a - Ixb - cl*Sqrtla + b*Tan[d + e*x] + cxTan[d + exx]~2])] + (4xI)x*
Sqrt[a + I*b - cl*ArcTanh[(2*a + Ixb + (b + (2*I)*c)*Tan[d + ex*x])/(2%Sqrt[
a + I*b - c]*Sqrtla + bxTan[d + exx] + c*Tan[d + e*xx]~2])] + (2x((-I)*b + 2
xc)*ArcTanh[(b + 2*c*Tan[d + exx])/(2xSqrt[c]*Sqrt[a + b*Tan[d + exx] + cxT
an[d + exx]"2]1)])/Sqrtlc] + (2x(Ixb + 2*c)*ArcTanh[(b + 2*c*Tan[d + ex*x])/(
2%Sqrt [c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/Sqrtlc] + ((b"2 -
4xaxc)*ArcTanh[(b + 2xc*Tan[d + e*x])/(2+Sqrt[cl*Sqrtla + b*Tan[d + e*x] +
cxTan[d + e*x]72]1)]1)/c~(3/2) - (2%(b + 2*cxTan[d + e*x])*Sqrt[a + b*Tan[d +
exx] + cxTan[d + exx]~2])/c - (6xbx(a + b*Tan[d + exx] + c*Tan[d + e*x]~2)
~(3/2))/(3xc™2) + (2xTan[d + exx]*(a + b*Tan[d + exx] + c*Tan[d + exx]~2)"(
3/2))/c - (((5%b72)/2 - 2xa*c)*((b"2 - 4*a*xc)*ArcTanh[(b + 2*c*Tan[d + e*x]
)/ (2%Sqrt [c]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])] - 2*xSqrtlc]l*(b +
2xc*Tan[d + exx])*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2]))/(8%c~(7/2)

))/ (8xe)

Maple [B] time = 0.432, size = 17247437, normalized size = 19400.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*tan(exx+d)+c*xtan(e*xx+d)~2) " (1/2)*tan(exx+d) "4,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f \/c tan (ex + d)? + btan (ex + d) + a tan (ex + d)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2)*tan(e*xx+d) 4,x, algorithm="

maxima"

[Out] integrate(sqrt(c*tan(e*xx + d)~2 + b*tan(exx + d) + a)xtan(e*xx + d)~4, x)
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Fricas [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(e*xx+d)~2)~(1/2)*tan(e*xx+d)~4,x, algorithm="

fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f \/u +btan (d + ex) + ¢ tan? (d + ex) tan® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+cktan(e*xx+d)**2)**(1/2)*tan(exx+d)**4,x)

[Out] Integral(sqrt(a + bxtan(d + exx) + cxtan(d + exx)**2)xtan(d + exx)**4, x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d)+c*tan(e*xx+d) ~2)~(1/2)*tan(e*x+d) 4,x, algorithm="

giac")

[Out] Timed out
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3.3 ftan3(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=748

—bVa?-2ac+b%+c2 tan(d+ex
\/E é/a2—2a0+b2+cz \/—a(\/a2—2a0+b2+cz+26)+c(

V2eVa2 — 2ac + b2 + 2

\/—a(\/az—Zac+bz+c2+2c)+c(\/az—2ac+bz+c2+c)+az+bztan_1

[Out] -((Sgrt[a™2 + b"2 + cx(c + Sqrt[a”™2 + b™2 - 2*axc + c~2]) - ax(2xc + Sqrt[a
"2 + b"2 - 2%axc + c¢72])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2
xaxc + c¢"2]) - bxSqrt[a”2 + b~2 - 2%axc + c"2]xTan[d + exx])/(Sqrt[2]*(a~2
+ b72 - 2%axc + c”2)7(1/4)*Sqrt[a”2 + b2 + cx(c + Sqrt[a™2 + b2 - 2%axc +
c"2]) - ax(2xc + Sqrt[a”™2 + b~2 - 2*axc + c~2])]*Sqrt[a + bxTan[d + exx] +
cxTan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2*xaxc + c"2)"(1/4)*e)) - (b*Arc
Tanh[(b + 2*c*Tan[d + e*x])/(2%Sqrt[c]l*Sqrt[a + b*Tan[d + e*x] + c*Tan[d +
exx]~2])]1)/(2xSqrt[cl*e) + (bx(b~2 - 4*axc)*ArcTanh[(b + 2*c*Tan[d + ex*x])/
(2xSqrt[c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + exx]~2])])/(16%c~(5/2)*e) +
(Sqrt[a”2 + b™2 + cx(c - Sqrt[a”™2 + b™2 - 2%a*c + c~2]) - ax(2*c - Sqrt[a™2
+ b72 - 2%axc + c¢"2])]*ArcTanh[(b™2 + (a - c)*(a - ¢ + Sqrt[a”™2 + b™2 - 2%
axc + c72]) + b*Sqrt[a”2 + b"2 - 2*axc + c”2]*Tan[d + exx])/(Sqrt[2]*(a~2 +
b2 - 2%axc + ¢c72)7(1/4)*Sqrt[a”2 + b2 + c*(c - Sqrt[a™2 + b72 - 2xa*c +
c™2]) - ax(2xc - Sqrt[a”2 + b72 - 2xa*xc + c”2])]*Sqrtla + b*Tan[d + e*xx] +
cxTan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2%axc + c~2)"(1/4)*e) - Sqrtla +
b*Tan[d + e*x] + cxTan[d + exx]"2]/e - (b*(b + 2*c*Tan[d + exx])*Sqrtla +
bxTan[d + e*xx] + c*Tan[d + exx]~2])/(8xc™2xe) + (a + b*Tan[d + e*xx] + c*Tan
[d + exx]~2)7(3/2)/(3*cxe)

Rubi [A] time = 23.6301, antiderivative size = 748, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 16, number of rules used = 12, integrand size = 33, o o TR
integrand size

= 0.364, Rules used = {3700, 6725, 640, 612, 621, 206, 1021, 1078, 1036, 1030, 208, 205}

~bVa2-2ac+b2+c2 tan(d+ex
V2 V2 20c+P+2 \/ —u(\/ a2—2ac+b2+c2+2c)+c(

\/56\4/112 —2ac + b? + ¢2

\/—a(\/az—Zac+bZ+c2+2c)+c(\/az—2ac+bz+cz+c)+az+bztan_1

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]~3%Sqrtl[a + b*Tan[d + e*x] + c*Tan[d + e*xx]~2],x]
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[Out] -((Sqrt[a”2 + b"2 + cx(c + Sqrt[a”2 + b2 - 2*axc + c~2]) - a*x(2xc + Sqrtla
"2 + b"2 - 2%axc + c¢72])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2
xaxc + c¢72]) - bxSqrt[a”2 + b~2 - 2%axc + c"2]*Tan[d + exx])/(Sqrt[2]*(a~2
+ b2 - 2%axc + ¢c72)7(1/4)*Sqrt[a”2 + b™2 + c*x(c + Sqrt[a”™2 + b~2 - 2%axc +
c"2]) - ax(2xc + Sqrtl[a™2 + b~2 - 2*axc + c~2])]*Sqrt[a + b*Tan[d + exx] +
cxTan[d + exx]"2])]1)/(Sqrt[2]1*(a”2 + b~2 - 2xa*xc + c2)"(1/4)*e)) - (bxArc
Tanh[(b + 2*cxTan[d + exx])/(2*Sqrt[c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d +
exx]~2])]1)/(2xSqrt[cl*e) + (b*x(b~2 - 4*axc)*ArcTanh[(b + 2*c*Tan[d + ex*xx])/
(2%Sqrt [c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(16%xc~(5/2)*e) +
(Sqrt[a™2 + b™2 + cx(c - Sqrt[a”2 + b™2 - 2%a*xc + c”2]) - ax(2*c - Sqrt[a”2
+ b72 - 2%axc + c”2])]*ArcTanh[(b"2 + (a - c)*x(a - ¢ + Sqrt[a™2 + b™2 - 2%
axc + c”2]) + bxSqrt[a”2 + b"2 - 2%axc + c"2]*Tan[d + e*x])/(Sqrt[2]*(a~2 +
b2 - 2%axc + ¢72)7(1/4)*Sqrt[a”2 + b2 + c*(c - Sqrt[a™2 + b72 - 2xa*c +
c"2]) - ax(2xc - Sqrt[a”2 + b72 - 2xa*xc + c”2])]*Sqrt[a + b*Tan[d + e*xx] +
cxTan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2%a*xc + c~2)7(1/4)*e) - Sqrtl[a +
bxTan[d + exx] + cxTan[d + exx]"2]/e - (bx(b + 2xcxTan[d + exx])*Sqrt[a +
bxTan[d + e*xx] + c*Tan[d + exx]~2])/(8xc"2xe) + (a + bx*Tan[d + e*xx] + c*Tan
[d + exx]72)7(3/2)/(3*c*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )1 (@m_.) + (c_)x((f_.)*xtanl[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*x(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 640

Int[((d_.) + (e_.)*x(x_))*((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simp[(ex(a + b*x + c*x"2)"(p + 1))/ (2*cx(p + 1)), x] + Dist[(2*c*d - b
xe)/(2%c), Int[(a + b*x + cxx"2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, x]
&& NeQ[2xc*d - bxe, 0] && NeQ[p, -1]

Rule 612

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol]l :> Simp[((b + 2*c*x
)*(a + b*xx + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(p*x(b~2 - 4x*axc))/(2*cx(2
¥p + 1)), Int[(a + bxx + c*x™2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && N



48

eQ[b™2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4xp]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 1021

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (£
_D)*(x_)"2)7(q ), x_Symbol] :> Simp[(h*(a + b*x + c*x72)7p*x(d + £*x72)7(q +
D)/ (2xfx(p + q + 1)), x] - Dist[1/(2*f*x(p + q + 1)), Int[(a + b*xx + c*x72
)7 (p - Dx*(d + £xx72)"g*Simp [h*px(bxd) + ax(-2xg*xf)*(p + q + 1) + (2xh*px(c
xd - axf) + bx(—2xgxf)*(p + q + 1)) *x + (h*p*(-(b*f)) + cx(-2*gxf)*(p + q +
1))*x72, x1, x], x] /; FreeQ[{a, b, ¢, d, £, g, h, q}, x] && NeQ[b~2 - 4x*a
xc, 0] && GtQ[p, O] && NeQ[p + q + 1, 0]

Rule 1078

Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +
(e_)*(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f
*x~2], x], x] + Dist[1/c, Int[(A*c - a*C + Bkcxx)/((a + c*x"2)*Sqrt[d + exx
+ £xx72]), x], x] /; FreeQ[{a, c, d, e, £, A, B, C}, x] && NeQ[e™2 - 4xdx*f
, 0]

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*cxe”2, 2]}, Dist
[1/(2%q), Int[Simp[-(axh*e) - g*(c*xd - axf - q) + (hx(cxd - a*xf + q) - gkcx
e)*x, x]/((a + c*x72)*Sqrt[d + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(c*xd - a*f + q) + (hx(cxd - axf - q) - gkxcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030
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Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2%axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax
exx”2, x], x], x, Simpl[a*h - gkxc*x, x]/Sqrt[d + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[axh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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34/
Subst (f %ﬁ(x;wz dx, x, tan(d + ex))
ftan3(d + ex)\/a + btan(d + ex) + ctan®(d + ex) dx = .
Subst (f (x\/a + bx + cx? — %) dx, x, tan(d + ex))
- e
|
Subst (f xVa + bx + cx? dx, x, tan(d + ex)) Subst (f - u;

e

Ja+btan(d +ex) +ctand(d+ex) (a+btan(d+ex) +
+

e 3ce

\/a +btan(d + ex) + ctan®(d + ex)  b(b + 2c tan(d + ex))-

e

\/a + btan(d + ex) + ctan®(d +ex)  b(b + 2c tan(d + ex))-

e

btanh™ b+2ctan(@+e) b (b2 - 4ac) tanh™
2\/5\/a+h tan(d+ex)+c tan?(d+ex)

2+/ce
\/a2+b2+c(c+\/a2+b2—2ac+c2)—a(20+\/a2+b2—

Mathematica [C] time = 2.34005, size = 451, normalized size = 0.6

b+2c tan(d+ex)
2\ﬁ\/ﬂ+b tan(d+ex)+c tan?(d+ex) 3b(b+2¢ tan(d+ex))\/ a+btan(d+ex)+c tan®(d-+ex) 4(a+b tan(d-+ex)+c tan? (d+ex))
- +
4¢512 22 c

3b(b2—4uc) tanh™! 3/2

—12+/a -

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*xx]~3*Sqrtl[a + bxTan[d + exx] + c*Tan[d + ex*xx]~2],x]

[Out] (6*%Sqrt[a - I*b - c]l*ArcTanh[(2*xa - Ixb + (b - (2*I)*c)*Tan[d + ex*x])/(2xSq
rt[a - Ixb - c]*Sqrtla + b*Tan[d + e*x] + cxTan[d + exx]~2])] + 6*Sqrtl[a +
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I*¥b - c]*ArcTanh[(2*a + Ixb + (b + (2*%I)xc)*Tan[d + e*x])/(2xSqrt[a + Ixb -
c]*xSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])] - (3*(b - (2%I)*c)*ArcTan
h[(b + 2xc*Tan[d + ex*x])/(2+Sqrt[cl*Sqrt[a + b*Tan[d + e*x] + cxTan[d + e*x
1721)1)/Sqrtlc] - (3*x(b + (2*I)*c)*ArcTanh[(b + 2*c*Tan[d + ex*xx])/(2*Sqrtlc
1*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])]1)/Sqrtlc] + (3*bx(b~2 - 4x*ax
c)*ArcTanh[(b + 2*cxTan[d + exx])/(2xSqrt[c]l*Sqrt[a + bxTan[d + exx] + c*Ta
nld + exx]~2])])/(4xc~(5/2)) - 12xSqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]”
2] - (3*b*x(b + 2xc*Tan[d + e*x])*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2
1)/(2%c™2) + (4x(a + bxTan[d + exx] + cxTan[d + exx]72)7(3/2))/c)/(12xe)

Maple [B] time = 0.401, size = 17766953, normalized size = 23752.6

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*tan(exx+d)+c*xtan(e*xx+d)~2)~(1/2)*tan(e*xx+d)~3,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f \/c tan (ex + d)? + btan (ex + d) + a tan (ex + d)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2)*tan(e*xx+d)~3,x, algorithm="
maxima"

[Out] integrate(sqrt(c*tan(e*xx + d)~2 + bkxtan(exx + d) + a)*tan(e*x + d)~3, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*tan(exx+d)+c*tan(e*xx+d) 2)~(1/2)*tan(e*x+d)~3,x, algorithm="

fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a +btan (d + ex) + ctan® (d + ex) tan® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*tan(e*x+d)+cxtan(exx+d)**2)**(1/2)*tan(e*xx+d)**3,x)

[Out] Integral(sqrt(a + b*xtan(d + e*x) + c*tan(d + e*x)**2)*tan(d + e*x)**3, x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(e*xx+d)~2)~(1/2)*tan(e*xx+d)"3,x, algorithm="

giac")

[Out] Timed out
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3.4 ftanz(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=676

b\/a2—2ac+b2+cz—(—a(2c—Vaz—Zac+b2-
V2 V2 200+ 2+2 \/—a(ZC—Va2—2ac+b2+cz)+c(c
4
V2eVa? - 2ac + b2 + 2

\/—IZ(ZC—\/IZZ—ZQC+Z72+C2)+C(C—\/El2—211C+b2+C2)+112+b2ta11_1

[Out] (Sqrt[a”2 + b™2 + c*x(c - Sqrt[a™2 + b~2 - 2%a*xc + c72]) - a*(2*c - Sqrt[a~2
+ b72 - 2%axc + c”2])]*ArcTan[(b*Sqrt[a™2 + b™2 - 2%a*xc + c"2] - (a2 + b~
2 + cx(c - Sqrt[a™2 + b™2 - 2xaxc + ¢72]) - ax(2*c - Sqrt[a™2 + b72 - 2xaxc
+ ¢72]))*Tan[d + exx])/(Sqrt[2]*(a”™2 + b~2 - 2*a*xc + c~2)~(1/4)*Sqrt[a”2 +
b"2 + c*x(c - Sqrt[a™2 + b72 - 2%a*xc + c¢72]) - ax(2%c - Sqrt[a”2 + b"2 - 2%
axc + c¢72])]*Sqrt[a + bxTan[d + exx] + c*xTan[d + exx]~2])])/(Sqrt[2]*(a~2 +
b~2 - 2%axc + ¢c72)7(1/4)*e) - ((b7™2 - 4*x(a - 2*c)*c)*ArcTanh[(b + 2*c*Tan[
d + exx])/(2*Sqrt[c]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(8*c~(3
/2)*e) + (Sqrt[a™2 + b™2 + c*x(c + Sqrt[a™2 + b™2 - 2*xaxc + c¢72]) - a*x(2xc +
Sqrt[a”2 + b™2 - 2*axc + c¢72])]*ArcTanh[(b*Sqrt[a™2 + b2 - 2x%a*xc + c~2] +
(2”2 + b™2 + c*x(c + Sqrt[a™2 + b™2 - 2%a*xc + c¢72]) - a*x(2*c + Sqrt[a”™2 + b
T2 - 2%axc + ¢72]))*Tan[d + exx])/(Sqrt[2]*(a”2 + b™2 - 2%axc + c~2)"(1/4)*
Sqrt[a”™2 + b™2 + c*x(c + Sqrt[a”™2 + b™2 - 2*axc + ¢c”2]) - ax(2xc + Sqrt[a™2
+ b72 - 2*xaxc + c¢"2])]*Sqrtla + b*Tan[d + exx] + c*Tan[d + exx]~2])])/(Sqrt
[2]*(a”2 + D72 - 2%a*xc + c”2)"(1/4)*e) + ((b + 2xc*Tan[d + e*x])*Sqrt[a + b
*Tan[d + exx] + c*Tan[d + ex*x]~2])/(4*cxe)

Rubi [A] time = 26.5713, antiderivative size = 676, normalized size of antiderivative

1., number of steps used = 10, number of rules used = 9, integrand size = 33, number of rules

0.273, Rules used = {3700, 1071, 1078, 621, 206, 1036, 1030, 208, 205}

integrand size

b\/a2—2ac+b2+cz—(—a(2c—Va2—2uc+b2-
V2 Va2 -2ac+b2+c2 \/—u(Zc—V a2—2ac+b2+c2)+c(c
4
V2eVa? = 2ac + b2 + 2

\/—51(2c—\/az—2¢1c+bz+c2)+c(c—\/512—211c+bz+c2)+az+b2tan_1

Antiderivative was successfully verified.

[In] Int[Tan[d + e*xx]~2+Sqrtl[a + b*Tan[d + exx] + c*Tan[d + ex*xx]~2],x]

[Out] (Sgrtl[a™2 + b™2 + c*(c - Sqrt[a”™2 + b™2 - 2%a*xc + c72]) - a*x(2xc - Sqrt[a”2
+ b2 - 2%axc + c¢72])]*ArcTan[(b*Sqrt[a”2 + b™2 - 2%axc + ¢c”2] - (2”2 + b~
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2 + cx(c - Sqrt[a™2 + b™2 - 2%axc + ¢72]) - a*x(2*%c - Sqrt[a”2 + b"2 - 2xaxc
+ ¢72]))*Tan[d + e*xx])/(Sqrt[2]*(a”2 + ™2 - 2%a*c + c~2)7(1/4)*Sqrt[a~2 +
b™2 + c*(c - Sqrt[a™2 + b72 - 2xa*xc + c¢72]) - ax(2%c - Sqrt[a”2 + b"2 - 2%

axc + c¢”2])]*Sqrt[a + bxTan[d + exx] + c*xTan[d + e*xx]~2])])/(Sqrt[2]*(a~2 +
b~2 - 2%axc + c72)7(1/4)*e) - ((b”™2 - 4*x(a - 2*c)*c)*ArcTanh[(b + 2*c*Tan[

d + exx])/(2xSqrt[c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(8*c~(3

/2)*e) + (Sqrt[a”2 + b™2 + c*x(c + Sqrt[a”™2 + b™2 - 2*a*c + c72]) - ax(2xc +
Sqrt[a”2 + b™2 - 2*axc + c”2])]*ArcTanh[(b*Sqrt[a”2 + b2 - 2*axc + c72] +
(2”2 + b™2 + c*x(c + Sqrt[a™2 + b™2 - 2%a*xc + c¢72]) - a*x(2*c + Sqrt[a”2 + b

"2 - 2xaxc + ¢72]))*Tan[d + exx])/(Sqrt[2]*(a”2 + b~2 - 2*axc + c~2)7(1/4)*

Sqrt[a™2 + b2 + cx(c + Sqrt[a™2 + b™2 - 2xa*xc + c¢72]) - a*x(2*c + Sqrt[a”2

+ b"2 - 2*xaxc + ¢"2])]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt
[2]*%(a"2 + b2 - 2%axc + c"2)"(1/4)*e) + ((b + 2*cxTan[d + exx])*Sqrt[a + b

xTan[d + exx] + c*xTan[d + e*xx]~2])/(4*cxe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] "(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_)*(x_)])"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 1071

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)7(p_)*((A_.) + (C_.)*(x_)"2)*((d_) +

(f_.)*x(x_)"2)"(q_), x_Symbol] :> Simp[((Cx(bxfxp) + 2kc*Cxfx(p + q + 1)*x)*
(a + bxx + c*x72)7px(d + £*xx72)7(q + 1))/ (2*c*xf™2%(p + q + 1)*x(2%p + 2xq +

3)), x] - Dist[1/(2%cxf~2x(p + q + 1)*x(2xp + 2%q + 3)), Int[(a + bxx + c*x”
2)"(p - D*(d + £xx72) “q*Simp [p* (b*d)* (Cx(-(b*f))*(q + 1)) + (p + q + D *(b
“2%xCkdxf*p + axck (Cx(2xd*xf) + fx(-2%A*xf)*x(2xp + 2xq + 3))) + (2xp*x(c*d - ax*
f)*x(Cx(—=(b*xf))*(q + 1)) + (p + g + D)*x(~(b*xckx(Cx(-4*d*xf)*(2xp + q + 2) + fx
(2%Cxd + 2%xA*xf)*(2%p + 2xq + 3)))))*x + (p*(-(b*f))*(Cx(-(b*xf))*(q + 1)) +

(p + g + D)*(CxEf~24p*x(b72 - 4xa*xc) - c 2% (Ckx(-4*xd*xf)*x(2%xp + q + 2) + £*x(2%C
*d + 2%Axf)*(2xp + 2%xq + 3))))*x"2, x], x], x] /; FreeQ[{a, b, c, d, f, A,

C, q}, x] && NeQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0] && NeQ[2
*p + 2%q + 3, 0] & !'IGtQ[p, 0] && 'IGtQlq, O]

Rule 1078

Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) +
(e_)*(x_) + (£_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f
*x72], x], x] + Dist[1/c, Int[(A*c - a*C + B*cxx)/((a + c*x~2)*Sqrt[d + e*x
+ fxx~2]), x1, x] /; FreeQ[{a, c, d, e, £, A, B, C}, x] && NeQ[e™2 - 4xdxf
, 0]
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Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2xcxx)/Sqrtla + bxx + cxx~2]]1, x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4*axc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*xc*e”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (£
_.)*(x_)72]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a”2*gxh*c + ax
exx~2, xJ], x], x, Simplaxh - gkxc*x, x]/Sqrtld + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQla*h™2*e + 2%gxh*(c*d - axf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/Db]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps
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Subst (f % dx, x, tan(d + ex))

ftanZ(d + ex)\/u + btan(d + ex) + ctan®(d + ex) dx = .

(b + 2ctan(d + ex))\/a + btan(d + ex) + ctan?(d + ex)

4ce

(b + 2ctan(d + ex))\/a + btan(d + ex) + ctan?(d + ex)

4ce

(b + 2ctan(d + ex))\/a + btan(d + ex) + c tan®(d + ex)

4ce

(bz _ 4((1 _ 2C)C) tanh_l [ b+2c tan(d-+ex) J
+

2\/5\/a+b tan(d+ex)+c tan?(d+ex)
8c32¢

Sul

Sul

(e?

(b +

\/a2+b2+c(c—\/a2+b2—2ac+c2)—a(2c—\/a2+b2—2

Mathematica [C] time = 0.53491, size = 405, normalized size = 0.6

b+2c tan(d+ex)

(b2—4ac) tanh™!

2
2+c\ja+b tan(d-+ex)+c tan(d+ex) (b+2c tan(d+ex))+/a+b tan(d+ex)+c tan(d+ex) 1. - 1 2a+(b=2i
\£3/2 + \/ 1 +ZZ 2Vﬂ—lb—ctanh —(
¢ ¢ 2Va—ib—cfa+bt

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx] 2*Sqrtl[a + bxTan[d + exx] + c*Tan[d + e*xx]~2],x]

[Out] (-((b"2 - 4xaxc)*ArcTanh[(b + 2xc*Tan[d + e*x])/(2*Sqrt[c]*Sqrt[a + b*Tan[d
+ exx] + cxTan[d + exx]~2])]1)/(8%c™(3/2)) + (I/4)*(2+Sqrtla - Ixb - cl*Arc
Tanh[(2%a - I*b + (b - (2*xI)*c)*Tan[d + exx])/(2xSqrtla - I*b - c]*Sqrtl[a +
b*Tan[d + e*x] + cxTan[d + exx]~2])] - ((b - (2%I)*c)*ArcTanh[(b + 2*c*Tan
[d + e*x])/(2+Sqrt[cl*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])])/Sqrtlc
1) - (I/4)*(2*xSqrt[a + I*b - c]*ArcTanh[(2*a + Ixb + (b + (2*I)*c)*Tan[d +
exx])/(2%Sqrt[a + I*b - c]x*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*xx]~2])] -
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((b + (2*I)*c)*ArcTanh[(b + 2*c*Tan[d + exx])/(2*Sqrt[c]*Sqrt[a + b*Tan[d +
exx] + cxTan[d + e*xx]~2])])/Sqrtlc]) + ((b + 2*c*Tan[d + e*x])*Sqrtl[a + bx
Tan[d + exx] + c*Tan[d + e*x]~2])/(4*c))/e

Maple [B] time = 0.45, size = 17247074, normalized size = 25513.4

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*tan(ex*x+d)+c*tan(e*xx+d)~2) " (1/2)*tan(e*x+d)"2,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex + cl)2 + btan (ex + d) + atan (ex + cl)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d)+c*tan(e*xx+d) ~2)~(1/2)*tan(e*x+d)~2,x, algorithm="

maxima"

[Out] integrate(sqrt(c*tan(exx + d)~2 + b*tan(exx + d) + a)xtan(e*xx + d)~2, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d)+c*tan(exx+d) ~2)~(1/2)*tan(e*x+d)~2,x, algorithm="

fricas")

[Out] Timed out
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Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a +btan (d + ex) + ctan® (d + ex) tan? (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*tan(e*xx+d)+c*tan(e*xx+d)**2)**(1/2)*tan(exx+d)**2,x)

[Out] Integral(sqrt(a + b*xtan(d + e*x) + c*tan(d + e*x)**2)*tan(d + e*x)**2, x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(e*xx+d)~2)~(1/2)*tan(e*xx+d)~2,x, algorithm="

giac")

[Out] Timed out
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3.5 ftan(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=601

—bVa2-2ac+b%+c2 tan(d+e
V2 %/az—Zac+b2+c2 \/—a(\/az—Zac+b2+c2+2c)+c(

V2eVa? - 2ac + b2 + ¢2

\/—11(\/112—211c+bz+c2+2c)+c(\/az—2ac+bz+c2+c)+az+bztam_1

[Out] (Sqrt[a”2 + b™2 + c*x(c + Sqrt[a™2 + b~2 - 2%axc + c72]) - a*(2*xc + Sqrt[a™2
+ b"2 - 2%axc + c”2])]*ArcTan[(b"2 + (a - c)*x(a - ¢ - Sqrt[a™2 + b™2 - 2x*a
*c + c72]) - b*Sqrt[a”2 + b72 - 2*xaxc + c”2]*Tan[d + ex*x])/(Sqrt[2]*(a"2 +
b~2 - 2*axc + c”2)7(1/4)*Sqrt[a”2 + b2 + cx(c + Sqrt[a™2 + b2 - 2*xaxc + ¢
~2]) - ax(2xc + Sqrt[a”2 + b2 - 2%axc + c¢"2])]*Sqrt[a + b*Tan[d + e*xx] + c
xTan[d + exx]~2])])/(Sqrt[2]*(a”2 + b™2 - 2xa*xc + c~2)7(1/4)*e) + (b*ArcTan
h[(b + 2xc*Tan[d + ex*x])/(2+Sqrt[c]l*Sqrtla + b*Tan[d + e*x] + cxTan[d + ex*x
1721)1)/(2xSqgrt[cl*e) - (Sqrt[a™2 + b~2 + cx(c - Sqrt[a”™2 + b™2 - 2%a*xc + c
~2]) - ax(2*c - Sqrt[a”2 + b2 - 2xaxc + c¢"2])]*ArcTanh[(b"2 + (a - c)*(a -
c + Sqrt[a”2 + b72 - 2%axc + c72]) + b*Sqrt[a”2 + b72 - 2*axc + c”2]*Tan[d
+ exx])/(Sqrt[2]*(a”™2 + b™2 - 2%axc + c”2)"(1/4)*Sqrt[a™2 + b™2 + cx(c - S
grt[a™2 + b72 - 2xa*xc + c¢72]) - ax(2%c - Sqrt[a”2 + b~2 - 2%a*xc + c~2])]*Sq
rt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2*a*xc +
c™2)"(1/4)*e) + Sqrtl[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2]/e

Rubi [A] time = 23.2876, antiderivative size = 601, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 9, integrand size = 31, number of rules _

integrand size
0.29, Rules used = {3700, 1021, 1078, 621, 206, 1036, 1030, 208, 205}

—bVa?-2ac+b%+c2 tan(d+ex
\/E é/a2—2a0+b2+c2 \/—u(\/a2—2a0+b2+c2+25)+c(

\/Eef/az —2ac + b? + ¢?

\/—a(\/a2—2ac+b2+cz+2c)+c(\/a2—2ac+b2+cz+c)+a2+b2tan_1

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]x*Sqrtla + b*Tan[d + exx] + c*Tan[d + e*x]~2],x]

[Out] (Sqrt[a”2 + b™2 + c*x(c + Sqrt[a”™2 + b~2 - 2%a*xc + c72]) - a*(2*c + Sqrt[a~2
+ b"2 - 2%axc + c”2])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa
xC + c72]) - bxSqrt[a”2 + b~2 - 2*axc + c”2]xTan[d + exx])/(Sqrt[2]*(a"2 +
b~2 - 2%axc + c72)7(1/4)*Sqrt[a”2 + b2 + c*(c + Sqrt[a”2 + b72 - 2xa*c + ¢
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~2]) - ax(2xc + Sqrt[a”2 + b72 - 2%axc + c¢"2])]*Sqrt[a + b*Tan[d + exx] + c
xTan[d + exx]~2])])/(Sqrt[2]*(a”2 + b™2 - 2xa*xc + c72)7(1/4)*e) + (b*ArcTan
h[(b + 2xc*Tan[d + ex*x])/(2+Sqrt[c]l*Sqrtl[a + b*Tan[d + e*x] + cxTan[d + ex*x
1721)1)/(2xSqrt [cl*e) - (Sqrt[a”2 + b72 + cx(c - Sqrt[a”™2 + b™2 - 2%a*xc + c
~2]) - ax(2*c - Sqrt[a”2 + b2 - 2xaxc + c¢"2])]*ArcTanh[(b"2 + (a - c)*(a -

c + Sqgrt[a™2 + b™2 - 2%a*xc + c¢72]) + b*Sqrt[a”2 + b"2 - 2*axc + c"2]*Tanl[d
+ exx])/(8qrt[2]*(a”2 + b~2 - 2*a*c + c~2)"(1/4)*Sqrt[a”2 + b™2 + cx(c - S
grt[a™2 + b72 - 2xa*xc + c¢72]) - ax(2%c - Sqrt[a”2 + b"2 - 2%axc + c¢72])]*Sq
rt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2*a*xc +
c"2)"(1/4)*e) + Sqrtla + bxTan[d + exx] + cxTan[d + exx]~2]/e

Rule 3700

Int[tan[(d_.) + (e_)*(x )] (m_.)*((a_.) + (b_.)*((f_.)*tanl[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_)*tan[(d_.) + (e_)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, X, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 1021

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (£
_D)*(x_)"2)7(q ), x_Symbol] :> Simp[(h*(a + b*x + c*x72)7p*x(d + £*x72)7(q +
D)/ (2xfx(p + q + 1)), x] - Dist[1/(2*f*x(p + q + 1)), Int[(a + b*xx + c*x72
)7 (p - Dx*(d + £xx72)"g*Simp [h*px(b*xd) + ax(-2xg*xf)*(p + q + 1) + (2xh*px(c
xd - axf) + bx(—2xgxf)*x(p + q + 1)) *x + (h*p*(-(b*f)) + cx(-2*gxf)*x(p + q +
1))*x72, x], x], x] /; FreeQ[{a, b, ¢, d, £, g, h, q}, x] && NeQ[b~2 - 4x*a
xc, 0] && GtQ[p, O] && NeQ[p + q + 1, 0]

Rule 1078

Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +

(e_.)*(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f
*x~2], x], x] + Dist[1/c, Int[(A*c - a*C + Bkcxx)/((a + c*x"2)*Sqrt[d + exx
+ £xx72]), x], x] /; FreeQ[{a, c, d, e, £, A, B, C}, x] && NeQ[e™2 - 4xdx*f
, 0]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]1], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_)*x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - g*(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[a*h - gkxc*x, x]/Sqrt[d + exx + f*x721], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[a*xh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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Subst (f % dx, x, tan(d + ex))
ftan(d + ex)\/a + btan(d + ex) + ctan®(d + ex) dx = .
-0
\/a + btan(d + ex) + ctan?(d + ex) Subst [f W
B e
\/a + btan(d + ex) + ctan?(d + ex) Subst (f 1::( Z:;::CX
e

” b Subst
JJa+btan(d +ex) +c tan’(d + e

e

b+2c tan(d-+ex)

2\/E\/a+btan(d+ex)+c tanz(d+ex)) \/ﬂ + btan(d + ex) +
+

2+/ce e
\/a2+b2+c(c+\/a2+b2—2ac+cz)—a(20+\/a2+b2—2a

btanh ™ (

Mathematica [C] time = 0.277792, size = 250, normalized size = 0.42

2\/a +btan(d + ex) + ctan®(d + ex) — Va — ib — ctanh ™ 20+(bZic) tan(den) ) —Va+ib-ctanh™

ZVa—ib—c\/sz tan(d+ex)+c tan®(d+ex)
2e

2+/a-

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + ex*x]~2],x]

[Out] (-(Sqrt[a - I*b - cl*ArcTanh[(2%a - I*b + (b - (2*I)*c)*Tan[d + ex*x])/(2*Sq
rt[a - I*b - c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])]) - Sqrt[a + I

*b - c]*ArcTanh[(2*a + I*b + (b + (2xI)*c)*Tan[d + exx])/(2xSqrt[a + I*b -
c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2])] + (b*ArcTanh[(b + 2*c*Tan[

d + exx])/(2*Sqrt[c]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*xx]~2])])/Sqrt([c]

+ 2xSqrt[a + b*Tan[d + e*x] + c*xTan[d + e*xx]~2])/(2*e)
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Maple [B] time = 0.405, size = 21947835, normalized size = 36518.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*tan(e*x+d)+c*tan(exx+d)~2) " (1/2)*tan(e*x+d) ,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ctan(ex+d)2 +btan(ex +d) + atan (ex + d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(e*xx+d)~2)~(1/2)*tan(e*xx+d),x, algorithm="ma
xima")

[Out] integrate(sqrt(c*tan(e*xx + d)~2 + b*xtan(exx + d) + a)*tan(e*x + d), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d)+cxtan(e*xx+d) 2)~(1/2)*tan(e*x+d),x, algorithm="fr
icas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + btan (d + ex) + ctan® (d + ex) tan (d + ex) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+cktan(exx+d)**2)**(1/2)*tan(exx+d) ,x)

[Out] Integral(sqrt(a + bxtan(d + exx) + cxtan(d + exx)**2)*tan(d + ex*x), X)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d)+c*tan(e*xx+d) 2)~(1/2)*tan(e*x+d),x, algorithm="gi
ac")

[Out] Timed out
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3.6 f \/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=574

W Brer (a0
V2 V4 a2-2ac+b2+c? \/—u(ZC—\/aZ—Zac+b2+c2)+c
1
V2eVa? = 2ac + b2 + 2

\/—11(2c—\/112—2ac+192+c2)+c(c—\/512—2ac+bz+c2)+az+bztan_1

[Out] -((Sqrt[a”2 + b™2 + cx(c - Sqrt[a”2 + b™2 - 2*axc + c~2]) - ax(2xc - Sqrtla
"2 + b”2 - 2%axc + c”2])]*ArcTan[(b*Sqrt[a~2 + b™2 - 2%axc + c72] - (b™2 +
(a - c)*(a - ¢ + Sqrt[a™2 + b™2 - 2*xa*xc + c¢~2]))*Tan[d + e*xx])/(Sqrt[2]*(a"~
2 + b72 - 2%axc + c”2)7(1/4)*Sqrt[a”2 + b2 + cx(c - Sqrt[a™2 + b~2 - 2xaxc
+ ¢c72]) - ax(2*%c - Sqrt[a”2 + b~2 - 2*xa*xc + c”2])]*Sqrt[a + bxTan[d + exx]
+ cxTan[d + exx]~2])])/(Sqrt[2]*(a”2 + b™2 - 2xa*xc + c"2)7(1/4)*e)) + (Sqr
t[c]*ArcTanh[(b + 2*cxTan[d + exx])/(2*Sqrt[c]*Sqrt[a + bxTan[d + exx] + cx*
Tan[d + e*xx]~2])])/e - (Sqrt[a”2 + b™2 + c*x(c + Sqrt[a™2 + b~2 - 2%a*xc + c~
2]) - ax(2xc + Sqrt[a”2 + b~2 - 2*axc + c~2])]*ArcTanh[(b*Sqrt[a”2 + b~2 -
2%xaxc + c72] + (72 + (a - c)*(a - ¢ - Sqrtl[a”™2 + b™2 - 2*axc + c~2]))*Tan[
d + exx])/(Sqrt[2]*(a”2 + b™2 - 2%a*xc + c¢72)7(1/4)*Sqrt[a”2 + b™2 + cx(c +
Sqrt[a”2 + b™2 - 2%axc + c”2]) - ax(2xc + Sqrt[a”™2 + b72 - 2%xaxc + c”2])]%S
grtla + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2%a*xc +
c™2)7(1/4) xe)

Rubi [A] time = 23.2686, antiderivative size = 574, normalized size of antiderivative

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 24, e -

integrand size
0.292, Rules used = {990, 621, 206, 1036, 1030, 208, 205}

b\/az—Zac+b2+c2—((a—c)(‘
\/E 4\/ a2—2ac+b2+c2\/—a(2c— Vu2—2ac+b2+c2)+c
4
V2eVa? = 2ac + b2 + 2

\/—a(2c—\/L12—2ac+bz+cz)+c(c—\/az—2ac+bz+cz)+L12+bztan_1

Antiderivative was successfully verified.

[In] Int[Sqrtl[a + b*Tan[d + e*x] + cxTan[d + exx]~2],x]

[Out] -((Sgrt[a”2 + b"2 + cx(c - Sqrt[a”2 + b2 - 2*axc + c~2]) - ax(2xc - Sqrtla
"2 + b72 - 2xaxc + c¢”2])]*ArcTan[(b*Sqrt[a™2 + b2 - 2xaxc + ¢c72] - (b72 +
(a - c)x(a - ¢ + Sgrt[a”™2 + b~2 - 2*a*xc + c~2]))*Tan[d + e*x])/(Sqrt[2]*(a”
2 + b72 - 2%axc + ¢c”2)7(1/4)*Sqrt[a”2 + b™2 + c*x(c - Sqrt[a”™2 + b~2 - 2*axc
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+ ¢c72]) - ax(2*%c - Sqrt[a”2 + b~2 - 2*xa*xc + c~2])]*Sqrt[a + bxTan[d + exx]
+ c*Tan[d + e*x]72])]1)/(Sqrt[2]*(a”2 + b™2 - 2*a*c + c"2)"(1/4)*e)) + (Sqr
t[c]*ArcTanh[(b + 2*cxTan[d + exx])/(2*Sqrt[c]*Sqrt[a + bxTan[d + exx] + cx*
Tan[d + e*xx]~2])])/e - (Sqrt[a”2 + b™2 + c*x(c + Sqrt[a”™2 + b~2 - 2%a*xc + c~
2]) - ax(2xc + Sqrt[a”2 + b~2 - 2*axc + c~2])]*ArcTanh[(b*Sqrt[a”2 + b~2 -

2xaxc + c72] + (72 + (a - c)*(a - ¢ - Sqrtl[a”™2 + b™2 - 2*axc + c~2]))*Tan[
d + exx])/(Sqrt[2]*(a”2 + b~2 - 2*xaxc + c”2)"(1/4)*Sqrt[a”2 + b2 + cx(c +

Sqrt[a”2 + b™2 - 2*axc + c”2]) - ax(2xc + Sqrt[a™2 + b72 - 2xaxc + c”2])]%S
grtla + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2%a*xc +

c™2)7(1/4) xe)

Rule 990

Int[Sqrtl(a_) + (b_.)*(x_) + (c_)*(x_)"2]1/((d_) + (f_.)*(x_)"2), x_Symbol]
:> Dist[c/f, Int[1/Sqrtla + b*x + c*x~2], x], x] - Dist[1/f, Int[(cxd - ax
f - bxf*x)/(Sqrtla + bkx + cxx™2]*(d + f*x~2)), x], x] /; FreeQ[{a, b, c, d
, T}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrt[d + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - g*(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£
_)*(x_)"2]), x_Symbol] :> Dist[-2%axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[a*h - gkxc*x, x]/Sqrt[d + exx + f*x72]1], x] /; FreeQ[
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{a, ¢, d, e, £, g, h}, x] && EqQla*h™2%e + 2*gxh*(c*d - axf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
Subst (f %Zcxz dx, x, tan(d + ex))
f\/a + btan(d + ex) + ctan®(d + ex) dx = .
—a+c—bx 1
] _Subst (f Tavem dx, x, tan(d + ex)) . c Subst (f — dx,
e e

b2+(a—c)(a—

(2¢) Subst f ! dx, x, D2 ton(dren) ] Subst [ f

— 2
de-x \/a+b tan(d+ex)+c tanz(d+ex)

e

Vetanh™ b+octan(d+er) ) (b (b2 +(@-c) (a —c-Va2+

2\/(_:\/a+b tan(d+ex)+c tan®(d+ex)

e

\/az+b2+c(c—\/a2+b2—2ac+cz)—a(2c—\/a2+b2—2ac+c2)t<

\/EA

Mathematica [C] time = 0.135485, size = 228, normalized size = 0.4

_i m tanh_l 2a+(b-2ic) tan(d+ex)—ib ) ny m tanh_l ( 2a+(b+2ic) tan(d+ex)+ib ) ) \/E

2Vu—ib—c\/a+b tan(d+ex)+c tanz(d+ex) 2\/a+ib—c\/a+b tan(d+ex)+c tan? (d+ex)
2e

Warning: Unable to verify antiderivative.
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[In] Integrate[Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2],x]

[Out] ((-I)*Sqrtla - I*b - c]*ArcTanh[(2*a - I*b + (b - (2*I)*c)*Tan[d + exx])/(2
xSqrt[a - I*b - cl*Sqrt[a + bxTan[d + e*x] + cxTan[d + exx]~2])] + I*Sqrtla
+ Ixb - c]*ArcTanh[(2*a + I*b + (b + (2*I)*c)*Tan[d + exx])/(2+Sqrt[a + Ix
b - c]*Sqrt[a + b*Tan[d + exx] + c*xTan[d + exx]~2])] + 2*Sqrt[c]l*ArcTanh[(b
+ 2%c*Tan[d + e*x])/(2*Sqrt[cl*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + ex*x]~2]

)1)/ (2xe)

Maple [B] time = 0.415, size = 17246812, normalized size = 30046.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*tan(e*x+d)+c*tan(exx+d)”~2)"(1/2),x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*tan(e*x+d)+c*tan(e*xx+d)~2)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d)+c*tan(e*xx+d)~2)~(1/2),x, algorithm="fricas")
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[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a +btan (d + ex) + ctan® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+cktan(exx+d)**2)**x(1/2),x)

[Out] Integral(sqrt(a + bxtan(d + exx) + cxtan(d + e*xx)**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/ctan(ex+d)2 +btan (ex +d) + adx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(e*xx+d)~2)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(c*tan(e*xx + d)72 + b*tan(exx + d) + a), x)
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3.7 fcot(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=571

—bVa?-2ac+b%+c2 tan(d+ex
V2 %/aZ—Zac+b2+c2 \/—a(\/az—Zac+b2+c2+2c)+c(

V2eVa? — 2ac + b2 + 2

\/—11(\,/512—2ac+172+(:2+2c)+c(\/az—2ac+bz+c2+c)+112+bztan_1

[Out] -((Sqrt[a”2 + b™2 + cx(c + Sqrt[a”™2 + b™2 - 2*axc + c”2]) - ax(2xc + Sqrtla
"2 + b"2 - 2%axc + c¢"2])]*ArcTan[(b"2 + (a - ¢c)*(a - ¢ - Sqrt[a™2 + b™2 - 2
xaxc + c72]) - bxSqrt[a”2 + b~2 - 2*a*xc + c"2]*Tan[d + exx])/(Sqrt[2]*(a~2
+ b72 - 2%axc + c”2)7(1/4)*Sqrt[a”2 + b2 + cx(c + Sqrt[a”2 + b2 - 2%axc +
c”2]) - ax(2*%c + Sqrt[a”2 + b~2 - 2xaxc + c~2])]*Sqrt[a + b*Tan[d + e*x] +
cxTan[d + exx]72])])/(Sqrt[2]*(a”2 + b2 - 2*axc + c~2)7(1/4)*e)) - (Sqrtl
a]*ArcTanh[(2*a + bxTan[d + exx])/(2xSqrt[al*Sqrtla + b*Tan[d + e*x] + cxTa
nld + exx]"2])])/e + (Sqrt[a™2 + b~2 + c*x(c - Sqrt[a”™2 + b™2 - 2%axc + c~2]
) — ax(2*c - Sqrt[a”2 + b2 - 2xaxc + c¢"2])]*ArcTanh[(b"2 + (a - c)*(a - ¢
+ Sgrt[a™2 + b™2 - 2%axc + c¢72]) + bxSqrt[a”2 + b72 - 2%axc + c¢"2]*Tan[d +
exx])/(Sqrt[2]*(a~2 + b~2 - 2%akc + c~2)~(1/4)*Sqrt[a~2 + b2 + cx(c - Sqrt
[a”2 + D72 - 2%a*xc + c”2]) - ax(2xc - Sqrt[a™2 + b~2 - 2%a*xc + c¢~2])]*Sqrtl
a + b*xTan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2]*(a”2 + b~2 - 2%a*c + c~2
)~ (1/4)*e)

Rubi [A] time = 23.5828, antiderivative size = 571, normalized size of antiderivative = 1.,

number of rules

number of steps used = 18, number of rules used = 13, integrand size = 31, ————— =
integrand size

0.419, Rules used = {3700, 6725, 734, 843, 621, 206, 724, 1021, 1078, 1036, 1030, 208, 205}

~bVa2-2ac+b2+c2 tan(d+ex
\/E é/az—Zac+b2+c2 \/—a(\/az—Zac+b2+c2+20)+c(

\/53\4/112 —2ac + b? + ¢?

\/—a(\/az—.’)_ac+bz+cz+2c)+c(\/az—2ac+bz+c2+c)+az+bztan_1

Antiderivative was successfully verified.

[In] Int[Cot[d + e*x]xSqrtla + b*Tan[d + exx] + c*Tan[d + e*x]~2],x]

[Out] -((Sgrt[a”2 + b"2 + cx(c + Sqrt[a”2 + b2 - 2*axc + c~2]) - ax(2xc + Sqrtla
"2 + b72 - 2xaxc + c¢"2])]*ArcTan[(b™2 + (a - c)*(a - ¢ - Sqrt[a”™2 + b™2 - 2
*xaxc + ¢72]) - b*Sqrt[a”2 + b~2 - 2%axc + c"2]*Tan[d + e*x])/(Sqrt[2]*(a~2
+ b2 - 2%axc + ¢72)7(1/4)*Sqrt[a”2 + b"2 + c*x(c + Sqrt[a”™2 + b~2 - 2%axc +
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c”2]) - ax(2*%c + Sqrt[a”2 + b~2 - 2xaxc + c”2])]*Sqrt[a + b*Tan[d + e*x] +
cxTan[d + e*xx]~2])])/(Sqrt[2]*(a”2 + b2 - 2%xaxc + c~2)"(1/4)xe)) - (Sqrt[
a] *ArcTanh[(2*a + b*Tan[d + exx])/(2xSqrt[al*Sqrt[a + b*Tan[d + e*x] + cxTa
nld + exx]"2])])/e + (Sqrt[a™2 + b™2 + c*x(c - Sqrt[a”™2 + b™2 - 2%axc + c~2]
) — ax(2*c - Sqrt[a”2 + b2 - 2xaxc + c¢"2])]*ArcTanh[(b"2 + (a - c)*(a - ¢
+ Sqrt[a™2 + b72 - 2xa*xc + c¢72]) + b*Sqrt[a”2 + b2 - 2%axc + c"2]*Tan[d +
exx])/(Sqrt[2]*(a”2 + b™2 - 2xa*xc + ¢72)7(1/4)*Sqrt[a”2 + b™2 + cx(c - Sqgrt
[a”2 + D72 - 2%a*xc + c”2]) - ax(2%c - Sqrt[a™2 + b~2 - 2%a*xc + c¢~2])]*Sqrtl
a + b*xTan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2]*(a”2 + b~2 - 2%a*c + c~2
)~ (1/4)*e)

Rule 3700

Int[tan[(d_.) + (e_)*(x )1 (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_)*tan[(d_.) + (e_)*x(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, X, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 734

Int[((d_.) + (e_)*(x_)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x_)D"2)"(p_), x_8S
ymbol] :> Simp[((d + e*xx)"(m + 1)*(a + b*x + c*x72)"p)/(ex(m + 2%p + 1)), x
] - Dist[p/(ex(m + 2%p + 1)), Int[(d + exx) m*Simp[b*d - 2*axe + (2*c*d - b
xe)xx, x]*(a + bxx + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[2*c*d - b*e
, 0] && GtQ[p, 0] && NeQ[m + 2*p + 1, 0] && ( 'RationalQ[m] || LtQ[m, 1]) &
& 'ILtQ[m + 2%p, O] &% IntQuadraticQla, b, c, d, e, m, p, x]

Rule 843

Int[((d_.) + (e_)*xD) " )*x((f_.) + (g_)*x_))*x((a_.) + (b_.)*(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)"(m + 1)*x(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*x(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d™2 - bxd*e + a*e”2, 0] && 'IGtQ[m, O]

Rule 621



72

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xc*xx)/Sqrtla + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe - bxd - (2*c*d - bxe)*x)/Sqrtl[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - bxe, 0]

Rule 1021

Int[((g_.) + (h_D*(x_))*((a ) + (b_)*(x) + (c_.)*(x_)"2)"(p)*((d) + (£
_I)*(x_)"2)7(q), x_Symbol] :> Simp[(h*(a + b*x + c*x~2)7p*x(d + £*x72)7(q +
D)/ (2*xfx(p + q + 1)), x] - Dist[1/(2*%fx(p + q + 1)), Int[(a + bxx + c*xx~2
)7 (p - D*(d + £xx72) "q*Simp [h*px(b*xd) + ax(-2xgxf)*(p + q + 1) + (2xh*p*(c
xd - axf) + bx(-2xgxf)*x(p + q + 1))*x + (h*p*x(-(b*f)) + cx(-2*gxf)*x(p + q +
1))*x"2, x1, x1, x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4x*a
*c, 0] && GtQ[p, 0] && NeQ[p + q + 1, O]

Rule 1078

Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) +

(e_)*(x_) + (£_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f
*x~2], x], x] + Dist[1/c, Int[(A*c - a*C + B*cxx)/((a + c*x"2)*Sqrt[d + e*x
+ fxx~2]), x], x] /; FreeQ[{a, c, d, e, f, A, B, C}, x] && NeQ[e~2 - 4xdxf
, 0]

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4x*dxf, 0] && NegQ[-(a*c)]
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Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simplaxh - gkxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, ¢, d, e, £, g, h}, x] && EqQ[axh™2*e + 2xgxh*(cxd - axf) - g~ 2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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Subst f %Tf dx, x, tan(d + ex))
X X
fcot(d + ex)\/a + btan(d + ex) + ctan®(d + ex) dx = .
Subst f (\/Hbjﬂxz - Nﬂ:fj: sz) dx, x, tan(d + ex))
- e
Subst f %ﬂxz dx, x, tan(d + ex)) Subst (f % d
- e - e
b Subst ;—(a—c)x—
—2a-bx —<
Subst (fm dx, x, tan(d + ex)) ubs f (1+2) Va+b
= - +
2e
b+(—a+c)x ]
Subst (f —(sz)m dx, x, tan(d + ex)) 2 Subst (f =
= +
e

(2a) Subst ( f 4;){2 dx, x, 20+h tan(dter) J Subst(

\/a+b tan(d+ex)+c tan2(d+ex)

e

Vatanh™ [ 2atbtantdien) ] (b (b2 +(a—-c) (a |

2\/3\/a+b tan(d+ex)+c tanz(d+ex)

e

\/a2+b2+c(c+ a2+b2—2ac+cz)—a(2c+\/a2+b2—2

Mathematica [C] time = 0.342382, size = 223, normalized size = 0.39

_2\/5 tanh_l 2a+b tan(d+ex) ] + ,—El —ib—c tanh_l ( 2a+(b—2ic) tan(d+ex)—ib ) " /—a Y ih—c tanh_]

2\/5\/11+b tan(d+ex)+c tanz(d+ex) ZVa—ib—c\/a+b tan(d+ex)+c tan2(d+ex)
2e

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + ex*x]~2],x]

[Out] (-2*Sqrtl[al*ArcTanh[(2*a + b*Tan[d + ex*x])/(2xSqrt[al*Sqrt[a + b*Tan[d + ex
x] + c*xTan[d + e*x]~2])] + Sqrtla - I*b - c]*ArcTanh[(2*a - I*b + (b - (2xI
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)*c)*xTan[d + exx])/(2*Sqrt[a - I*b - c]*Sqrtla + bxTan[d + exx] + c*Tan[d +
exx]"2])] + Sqrtla + I*b - c]*ArcTanh[(2*a + I*b + (b + (2*%I)*c)*Tan[d + e
xx])/(2xSqrt[a + I*b - c]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])])/(2

*e)

Maple [C] time = 5.83, size = 563198, normalized size = 93.2

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d)* (a+bxtan(exx+d)+cxtan(exx+d)~2)~(1/2),x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atbxtan(e*x+d)+c*xtan(e*xx+d)~2)~(1/2),x, algorithm="ma

xima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atb*tan(e*x+d)+c*tan(e*x+d)~2)~(1/2),x, algorithm="fr
icas")

[Out] Timed out
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Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + btan (d + ex) + ctan® (d + ex) cot (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)*(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(1/2),x)

[Out] Integral(sqrt(a + b*tan(d + e*x) + c*tan(d + e*x)**2)*cot(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/ctan(ex+d)2 + btan (ex + d) + acot (ex + d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atbxtan(e*x+d)+c*xtan(e*xx+d)~2)~(1/2),x, algorithm="gi
ac")

[Out] integrate(sqrt(c*tan(exx + d)~2 + b*tan(exx + d) + a)*cot(exx + d), x)
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3.8 fcotz(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=612

bVa2—2a0+b2+CZ—((a—C)(‘/;
V2 V2 200+ 2+2 \/—a(ZC—Va2—2ac+b2+cz)+c(c
4
V2eVa? - 2ac + b2 + 2

\/—IZ(ZC—\/IZZ—ZQC+Z72+C2)+C(C—\/El2—211C+b2+C2)+112+b2ta11_1

[Out] (Sqrt[a”2 + b™2 + c*x(c - Sqrt[a™2 + b~2 - 2%a*xc + c72]) - a*(2*c - Sqrt[a~2
+ b"2 - 2%axc + c”2])]*ArcTan[(b*Sqrt[a™2 + b™2 - 2%a*xc + c"2] - (b™2 + (a
- c)*(a - ¢ + Sqrt[a™2 + b2 - 2*xa*xc + c~2]))*Tan[d + exx])/(Sqrt[2]*(a~2
+ b72 - 2%axc + c”2)7(1/4)*Sqrt[a”2 + b2 + cx(c - Sqrt[a”2 + b2 - 2%axc +
c”2]) - ax(2*%c - Sqrt[a”2 + b~2 - 2xaxc + c~2])]*Sqrt[a + b*Tan[d + e*x] +
cxTan[d + e*xx]~2])])/(Sqrt[2]*(a”2 + b™2 - 2*axc + c~2)"(1/4)*e) - (bxArcT
anh[(2%a + b*Tan[d + exx])/(2xSqrt[al*Sqrt[a + b*Tan[d + e*x] + cxTan[d + e
xx]72])]1)/(2%Sqrt[al*e) + (Sqrt[a”2 + b~2 + c*(c + Sqrt[a”™2 + b™2 - 2xa*c +
c™2]) - ax(2xc + Sqrtl[a”™2 + b~2 - 2*axc + c”2])]*ArcTanh[(b*Sqrt[a”2 + b~2
- 2%axc + ¢72] + (b”2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xakxc + c72]))*T
an[d + e*xx])/(Sqrt[2]*(a”2 + ™2 - 2%a*xc + c~2)7(1/4)*Sqrt[a”2 + b~2 + c*(c
+ Sqrt[a™2 + b72 - 2%a*xc + c¢72]) - a*x(2*c + Sqrt[a”2 + b2 - 2%axc + c72])
1xSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2xax
c + c”2)7(1/4)*e) - (Cotl[d + e*x]*Sqrt[a + b*Tan[d + exx] + cxTan[d + exx]~
2])/e

Rubi [A] time = 23.7443, antiderivative size = 612, normalized size of antiderivative =

. . number of rul
1., number of steps used = 17, number of rules used = 12, integrand size = 33, ~——————
integrand size

= 0.364, Rules used = {3700, 6725, 732, 843, 621, 206, 724, 990, 1036, 1030, 205, 208}

b\/aZ—Zac+b2+cz—((u—c)(\/;
V2 V2 2ac+2+2 \/—a(Zc—V a2—2ac+b2+cz)+c(c
4
\V2eVa? = 2ac + b2 + 2

\/—a(Zc—\/az—Zac+b2+C2)+c(c—\/a2—2ac+b2+c2)+a2+b2tan_1

Antiderivative was successfully verified.

[In] Int[Cot[d + e*xx] 2+Sqrtl[a + b*Tan[d + exx] + c*Tan[d + exx]~2],x]

[Out] (Sqrt[a”2 + b2 + cx(c - Sqrt[a™2 + b™2 - 2%a*c + c”2]) - ax(2*c - Sqrt[a”2
+ b72 - 2%axc + c¢"2])]*ArcTan[(b*Sqrt[a™2 + b™2 - 2xa*xc + c72] - (™2 + (a
- c)x(a - ¢ + Sqrt[a™2 + b™2 - 2%axc + c¢72]))*Tanld + exx])/(Sqrt[2]*(a~2
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+ b2 - 2%axc + ¢72)7(1/4)*Sqrt[a”2 + b™2 + c*x(c - Sqrt[a™2 + b~2 - 2%a*xc +
c™2]) - ax(2%c - Sqrt[a”™2 + b~2 - 2%axc + c72])]*Sqrtla + bxTan[d + exx] +
cxTan[d + e*xx]~2])])/(Sqrt[2]*(a”2 + b™2 - 2*axc + c~2)"(1/4)*e) - (bxArcT

anh[(2*a + b*Tan[d + exx])/(2xSqrt[al*Sqrt[a + b*Tan[d + e*x] + cxTan[d + e

*x]72])])/(2xSqrt[al*e) + (Sqrt[a™2 + b~2 + c*x(c + Sqrt[a™2 + b~2 - 2%axc +
c”2]) - ax(2%c + Sqrt[a™2 + b72 - 2%axc + c¢72])]*ArcTanh[(b*Sqrt[a”2 + b~2
- 2%axc + ¢c72] + (b72 + (a - c)x(a - ¢ - Sqrt[a™2 + b™2 - 2*axc + c72]))*T

an[d + e*xx])/(Sqrt[2]*(a”2 + b™2 - 2xa*xc + c~2)7(1/4)*Sqrt[a”2 + b™2 + cx(c
+ Sqrt[a™2 + b72 - 2%a*xc + c¢72]) - ax(2*c + Sqrt[a”2 + b"2 - 2%axc + c~2])

1#Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])]1)/(Sqrt[2]*(a”2 + b~2 - 2*ax*

c + c”2)7(1/4)xe) - (Cot[d + e*x]*Sqrt[a + b*Tan[d + exx] + cxTan[d + exx]~

2])/e

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )" (_.) + (c_)x((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2%n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]l] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 732

Int[((d_.) + (e_)*(x)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8S

ymbol] :> Simp[((d + e*xx)"(m + 1)*(a + b*x + c*x"2)7p)/(ex(m + 1)), x] - Di

stlp/(ex(m + 1)), Int[(d + e*x)"(m + 1)*(b + 2xc*x)*(a + b*x + c*x~2)"(p -

1), x], x] /; FreeQ[{a, b, ¢, d, e, m}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[c*

d”2 - bxd*e + axe”2, 0] &% NeQ[2*cxd - bxe, 0] && GtQ[p, 0] && (IntegerQ[p]
|l LtQm, -1]) && NeQ[m, -1] && !'ILtQ[m + 2*p + 1, 0] && IntQuadraticQla,
b, ¢, d, e, m, p, xJ

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*xx_))*((a_.) + (b_)*(x_) + (c
_I)*(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + e*xx)”"(m + 1)*x(a + b*xx +
c*x”2)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*x(a + b*x + c*x~2)7p,
x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p}, x] && NeQ[b~2 - 4xa*c, 0] &&
NeQ[c*d™2 - bxdxe + axe”2, 0] && !'IGtQ[m, O]
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Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%cxx)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~"2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 |l LtQ[b, 01)

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4*xbxdxe + 4*axe”2 - x72), xJ, x, (2
xaxe - bxd - (2%c*kd - bxe)*x)/Sqrtl[a + b*x + c*xx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~"2 - 4xaxc, 0] && NeQ[2*c*xd - bxe, 0]

Rule 990

Int[Sqrel(a ) + (b_.)*(x) + (c_.)*(x.)~21/((d) + (f_.)*(x.)~2), x_Symbol]
:> Dist[c/f, Int[1/Sqrtla + b*x + c*x~2], x], x] - Dist[1/f, Int[(cxd - ax*
f - bxf*x)/(Sqrtla + b*x + c*x"2]*(d + f*x~2)), x], x] /; FreeQ[{a, b, c, d
, T}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*cxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*x(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*x + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - axf + q) + (hx(cxd - a*xf - q) - gkc*xe)*x, x]/((a + ¢
*x72)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (£
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[axh - gkxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[axh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 205
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps

Subst f ”;Ell’—’ff)cz dx, x, tan(d + ex))
X X
fcotz(d + ex)\/a + btan(d + ex) + ctan?(d + ex) dx = .
Vatbxtex?  Vatbx+cx?
Subst f ( a+x§+cx ajlf:;x ) dx, x, tan(d + ex))
- e
Subst f a+i§+cx2 dx, x, tan(d + ex)) Subst ( f ajf:rzcxz d
- e " e

cot(d + ex)+Ja + btan(d + ex) + ctan®(d + ex)  Subst (f

+
e

cot(d + ex)y/a + btan(d + ex) + ctanz(d + ex) b Subst (}

= +
e
\/Etanh_l b+2c tan(d+ex)
2\/5\/a+b tan(d+ex)+ctan2(d+ex) COt(d + ex) a+l

e

\/a2+b2+c(c—\/a2+b2—2ac+c2)—a(2c—Vu2+b2—2¢

Mathematica [C] time = 1.12091, size = 261, normalized size = 0.43

b tanh_l 2a+b tan(d+ex)

2+/a a+b tan(d+ex)+c tan?(d-+ex) . , — 2a+(b-2ic) tan(d+ex)—ib . ; - I
! —1Va —ib—-ctanh ! a+{b-2ic) tan(d+en) +iVa+ib - ctanh !

va 2\/u—ib—c\/a+b tan(d+ex)+c tanz(d+ex) 2Va+ib-

2e
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Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx] 2*Sqrtl[a + bxTan[d + exx] + c*Tan[d + exx]~2],x]

[Out] -((bxArcTanh[(2*a + bxTan[d + exx])/(2+Sqrt[a]l*Sqrt[a + b*Tan[d + e*x] + cx
Tan[d + e*x]~2])])/Sqrtlal - I*Sqrtla - I*b - cl*ArcTanh[(2*a - I*b + (b -
(2%I)*c)*Tan[d + exx])/(2+Sqrt[a - I*b - c]*Sqrtla + b*Tan[d + e*x] + cx*Tan

[d + exx]~2])] + I*Sqrtla + I*b - c]*ArcTanh[(2*a + Ixb + (b + (2%I)*c)*Tan

[d + exx])/(2%Sqrt[a + Ixb - cl*Sqrtla + b*Tan[d + e*x] + c*Tan[d + ex*x]~2]

)] + 2+Cot[d + exx]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*xx]~2])/(2x*e)

Maple [B] time = 19.957, size = 1166066, normalized size = 1905.3

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) 2% (at+b*tan(e*x+d)+cxtan(exx+d)~2)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex + cl)2 + btan (ex + d) + a cot (ex + d)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~2x(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="
maxima"

[Out] integrate(sqrt(c*tan(e*xx + d)~2 + b*xtan(exx + d) + a)*cot(e*x + d)~2, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(e*x+d) "2x(atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(1/2),x, algorithm="

fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a +btan (d + ex) + ctan® (d + ex) cot? (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot (exx+d)**2* (a+b*tan(e*xx+d)+c*xtan(exx+d)**2)**x(1/2) ,%)

[Out] Integral(sqrt(a + b*tan(d + e*x) + c*tan(d + e*x)**2)*cot(d + e*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex + cl)2 + btan (ex + d) + a cot (ex + cl)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 2% (at+bxtan(exx+d)+c*tan(e*x+d)~2)~(1/2),x, algorithm="

giac")

[Out] integrate(sqrt(c*tan(exx + d)~2 + b*tan(exx + d) + a)*cot(e*xx + d)~2, x)
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3.9 fcot3(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=690

~bVa2-2ac+b2+c2 tan(d-+ex
V2 %/uZ—ZLlC+bZ+C2 \/—a(\/a2—2a6+b2+c2+2c)+c(

\/Eef/az —2ac + b? + ¢2

\/—a(\/az—Zch+bz+c2+2c)+c(\/az—2ac+bz+cz+c)+az+bzt8m_1

[Out] (Sqrt[a”2 + b™2 + c*x(c + Sqrt[a”™2 + b~2 - 2%a*xc + c72]) - a*(2*c + Sqrt[a~2
+ b72 - 2%axc + c”2])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa
*c + ¢72]) - b*Sqrt[a”2 + b~2 - 2xaxc + c"2]*Tan[d + e*x])/(Sqrt[2]*(a~2 +
b2 - 2xaxc + c72)7(1/4)*Sqrt[a”2 + b2 + cx(c + Sqrt[a™2 + b2 - 2%axc + c
~2]) - ax(2*%c + Sqrt[a”2 + b™2 - 2*axc + c”2])]*Sqrtla + b*Tan[d + e*x] + c
xTan[d + exx]~2])]1)/(Sqrt[2]*(a”2 + b™2 - 2xa*xc + c~2)7(1/4)*e) + (Sqrt[al*
ArcTanh[(2*a + b*Tan[d + exx])/(2xSqrt[al*Sqrt[a + b*Tan[d + e*x] + c*Tanl[d
+ exx]72])])/e + ((b”2 - 4*axc)*ArcTanh[(2*a + b*Tan[d + ex*xx])/(2xSqrt[a]*
Sqrt[a + bxTan[d + exx] + cxTan[d + exx]72])])/(8%xa~(3/2)*e) - (Sqrt[a~2 +
b~2 + c*x(c - Sqrt[a™2 + b72 - 2xa*xc + c”2]) - ax(2%c - Sqrt[a”2 + b"2 - 2xa
xc + ¢c”2])]*ArcTanh[(b"2 + (a - c)*(a - ¢ + Sqrt[a™2 + b™2 - 2xa*xc + c~2])
+ bxSqrt[a”2 + b2 - 2*axc + c”2]*Tan[d + exx])/(Sqrt[2]*(a”2 + b2 - 2*axc
+ ¢c72)7(1/4)*Sqrt[a™2 + b™2 + c*x(c - Sqrt[a™2 + b™2 - 2*%axc + c”2]) - ax(2
xc - Sqrt[a”2 + b72 - 2*axc + c¢”2])]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + ex
x]172]1)1)/(Sqrt[2]*(a”2 + b™2 - 2*axc + c”2)7(1/4)*e) - (Cot[d + e*xx] 2x(2xa
+ b*Tan[d + e*x])*Sqrt[a + b*Tan[d + exx] + c*xTan[d + e*xx]~2])/(4*axe)

Rubi [A] time = 23.7333, antiderivative size = 690, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 21, number of rules used = 14, integrand size = 33, e 0 TR
integrand size

= 0.424, Rules used = {3700, 6725, 720, 724, 206, 734, 843, 621, 1021, 1078, 1036, 1030, 208,
205}

—bVa?-2ac+b%+c? tan(d+e
V2 V2 20+ +32 \/—a(\/aZ—Zac+b2+c2+2c)+c(

V2eVa2 = 2ac + b2 + 2

\/—61(\,/512—261c+bz+c2+2c)+c(\/112—2ac+l72+02+c)+612+bzt8m_1

Antiderivative was successfully verified.

[In] Int[Cot[d + e*xx]~3%Sqrtl[a + b*Tan[d + exx] + c*Tan[d + ex*xx]~2],x]

[Out] (Sgrtl[a™2 + b™2 + c*(c + Sqrt[a”™2 + b™2 - 2%a*xc + c72]) - a*x(2xc + Sqrt[a”2
+ b2 - 2%axc + c¢72])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa
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xCc + c"2]) - bxSqrt[a”2 + b~2 - 2*axc + c”2]xTan[d + exx])/(Sqrt[2]*(a"2 +
b~2 - 2%axc + c¢72)7(1/4)*Sqrt[a”2 + b2 + c*(c + Sqrt[a”2 + b72 - 2xa*c + ¢
~2]) - ax(2*%c + Sqrt[a”2 + b"2 - 2*axc + c”2])]*Sqrtla + b*Tan[d + exx] + ¢
xTan[d + exx]~2])]1)/(Sqrt[2]*(a"2 + b™2 - 2xa*xc + c~2)7(1/4)*e) + (Sqrt[al*
ArcTanh[(2*a + b*Tan[d + exx])/(2xSqrt[al*Sqrt[a + b*Tan[d + exx] + c*Tanl[d
+ exx]"2])])/e + ((b™2 - 4xaxc)*ArcTanh[(2*a + b*Tan[d + ex*xx])/(2*Sqrt[a]x*
Sqrt[a + bxTan[d + exx] + cxTan[d + exx]72])])/(8%xa~(3/2)*e) - (Sqrt[a~2 +
b~2 + c*x(c - Sqrt[a™2 + b72 - 2xa*xc + c”2]) - ax(2%c - Sqrt[a”2 + b"2 - 2xa
xc + c”2])]*ArcTanh[(b"2 + (a - c)*(a - ¢ + Sqrt[a™2 + b~2 - 2xa*xc + c~2])
+ bxSqrt[a”2 + b2 - 2*xa*c + c"2]xTan[d + exx])/(Sqrt[2]*(a”2 + b™2 - 2xa*c
+ ¢c72)7(1/4)*Sqrt[a”2 + b™2 + c*x(c - Sqrt[a™2 + b~2 - 2*%axc + c72]) - ax(2
xc - Sqrt[a”2 + b72 - 2*axc + c¢”2])]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + ex
x]172]1)1)/(Sqrt[2]*(a”2 + b™2 - 2%axc + c”2)7(1/4)*e) - (Cot[d + e*xx] 2x(2xa
+ b*Tan[d + e*x])*Sqrt[a + b*Tan[d + exx] + c*Tan[d + exx]~2])/(4*axe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] "(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_)*(x_)])"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 720

Int[((d_.) + (e_)*(x_))"(m)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_S
ymbol] :> -Simp[((d + e*x)”~(m + 1)*x(d*b - 2%axe + (2%cxd - bxe)*x)*(a + b*x
+ c*xx72)7p)/(2x(m + 1)*(c*d”2 - bxd*e + axe”2)), x] + Dist[(px(b™2 - 4xaxc
1/ (2x(m + 1)*x(c*d™2 - bxdxe + axe”2)), Int[(d + exx)"(m + 2)*(a + b*x + c*
x"2)~(p - 1), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d~2 - bxd*e + axe”2, 0] && NeQ[2*c*d - bxe, 0] && EqQ[m + 2*p + 2, 0
1 && GtQ[p, 0]

Rule 724

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d”2 - 4xbxdxe + 4*axe”2 - x72), x], x, (2
xaxe — bxd - (2*cxd - bkxe)*x)/Sqrt[a + bxx + c*x"2]]1, x] /; FreeQ[{a, b, c,
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d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 734

Int[((d_.) + (e_)*x(x_))"(m_)*((a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2)"(p_), x_8
ymbol] :> Simp[((d + exx) " (m + 1)*(a + b*x + c*x"2)7p)/(ex(m + 2*p + 1)), x
] - Dist[p/(ex(m + 2%p + 1)), Int[(d + ex*x) m*Simp[b*d - 2%axe + (2*c*d - b
xe)xx, x]*(a + bxx + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, b, ¢, d, e, m}, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + a*e”2, 0] && NeQ[2*xc*d - bxe
, 0] && GtQ[p, 0] && NeQ[m + 2%p + 1, 0] &% ( !'RationalQ[m] || LtQ[m, 1]) &
& 'ILtQ[m + 2*p, 0] && IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)xx_))*((a_.) + (b_)*(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)"(m + 1)*x(a + b*x +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx) m*(a + b*x + c*x~2)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d™2 - bxdxe + axe”2, 0] && !'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%cxx)/Sqrtla + b*x + cxx"2]1], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 1021

Int[((g_.) + (h_D*(x_))*((a ) + (b_)*(x) + (c_)*(x_)"2)"(p)*((d) + (£
_I)*(x_)"2)7(q ), x_Symbol] :> Simp[(h*(a + b*x + c*x72)7p*x(d + £*x72)7(q +
D)/ (2xfx(p + q + 1)), x] - Dist[1/(2*f*x(p + q + 1)), Int[(a + bxx + c*x72
)7 (p - D*(d + £xx72) "q*Simp [h*px(b*xd) + ax(-2xg*xf)*(p + q + 1) + (2xh*px(c
xd - axf) + bx(-2xgxf)*x(p + q + 1))*x + (h*p*x(-(b*f)) + cx(-2*gxf)*x(p + q +
1))*x72, x1, x1, x] /; FreeQ[{a, b, ¢, d, £, g, h, g}, x] && NeQ[b~2 - 4x*a
*c, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1078
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Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +

(e_)*(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f
*xx~2], x], x] + Dist[1/c, Int[(A*c - a*C + Bxcxx)/((a + c*x"2)*Sqrt[d + e*xx
+ £*xx72]), x], x] /; FreeQ[{a, c, d, e, £, A, B, C}, x] && NeQ[e™2 - 4xdx*f
, 0]

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_ )x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*c*xe”2, 2]}, Dist
[1/(2%q), Int[Simp[-(axh*e) - g*(c*xd - axf - q) + (hx(cxd - a*xf + q) - gkcx
e)*x, x]/((a + c*x72)*Sqrt[d + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)*x, x]/((a + ¢
xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl[(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[axh - gxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQla*xh™2%e + 2%gxh*(c*d - axf) - g™2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps
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Subst f L:El;—}f;})cz dx, x, tan(d + ex))
fcots(d + ex)\/a + btan(d + ex) + ctan®(d + ex) dx = .
Subst f(\/a+i1;+cx2 _ \/a+b;c+cx2 + x\/a;—f;c;rcxz) dx, x, tan(d 4
- e
Subst f %ﬂxz dx, x, tan(d + ex)) Subst (f %ﬂﬂ

e e

cot?(d + ex)(2a + b tan(d + ex))\/a + btan(d + ex) + ctan

4ae

cot?(d + ex)(2a + btan(d + ex))\/a + btan(d + ex) + ctan

4ae
(bz _ 4(16) tanh_l 2a+b tan(d+ex) ,
2\/5\/a+b tan(d-+ex)+c tan®(d-+ex) cot“(d +e
B 8a3/2¢ -
Vatanh™ ki) (bz — 4ac) tanh ™
2\/5\/11+b tan(d+ex)+c tanz(d+ex)

e

\/a2+b2+c(c+\/a2+b2—2ac+c2)—a(20+\/a2+b2—

Mathematica [C] time = 1.81619, size = 289, normalized size = 0.42

(8a2 _dac + bz) tanh_l 2a+b tan(d+ex) ) _ 2\/5 (Zamtanh_l ( 2a+(b—2ic) tan(d+ex)—ib ) _

2\/5\/a+b tan(d+ex)+c tanz(d+ex) ZVu—ib—c\/a+b tan(d+ex)+c tanz(d+ex)

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]~3*Sqrtl[a + bxTan[d + exx] + c*Tan[d + ex*xx]~2],x]

[Out] ((8*a™2 + b2 - 4*a*xc)*ArcTanh[(2*a + b*Tan[d + e*x])/(2*Sqrt[al*Sqrt[a + b
xTan[d + exx] + cxTan[d + exx]~2])] - 2xSqrt[al*(2*xaxSqrt[a - I*b - c]*ArcT
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anh[(2%xa - Ixb + (b - (2*I)*c)*Tan[d + ex*x])/(2*xSqrt[a - I*b - c]*Sqrt[a +
b*Tan[d + exx] + cxTan[d + exx]~2])] + 2%a*xSqrt[a + I*b - c]*ArcTanh[(2*a +
I¥b + (b + (2xI)*c)*Tan[d + exx])/(2xSqrtla + I*b - c]*Sqrt[a + bxTan[d +
exx] + c*Tan[d + e*x]~2])] + Cot[d + e*x]*(b + 2*a*Cot[d + e*xx])*Sqrt[a + b

*Tan[d + exx] + c*Tan[d + exx]~2]))/(8%a~(3/2)*e)

Maple [B] time = 140.041, size = 2856003, normalized size = 4139.1

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) " 3*(at+b*tan(e*x+d)+cxtan(exx+d)~2)"(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex + ¢7l)2 + btan(ex + d) + acot (ex + d)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~3x(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="
maxima"

[Out] integrate(sqrt(c*tan(e*xx + d)~2 + b*xtan(exx + d) + a)*cot(e*x + d)~3, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~3*(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="
fricas")
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[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + btan (d + ex) + c tan® (d + ex) cot® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**3*(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(1/2),x)

[Out] Integral(sqrt(a + bxtan(d + exx) + cxtan(d + exx)**2)xcot(d + exx)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

| Jetan (ex + d2 + btan (ex + d) + acot (ex +d)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~3x(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="

giac")

[Out] integrate(sqrt(c*tan(e*xx + d)~2 + bkxtan(exx + d) + a)*cot(e*x + d)~3, x)
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tan®(d+ex)

3.10 dx

\/a+b tan(d+ex)+c tanZ(d+ex)

Optimal. Leaf size=548

~Va2-2ac+b2+c2+a+b tan(d+ex)—c
\/5\/—Va2—2ac+b2+cz+a—c\/a+b tan(d+ex)+c tanz(d+ex)
V2eVa? = 2ac + b2 + 2

\/\/a2—2ac+b2+cz+a—c1

\/—\/az —2ac+b2+c2+a —ctanh_l(

[Out] (Sqrtla - ¢ - Sqrt[a™2 + b~2 - 2*axc + c~2]]*ArcTanh[(a - ¢ - Sqrt[a”2 + b~
2 - 2%axc + c¢72] + b*Tan[d + e*x])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b™2 - 2
xaxc + c¢"2]]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])])/(Sqrt[2]*Sqrt[a
"2 + b72 - 2%axc + c"2]xe) - (Sqrtla - ¢ + Sqgrt[a”2 + b"2 - 2*axc + c"2]]*A
rcTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2%a*xc + c~2] + bxTan[d + exx])/(Sqrt[2]*Sq
rtla - ¢ + Sqrt[a”2 + b™2 - 2%a*xc + c~2]]*Sqrt[a + bxTan[d + exx] + cxTan[d
+ exx]72])])/(8qrt[2]1*Sqrt[a”2 + b~2 - 2*axc + c"2]*e) + (b*ArcTanh[(b + 2
xc*xTan[d + exx])/(2xSqrt[c]l*Sqrtla + b*Tan[d + e*x] + cxTan[d + exx]~2])])/
(2%c™(3/2)*e) - (b*(5*b~2 - 12%axc)*ArcTanh[(b + 2*cxTan[d + exx])/(2*Sqrt[
c]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(16*c~(7/2)*e) - Sqrtl[a +
bxTan[d + exx] + cxTan[d + exx]~2]/(c*e) + (Tan[d + exx] 2xSqrt[a + b*Tanl[
d + e*x] + c*Tan[d + e*x]"2])/(3*c*e) + ((15%b~2 - 16xa*c - 10*b*c*Tan[d +
exx])*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])/(24*c”3xe)

Rubi [A] time = 1.08542, antiderivative size = 548, normalized size of antiderivative =

1., number of steps used = 15, number of rules used = 10, integrand size = 33, number of rules

= 0.303, Rules used = {3700, 6725, 640, 621, 206, 742, 779, 1036, 1030, 208}

integrand size

—Va2-2ac+b2+c2+a+b tan(d+ex)—c
\/E\/—Vuz—Zuc+b2+c2+u—c\/a+b tan(d+ex)+c tan?(d+ex)
V2eVa? = 2ac + b2 + 2

\/—\/az—Zac+b2 +2+a—ctanh™ Va2 -2ac+ b2 +c2 +a—c

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]~5/Sqrtla + b*Tan[d + exx] + c*Tan[d + e*xx]~2],x]

[Out] (Sqrtla - ¢ - Sqrt[a”2 + b™2 - 2*axc + c~2]]*ArcTanh[(a - ¢ - Sqrt[a”2 + b~
2 - 2%axc + c”2] + b*xTan[d + e*x])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b™2 - 2
xaxc + c”2]]1*Sqrt[a + bxTan[d + exx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[a
"2 + b72 - 2%axc + c”2]*e) - (Sqrtla - ¢ + Sqrt[a”2 + b"2 - 2xaxc + c”2]]*A
rcTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2%a*xc + c”2] + b*Tan[d + ex*x])/(Sqrt[2]*Sq
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rt[a - ¢ + Sqrt[a™2 + b™2 - 2*a*xc + c~2]]*Sqrt[a + bxTan[d + exx] + c*Tan[d
+ exx]"2])])/(Sqrt[2]*Sqrt[a”2 + b™2 - 2xa*xc + c"2]*e) + (b*ArcTanh[(b + 2
xc*xTan[d + exx])/(2+Sqrt[c]*Sqrtla + b*Tan[d + e*x] + cxTan[d + exx]"2])])/
(2%c™(3/2)*e) - (b*(5*%b~2 - 12%axc)*ArcTanh[(b + 2*cxTan[d + exx])/(2*Sqrt[
cl*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(16xc~(7/2)*e) - Sqrtla +
b*Tan[d + e*x] + cxTan[d + exx]~2]/(c*e) + (Tan[d + e*x]~2xSqrt[a + b*Tan[
d + e*x] + c*Tan[d + e*x]"2])/(3*c*e) + ((15%b72 - 16xa*c - 10*b*cx*Tan[d +

exx])*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])/(24*c”3xe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n))"p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*x(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 640

Int[((d_.) + (e_.)*(x_))*((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simp[(ex(a + b*x + c*xx"2)"(p + 1))/ (2%cx(p + 1)), x] + Dist[(2%c*d - b
xe)/(2*c), Int[(a + b*x + c*xx~2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, x]
&& NeQ[2xc*d - bxe, 0] && NeQ[p, -1]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2%cxx)/Sqrtla + b*x + cxx"2]], x] /; FreeQl{a,
b, c}, x] && NeQ[b~"2 - 4x*axc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 742
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Int[((d_.) + (e_)*(x_)) " (m)*x((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_8
ymbol] :> Simp[(ex(d + e*x)"(m - 1)*(a + bxx + c*x72)"(p + 1))/(cx(m + 2*p

+ 1)), x] + Dist[1/(cx(m + 2%p + 1)), Int[(d + e*x)"(m - 2)*Simp[c*d™2x(m +
2xp + 1) - ex(a*ex(m - 1) + bxdx(p + 1)) + ex(2xcxd - b*xe)*(m + p)*x, x]*(
a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d, e, m, p}, x] && NeQ[b~2 -
dxaxc, 0] && NeQ[c*d™2 - bxdxe + a*xe”2, 0] && NeQ[2*c*d - bxe, 0] && If[Rat
ionalQ[m], GtQ[m, 1], SumSimplerQ[m, -2]] && NeQ[m + 2%p + 1, 0] && IntQuad
raticQla, b, ¢, d, e, m, p, x]

Rule 779

Int[((d_.) + (e_)*x_))*x((f_.) + (g_)*x&x_))*((a_.) + (b_.)*(x_) + (c_.)*(
x_)72)"(p_), x_Symbol] :> -Simp[((bxexgkx(p + 2) - cx(exf + dxg)*(2*p + 3) -
2xckexgx(p + 1)*x)*(a + b*x + c*xx"2) " (p + 1))/(2*%c™2*(p + 1)*(2*p + 3)), x
] + Dist[(b™2%exgx(p + 2) - 2%akxcxe*xg + cx(2xckxd*f - bkx(exf + dxg))*(2xp +
3))/(2xc™2x(2*p + 3)), Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d
, e, £, g, p}, x] && NeQ[b~2 - 4xaxc, 0] && !LeQ[p, -1]

Rule 1036

Int[((g_.) + (h_D)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*x"2)*Sqrt[d + e*xx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(axc)]

Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)xSqrt[(d_.) + (e_.)*(x_) + (f
_)*(x_)72]), x_Symbol] :> Dist[-2xa*g*h, Subst[Int[1/Simp[2*a”2*gxh*xc + ax
exx”2, x], x], x, Simp[a*h - gkxc*x, x]/Sqrt[d + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, f, g, h}, x] && EqQla*h™2*e + 2%gxh*(c*d - axf) - g~2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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x°
tan’(d + ex) Subst (f (122 Vasbrex? dx, x, tan(d + ex))

1+x2) Va+bx+cx?

e

dx =

\/a + btan(d + ex) + ctan®(d + ex)

3

x x x
Subst (f (_ Va+bx+cx? - Va+bx+cx? - (1+x2)m) ax, %, tan(d + EX))

e
x 3
_ _Subst (f W dx, x, tan(d + ex)) . Subst (f W dx, x, tan(
e e

\/a +btan(d + ex) + ctan®(d + ex)  tan®(d + ex)\/a + btan(d + ex)
+

ce 3ce

\/a +btan(d + ex) + ctan®(d + ex)  tan®(d + ex)\/a + btan(d + ex)
+

ce 3ce

a—c—Va?2+b%2-2ac+c2+b tan(d+ex

\/E\/a—c—\/u2+h2—2ac+c2\ |a+b tan(d+ex)+

\V2Va2 + b2 - 2ac + c2e
a—c—Va?2+b%2-2ac+c2+b tan(d+ex

\/ﬁ\/u—c—\/a2+h2—2ac+c2\ |a+b tan(d+ex)+

\V2Va2 + b2 = 2ac + c2e

\/a —c—Va2 + b2 —2ac+ 2tanh ™

\/a —c—Va2 + 1?2 —2ac + 2tanh™"

Mathematica [C] time = 6.12031, size = 456, normalized size = 0.83

(9ubc 1553 ) tanh_l b+2c tan(d+ex) 152 5
Lt 1522 5 2 .
zxﬁ\/a+btan(d+ex)+c tan2(d+ex) (4uc T Tl tan(d+ex))\/u+b tan(d+ex)+c tan®(d+ex) btanh™! b+2c tan(d+ex)
52 - 2 2\/2\/a+b tan(d+ex)+c tanz(d+ex) ta
4c 2c + + —
3¢ 2c3/2

Antiderivative was successfully verified.

[In] Integrate[Tan[d + exx]~5/Sqrtl[a + bxTan[d + exx] + c*Tan[d + e*xx]~2],x]

[Out] ((-2xSqrt[a + I*b - cl*ArcTanh[(2*a + I*b - (-b - (2*%I)*c)*Tan[d + exx])/(2
xSqrt[a + I*b - c]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~"2])])/(4*xa + (4
xI)*b - 4xc) - (2xSqrt[a - I*b - c]*ArcTanh[(2*xa - I*b - (-b + (2%I)*c)*Tan
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[d + exx])/(2%Sqrt[a - I*b - c]*Sqrtla + bxTan[d + exx] + c*Tan[d + e*xx]"2]
)1)/(4xa - (4xI)*b - 4xc) + (b*ArcTanh[(b + 2*c*Tan[d + ex*x])/(2*Sqrt[c]*Sq
rt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(2*xc~(3/2)) - Sqrt[a + bxTan[d
+ exx] + cxTan[d + exx]~2]/c + (Tan[d + exx]~2+Sqrt[a + b*Tan[d + exx] + c
*Tan[d + exx]~2])/(3*c) + ((((-15%b~3)/4 + 9*axbxc)*ArcTanh[(b + 2xc*Tan[d
+ exx])/(2xSqrt [c]*Sqrt[a + b*Tan[d + e*x] + c*Tanl[d + exx]~2])])/(4*c~(5/2
)) - (((-15%b~2)/4 + 4*axc + (bxb*cxTan[d + exx])/2)*Sqrt[a + b*Tan[d + e*x
1 + cxTan[d + exx]72])/(2%c™2))/(3*c))/e

Maple [B] time = 0.35, size = 9581348, normalized size = 17484.2

output too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d) 5/ (a+b*tan(e*x+d)+c*tan(exx+d)~2)"(1/2),x)

[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 5/ (atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="
maxima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~5/(atb*tan(e*xx+d)+cxtan(e*xx+d)~2)~(1/2),x, algorithm="
fricas")
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[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan® (d + ex)

dx
f \/a +btan (d + ex) + ctan® (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**5/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(1/2),x)

[Out] Integral(tan(d + e*x)**5/sqrt(a + b*tan(d + e*x) + c*tan(d + e*x)**2), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~5/(atbxtan(exx+d)+c*tan(e*x+d)~2)~(1/2),x, algorithm="

giac")

[Out] Exception raised: TypeError
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tan4(d+ex)

3.11 dx

\/ a+b tan(d+ex)+c tanz(d+ex)

Optimal. Leaf size=495

b—(—V a2—2ac+b2+c2+a—c) tan(d+ex)
\/E\/—Va2—2a6+b2+c2+a—c\/a+b tan(d+ex)+c tan?(d-+ex)
\V2eVa? - 2ac + b2 + 2 2

\/\/az—Zac+b2+02+a—cta

\/—\/az—Zac+b2 +c2 +a—ctan_l(

[Out] (Sgrtla - ¢ - Sqrt[a™2 + b~2 - 2*xaxc + c¢"2]]*ArcTan[(b - (a - ¢ - Sqrt[a™2
+ b™2 - 2*axc + c”2])*Tan[d + exx])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a™2 + b~2 -
2%axc + c~2]]xSqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[
a"2 + b72 - 2xaxc + c"2]*e) - (Sqrtla - ¢ + Sqrt[a”2 + b~2 - 2%a*xc + c"2]]*
ArcTan[(b - (a - ¢ + Sqrt[a™2 + b~2 - 2*a*xc + c~2])*Tan[d + ex*x])/(Sqrt[2]*
Sqrtla - ¢ + Sqrt[a™2 + b2 - 2%axc + c"2]]*Sqrt[a + b*Tan[d + exx] + c*Tan
[d + exx]172])]1)/(Sqrt[2]*Sqrt[a™2 + b2 - 2%a*c + c”2]*e) - ArcTanh[(b + 2%
cxTan[d + ex*x])/(2%Sqrt[cl*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])]/(S
grtlcl*e) + ((3*b~2 - 4xaxc)*ArcTanh[(b + 2xc*Tan[d + ex*x])/(2%Sqrt[c]*Sqrt
[a + bxTan[d + exx] + c*Tan[d + e*x]~2])]1)/(8%c~(5/2)*e) - (3*b*Sqrtl[a + bx
Tan[d + exx] + c*Tan[d + e*xx]~2])/(4*c"2%e) + (Tan[d + e*x]*Sqrt[a + b*Tan[
d + exx] + c*Tan[d + e*xx]~2])/(2%c*e)

Rubi [A] time = 0.820011, antiderivative size = 495, normalized size of antiderivative =

1., number of steps used = 14, number of rules used = 9, integrand size = 33, number of rules _

integrand size
0.273, Rules used = {3700, 6725, 621, 206, 742, 640, 987, 1030, 205}
b—(—Va2—2a6+b2+cz+a—c) tan(d+ex)

\/E\/—Vaz—Zac+b2+c2+a—c\/a+b tan(d+ex)+c tan®(d+ex)
\V2evVa? - 2ac + b2 + 2 3

\/\/az—Zac+b2+c2+a—cta

\/—\/az —2ac+ b2 +c2+a-ctan™t

Antiderivative was successfully verified.

[In] Int[Tan[d + e*xx]~4/Sqrtl[a + b*Tan[d + e*x] + c*Tan[d + exx]~2],x]

[Out] (Sqrtla - ¢ - Sqrt[a”2 + b™2 - 2*axc + c”2]]*ArcTan[(b - (a - ¢ - Sqrt[a™2
+ b™2 - 2%axc + c”2])*Tan[d + exx])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a™2 + b~2 -

2%axc + c~2]]xSqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[

a”2 + b72 - 2%axc + c"2]xe) - (Sqrtla - c + Sqrt[a™2 + b~2 - 2*axc + c”2]]*
ArcTan[(b - (a - ¢ + Sqrt[a™2 + b~2 - 2*a*xc + c~2])*Tan[d + ex*x])/(Sqrt[2]*
Sqrtla - ¢ + Sqrt[a”™2 + b™2 - 2*axc + c~2]]*Sqrt[a + b*Tan[d + e*xx] + c*Tan
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[d + exx]72])]1)/(Sqrt[2]*Sqrt[a™2 + b~2 - 2*a*c + c”2]*e) - ArcTanh[(b + 2%
cxTan[d + exx])/(2xSqrt[c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])]/(S
grtlcl*e) + ((3%b~2 - 4xaxc)*ArcTanh[(b + 2xc*Tan[d + ex*x])/(2%Sqrt[c]*Sqrt
[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(8*c~(5/2)*e) - (3*bxSqrt[a + bx
Tan[d + exx] + cxTan[d + exx]~2])/(4*xc"2xe) + (Tan[d + e*x]*Sqrt[a + b*Tan[
d + exx] + cxTan[d + exx]~2])/(2%cx*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )1 (m_D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x ) (@_.) + (c_)*x((f_D)*tanl[(d_.) + (e_)*x(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, X, f*Tan[d + e*x]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + bxx"n), x]1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%cxx)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 211)/(Rtl[a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/bl && (Gt
Qla, 01 |l LtQ[b, 01)

Rule 742

Int[((d_.) + (e_)*(x D))" (m)*x((a_.) + (b_)*(x) + (c_)*x)D"2)"(p_), x_8S
ymbol] :> Simp[(e*x(d + e*x)~(m - 1)*(a + b*x + c*xx"2)"(p + 1))/(cx(m + 2xp
+ 1)), x] + Dist[1/(c*x(m + 2%p + 1)), Int[(d + e*xx)"(m - 2)*Simp[c*d"2*(m +
2xp + 1) - ex(axex(m - 1) + bxdx(p + 1)) + ex(2xcxd - b*xe)*(m + p)*x, x]*(
a + bxx + c*x72)7p, x], x] /; FreeQ[{a, b, c, d, e, m, p}, x] && NeQ[b"2 -
dxaxc, 0] && NeQ[c*d™2 - bxdxe + axe”2, 0] && NeQ[2*c*xd - bxe, 0] && If[Rat
ionalQ[m], GtQ[m, 1], SumSimplerQ[m, -2]1] && NeQ[m + 2*p + 1, 0] &% IntQuad
raticQla, b, ¢, d, e, m, p, x]
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Rule 640

Int[((d_.) + (e_)*(x_))*((a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2)"(p_), x_Symbol
1 :> Simp[(ex(a + b*x + c*x"2)"(p + 1))/ (2*cx(p + 1)), x] + Dist[(2*c*d - b
xe)/(2xc), Int[(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, xl
&& NeQ[2xc*d - bxe, 0] && NeQ[p, -1]

Rule 987

Int[1/(((a_.) + (c_.)*x(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (f_.)*x(x_)"2]), x_S
ymbol] :> With[{q = Rt[(c*d - a*f)~2 + axc*e”2, 2]}, Dist[1/(2%q), Int[(c*d
- axf + q + cxexx)/((a + c*x"2)*Sqrt[d + exx + f*x72]), x], x] - Dist[1/(2
xq), Int[(cxd - axf - q + cxexx)/((a + cxx"2)*Sqrt[d + exx + f*x72]), x], x
11 /; FreeQl{a, c, d, e, f}, x] && NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[axh - gkxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[a*h™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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x4
Subst ( f W dx, x, tan(d + ex))

e

tan*(d
an~(d + ex) gy —

\/a + btan(d + ex) + ctan®(d + ex)

1 x2 1
Subst (f (_ Va+bx+cx2 * Vatbx+cx? * (1+x2)Va+bx+cx2) a2, x, tan(d + EX))

e
1 x2
_ _Subst (f W dx, x, tan(d + ex)) . Subst (f W dx, x, tan(
e e

2 Subst | [ —
tan(d + ex)\/a + btan(d + ex) + ctan®(d + ex) e (f de-x?

2ce

dx, x

b+2c tan(d+ex)

2\/5\/a+b tan(d+ex)+ctan2(d+ex)) 3b\Ja+b tan(d + ex) +c tanz(
\ce - 4c?e
b—(u—c—\/m) tan(d+ex)

V2Va2 + b2 = 2ac + c2e

b—(a—c—\/M) tan(d+ex)

ﬁ\/u—c—\/a2+b2—2ac+c2\ [a+btan(d+ex)+ct

V2Va2 + b2 = 2ac + c2e

tanh ™ [

\/a—c—\/az + b2 —2ac + 2 tan”!

\/u—c—\/az + b2 = 2ac + 2 tan”!

Mathematica [C] time = 2.52434, size = 283, normalized size = 0.57

(36%-4c(a+2c)) tanh ™! b+2c tan(d+ex) - titanh-! 2a+(b-2ic) tan(d-+ex)—ib
2\/5\/a+btan(d+ex)+c tan2(d-+ex) 4 2(2c tan(d+ex)—3b)4/a+b tan(d+ex)+c tan”(d+ex) 2\/a—ib—c\/(m
2 c Va-ib—c
8e

Antiderivative was successfully verified.

[In] Integrate[Tan[d + exx]~4/Sqrtl[a + bxTan[d + exx] + c*Tan[d + e*xx]~2],x]

[Out] (((-4*I)*ArcTanh[(2*a - I*b + (b - (2xI)*c)*Tan[d + exx])/(2xSqrt[a - I*b -
cl*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2])])/Sqrtla - I*b - c] + ((4x%
I)*ArcTanh[(2%a + Ixb + (b + (2*I)*c)*Tan[d + e*xx])/(2xSqrt[a + Ix*b - c]*Sq
rt[a + bxTan[d + exx] + c*Tan[d + e*xx]~2])])/Sqrtla + I*b - c] + ((3*b"2 -
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4xcx(a + 2%c))*ArcTanh[(b + 2*c*Tan[d + e*x])/(2%Sqrt[c]*Sqrt[a + b*Tan[d +
exx] + cxTanl[d + e*x]72]1)]1)/c~(5/2) + (2%(-3*b + 2xc*Tan[d + e*x])*Sqrt[a
+ b*Tan[d + e*x] + cxTan[d + exx]"2])/c”2)/(8xe)

Maple [B] time = 0.305, size = 7491919, normalized size = 15135.2

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d) "4/ (a+b*tan(e*x+d)+cxtan(exx+d)~2)~(1/2),x)

[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~4/(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="

maxima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) ~4/(atb*tan(e*xx+d)+ckxtan(exx+d)~2)~(1/2),x, algorithm="
fricas")

[Out] Timed out
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Sympy [F] time = 0., size = 0, normalized size = 0.

tan* (d + ex)

dx
f \/a + btan (d + ex) + ctan? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**4/(atbxtan(e*x+d)+c*tan(e*xx+d)**2)**(1/2),x)

[Out] Integral(tan(d + exx)**4/sqrt(a + bxtan(d + exx) + cktan(d + e*x)**2), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) ~4/(atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(1/2),x, algorithm="

giac")

[Out] Exception raised: TypeError
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tan®(d+ex)

3.12 dx

\/a+b tan(d+ex)+c tanZ(d+ex)

Optimal. Leaf size=383

~Va2-2ac+b?+c2+a+b tan(d+ex)—c

\/\/az—Zac+b2+02+a—1
\/E\/— a2—2ac+b2+c2+u—c\/a+b tan(d+ex)+c tan?(d+ex)

\/—\/az —2ac+b>+c?2+a —ctanh_l(

V2eVa? - 2ac + b2 + 2

[Out] -((Sqrtla - ¢ - Sqrt[a™2 + b~2 - 2%axc + c"2]]*ArcTanh[(a - ¢ - Sqrt[a”2 +

b~2 - 2%axc + c”2] + b*Tan[d + e*x])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a™2 + b~2 -
2xaxc + c”2]]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2])])/(Sqrt[2]*Sqrt

[a”2 + D72 - 2xa*xc + c"2]*e)) + (Sqrtla - c + Sqrt[a”™2 + b™2 - 2%axc + c~2]
IxArcTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2xa*xc + c~2] + b*Tan[d + ex*x])/(Sqrt([2]
xSqrtfa - ¢ + Sqrt[a™2 + b™2 - 2%axc + c"2]]*Sqrt[a + b*Tan[d + e*x] + c*Ta

nld + exx]~2])]1)/(Sqrt[2]*Sqrt[a™2 + b~2 - 2xa*c + c"2]*e) - (b*xArcTanh[(b

+ 2%c*xTan[d + e*xx])/(2*%Sqrt[c]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])
1)/(2xc~(3/2)*e) + Sqrtla + b*Tan[d + e*x] + cxTan[d + exx]~2]/(cx*e)

Rubi [A] time = 0.730736, antiderivative size = 383, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 11, number of rules used = 8, integrand size = 33, e

0.242, Rules used = {3700, 6725, 640, 621, 206, 1036, 1030, 208}

integrand size

~Va2-2ac+b?+c2+a+b tan(d+ex)—c

\/E\/— a2—2ac+b2+c2+u—c\/a+b tan(d+ex)+c tan?(d+ex)
V2eVa? - 2ac + b2 + 2

\/\/az—Zac+b2+cz+a—1

\/—\/az —2ac+ b2 +c2+a—-ctanh ™

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]~3/Sqrtl[a + b*Tan[d + exx] + c*Tan[d + exx]~2],x]

[Out] -((Sqrtl[a - ¢ - Sqrt[a”2 + b~2 - 2*a*c + c"2]]*ArcTanh[(a - ¢ - Sqrt[a™2 +

b~2 - 2*xaxc + c¢”2] + bxTan[d + exx])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a”™2 + b~2 -
2xaxc + c2]1*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + ex*x]~2])])/(Sqrt[2]*Sqrt

[a”2 + D72 - 2%a*c + c"2]*e)) + (Sqrtla - c + Sqrt[a™2 + b™2 - 2%axc + c~2]
IxArcTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2xa*c + c~2] + b*Tan[d + ex*x])/(Sqrt([2]
xSqrt[a - ¢ + Sqrt[a™2 + b~2 - 2%a*xc + c”2]]1*Sqrtla + b*Tan[d + e*xx] + cxTa

n[d + exx]~2]1)]1)/(Sqrt[2]*Sqrt[a”2 + b~2 - 2*a*c + c"2]*xe) - (b*ArcTanh[(b

+ 2xcxTan[d + exx])/(2xSqrt[c]*Sqrt[a + bxTan[d + exx] + c*Tan[d + exx]~2])
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1)/(2*%c™(3/2)*e) + Sqrtla + b*Tan[d + exx] + c*Tan[d + e*x]~2]/(cxe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )17 (_.) + (c_)x((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) m*(a + b*x™n + c*x~(2*n)) " p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 640

Int[((d_.) + (e_.)*x(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simp[(ex(a + b*x + cxx"2)7(p + 1))/ (2xcx(p + 1)), x] + Dist[(2*%cxd - b
xe)/(2%c), Int[(a + b¥x + c*x"2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, p}, xIJ
&& NeQ[2*c*d - bxe, 0] && NeQ[p, -1]

Rule 621

Int[1/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)*(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtd + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4x*dxf, 0] && NegQ[-(a*c)]
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Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simplaxh - gkxc*x, x]/Sqrtld + exx + f*xx~2]], x] /; FreeQ[
{a, ¢, d, e, £, g, h}, x] && EqQ[axh™2*e + 2xgxh*(c*d - axf) - g~ 2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

x3
Subst ( f W dx, x, tan(d + ex))

e

tan®(d + ex)
dx =

\/a + btan(d + ex) + ctan®(d + ex)

X X
Subst (f(m - (1+x2)m) dx, x, tan(d + ex))

e

X

X e —
B Subst (f WA dx, x, tan(d + ex)) Subst (f (122 Vasbere? dx, x, ta

e e

1
\/a +btan(d + ex) + ctan?(d + ex)  bSubst (f N dx, x, tan(d +

ce 2ce

b+2ctax

\Ja+btan(d+ex

ce ce

a—c—Va?2+b%-2ac+c2+b tan(d+ex

ﬁ\/a—c—\/a2+b2—2ac+czﬁa+b tan(d+ex)+¢

\V2Va2 + b2 = 2ac + c2e

) b Subst f % dx, x,
\/a + btan(d + ex) + ctan“(d + ex) do—x

\/a—c— Va2 +b2—2ac+cztanh_1[

Mathematica [C] time = 0.842272, size = 252, normalized size = 0.66

-1 b+2c tan(d+ex) -1 2a+(b—-2ic) tan(d+ex)—ib -1 2a+(b+2ic)
btanh > tanh tanh | —————————=
2\/5\/a+h tan(d+ex)+c tanZ(d+ex) + 2\/a+b tan(d+ex)+c tan”(d+ex) + 2\/11—ib—m/a+b tan(d+ex)+c tanZ(d+ex) 2Va+ib—c+/a+b ta;

c32 c Va—-ib—c Va+ib-

2e
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Antiderivative was successfully verified.

[In] Integrate[Tan[d + exx]~3/Sqrtl[a + bxTan[d + exx] + c*Tan[d + exx]~2],x]

[Out] (ArcTanh[(2%a - Ixb + (b - (2xI)*c)*Tan[d + e*x])/(2*Sqrt[a - Ixb - c]*Sqrt
[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])]/Sqrtla - I*b - c] + ArcTanh[(2*a

+ Ixb + (b + (2%I)*c)*Tan[d + exx])/(2xSqrtla + I*b - c]*Sqrt[a + bxTan[d +

exx] + c*xTan[d + e*xx]~2])]/Sqrt[a + I*b - c] - (b*ArcTanh[(b + 2*c*Tan[d +
exx])/(2xSqrt [c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2])])/c~(3/2) +
(2xSqrt[a + b*Tan[d + e*x] + c*Tanl[d + e*xx]~2])/c)/(2xe)

Maple [B] time = 0.329, size = 9581048, normalized size = 25015.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d) "3/ (at+b*tan(e*x+d)+c*tan(exx+d)~2)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)3 p
X

\/ctan (ex +d)* + btan (ex + d) + a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~3/(atb*tan(e*xx+d)+cxtan(e*xx+d)~2)~(1/2),x, algorithm="
maxima")

[Out] integrate(tan(exx + d)~3/sqrt(cxtan(exx + d)~2 + bxtan(e*x + d) + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~3/(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="

fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan® (d + ex)

dx
f \/a +btan (d + ex) + ctan® (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**3/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(1/2),x)

[Out] Integral(tan(d + e*x)**3/sqrt(a + b*tan(d + e*x) + c*tan(d + e*x)**2), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 3/ (atbxtan(exx+d)+c*tan(e*x+d)~2)~(1/2),x, algorithm="
giac")

[Out] Exception raised: TypeError
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tan?(d+ex)

3.13 dx

\/a+b tan(d+ex)+c tanZ(d+ex)

Optimal. Leaf size=352

b—(—\/az—Zuc+b2+cz+u—c) tan(d+ex)

\/\/az—Zac+b2+cz+a—

\/—\/az —2ac+ b +c2+a—ctan’!
\/E\/— az—Zac+b2+c2+a—c\/u+b tan(d+ex)+c tan?(d+ex)

\V2evVa? - 2ac + b2 + 2

[Out] -((Sqrtla - ¢ - Sqrt[a™2 + b2 - 2xaxc + c"2]]*ArcTan[(b - (a - ¢ - Sqrt[a”
2 + b"2 - 2%axc + c72])*Tan[d + ex*x])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b~2
- 2xa*xc + c”2]]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])])/(Sqrt[2]*Sqr
t[a™2 + b72 - 2%axc + c"2]*e)) + (Sqrtla - c + Sqrt[a”2 + b2 - 2%axc + c”2
11*ArcTan[(b - (a - ¢ + Sqrt[a™2 + b™2 - 2*a*c + c”2])*Tan[d + e*x])/(Sqrt[
2]*Sqrtla - ¢ + Sqrt[a”™2 + b™2 - 2*axc + c~2]]xSqrt[a + b*Tan[d + e*xx] + c*
Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[a”2 + b2 - 2%a*c + c~2]xe) + ArcTanh[(b +
2xc*Tan[d + exx])/(2xSqrt[c]l*Sqrtla + b*Tan[d + e*x] + cxTan[d + exx]~2])]
/(Sqrt [c]*e)

Rubi [A] time = 0.372933, antiderivative size = 352, normalized size of antiderivative

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 33, e e .

0.212, Rules used = {3700, 1079, 621, 206, 987, 1030, 205}

integrand size

b—(—\/az—Zac+b2+cz+a—c) tan(d+ex)

\/\/az—Zac+b2+cz+a—

\/—\/az —2ac+ b2 +c2+a-ctan!
\/E\/— az—Zac+b2+c2+a—c\/a+b tan(d+ex)+c tan?(d+ex)

\V2eVa? - 2ac + b2 + 2

Antiderivative was successfully verified.

[In] Int[Tan[d + e*xx]~2/Sqrtl[a + b*Tan[d + exx] + c*Tan[d + exx]~2],x]

[Out] -((Sgrtla - ¢ - Sqrt[a”2 + b~2 - 2xa*c + c"2]]*ArcTan[(b - (a - ¢ - Sqrt[a”
2 + b"2 - 2%axc + c”2])*Tan[d + ex*x])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b~2
- 2%axc + c”2]]1*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2]*Sqr
t[a™2 + b72 - 2%axc + c"2]*e)) + (Sqrtla - ¢ + Sqrt[a”™2 + b™2 - 2%axc + c”2
11*ArcTan[(b - (a - ¢ + Sqrt[a”™2 + b™2 - 2*axc + c”2])*Tan[d + ex*xx])/(Sqrt[
2]*Sqrtla - ¢ + Sqrt[a”2 + b™2 - 2*axc + c~2]]xSqrt[a + b*Tan[d + e*xx] + cx
Tan[d + exx]~2])])/(Sqrt[2]*Sqrt[a”2 + b~2 - 2*a*xc + c"2]*e) + ArcTanh[(b +
2xc*xTan[d + ex*xx])/(2xSqrt[cl*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])]
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/ (8qrt [c]*e)

Rule 3700

Int[tan[(d_.) + (e_)*(x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) m*(a + b*x™n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 1079

Int[(CA_.) + (C_.)*(x_)"2)/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) +

(f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f*x72], x], x]
+ Dist[(A*c - a*C)/c, Int[1/((a + c*x~2)*Sqrt[d + exx + fxx~2]), x], x] /;
FreeQ[{a, c, d, e, f, A, C}, x] && NeQ[e~2 - 4xdxf, 0]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2xcxx)/Sqrtla + bxx + cxx~2]]1, x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rule 987

Int[1/(((a_.) + (c_)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (f_.)*(x_)"2]), x_S
ymbol] :> With[{q = Rt[(c*d - a*f)~2 + axc*e”2, 2]}, Dist[1/(2%q), Int[(c*d
- axf + q + cxexx)/((a + c*x72)*Sqrt[d + e*xx + f*x~2]), x], x] - Dist[1/(2
xq), Int[(cxd - axf - q + c*xexx)/((a + cxx"2)*Sqrt[d + exx + £*x72]), x], x
11 /; FreeQl{a, c, d, e, f}, x] && NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simplaxh - gxc*x, x]/Sqrt[d + exx + fxx~2]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQlaxh™2%e + 2%gxh*(c*d - axf) - g~2xc*e, 0]
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Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

x2
Subst ( f W dx, x, tan(d + ex))

e

tan?(d + ex)

dx =

\/a + btan(d + ex) + ctan®(d + ex)

1

1 —_—
s s annen) S0 s

dx, x, t

e e

2 Subst [f 1 dx, x, b+2c tan(d+ex) ] Subst (f e NPT

4c—x2

\/a+b tan(d+ex)+c tanz(d+ex) (1+x2)\/a_+l

e 2Va? + |

tanh_l b+2c tan(d+ex) (b (ll —Cc— \/ﬂz + b2 = 2ac + CZ))
2\/5\/a+b tan(d+ex)+c tan®(d+ex)

Jee

b—(u—c—\/a2+b2—2ac+cz) tan(d+e

\/a—c—\/a2+b2—2ac+c2tan_1[

\/E\/a—c—\/a2+b2—2ac+62\ [a+b tan(d+ex)+

V2Va2 + b2 - 2ac + c2e

Mathematica [C] time = 0.182759, size = 228, normalized size = 0.65

. -1 2a+(b-2ic) tan(d+ex)—ib . -1 2a+(b+2ic) tan(d+ex)+ib -1 b+2c tan(d+ex)
itanh itanh tanh
ZVu—ih—c\/u+b tan(d+ex)+c tanz(d+ex) 2\/a+ib—c\/u+b tan(d+ex)+c tanz(d+ex) Z\E\/Hb tan(d+ex)+c tanz(d+ex)
2Va—-ib—c 2Va+ib—c Ve
e

Antiderivative was successfully verified.

[In] Integratel[Tan[d + e*x]~2/Sqrtl[a + bxTan[d + exx] + c*Tan[d + e*xx]~2],x]

[Out] (((I/2)*ArcTanh[(2*a - Ixb + (b - (2*I)*c)*Tan[d + e*x])/(2%Sqrt[a - Ixb -
cl*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]"2])]1)/Sqrtla - I*b - c] - ((I/2
)*ArcTanh[(2%a + I*b + (b + (2*%I)*c)*Tan[d + e*xx])/(2*xSqrtla + I*b - c]*Sqr
tla + b*Tan[d + e*x] + cxTan[d + exx]~2])])/Sqrtla + Ixb - c] + ArcTanh[(b



110

+ 2xcxTan[d + exx])/(2xSqrt[c]*Sqrt[a + bxTan[d + exx] + c*Tan[d + exx]~2])
1/8qrtlcl)/e

Maple [B] time = 0.336, size = 7491708, normalized size = 21283.3

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d) "2/ (at+b*tan(e*x+d)+c*tan(e*x+d)~2)"(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)2

dx

\/ctan(ex+d)2 +btan(ex +d) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) ~2/(atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(1/2),x, algorithm="
maxima"

[Out] integrate(tan(e*xx + d)~2/sqrt(cxtan(e*xx + d)~2 + bxtan(exx + d) + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) ~2/(atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(1/2),x, algorithm="
fricas")

[Out] Timed out



111

Sympy [F] time = 0., size = 0, normalized size = 0.

tan? (d + ex)

dx
f \/a + btan (d + ex) + ctan? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**2/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(1/2),x)

[Out] Integral(tan(d + exx)**2/sqrt(a + bxtan(d + exx) + cktan(d + e*x)**2), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~2/(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="

giac")

[Out] Exception raised: TypeError
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3 14 tan(d+ex) dx

\/a+b tan(d+ex)+c tanz(d+ex)

Optimal. Leaf size=294

—Va2-2ac+b2+c2+a+b tan(d+ex)—c
\/E\/—Vuz—Zac+b2+c2+a—c\/a+b tan(d+ex)+c tan?(d+ex)
V2eVa2 = 2ac + b2 + 2

\/\/a2—2ac+b2+c2+a—c1

\/—\/az —2ac+b>+c?+a —ctanh_l[

[Out] (Sqrtla - ¢ - Sqrt[a”™2 + b™2 - 2*axc + c”2]]*ArcTanh[(a - ¢ - Sqrt[a™2 + b~
2 - 2%axc + ¢c”2] + bxTan[d + exx])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b™2 - 2

xaxc + c¢~2]]*Sqrt[a + bxTan[d + exx] + cxTan[d + e*xx]~2])])/(Sqrt[2]*Sqrt[a

T2 + b72 - 2xaxc + c"2]*e) - (Sqrtla - ¢ + Sqrt[a”2 + b72 - 2xaxc + c"2]]*A
rcTanh[(a - ¢ + Sqrt[a”2 + b"2 - 2%a*c + c~2] + bxTan[d + e*x])/(Sqrt[2]*Sq

rtla - ¢ + Sqrt[a™2 + b~2 - 2%axc + c”2]]*Sqrtla + b*Tan[d + e*x] + cxTanl[d

+ exx]72])])/(Sqrt[2]*Sqrt[a”2 + b™2 - 2xa*xc + c”2]x*e)

Rubi [A] time = 0.285837, antiderivative size = 294, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 31, e .

integrand size
0.129, Rules used = {3700, 1036, 1030, 208}

—Va2-2ac+b2+c2+a+b tan(d+ex)—c
\/E\/—Vuz—Zuc+b2+c2+u—c\/a+b tan(d+ex)+c tan?(d+ex)
V2eVa? = 2ac + b2 + 2

\/—\/az—Zac+b2 +2+a—ctanh! \/\/az—Zac+b2 +c2+a-ct

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]/Sqrtla + b*Tan[d + e*x] + c*Tan[d + ex*x]~2],x]

[Out] (Sgrtla - ¢ - Sqrt[a™2 + b~2 - 2*axc + c”2]]*ArcTanh[(a - ¢ - Sqrt[a”2 + b~
2 - 2%axc + ¢c”2] + bxTan[d + exx])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b™2 - 2

xaxc + c¢"2]]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])])/(Sqrt[2]*Sqrt[a

2 + b72 - 2%axc + c"2]xe) - (Sqrtla - ¢ + Sqgrt[a”2 + b~2 - 2*axc + c”2]]*A
rcTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2*a*c + ¢”2] + bxTan[d + ex*x])/(Sqrt[2]*Sq

rt[a - ¢ + Sqrt[a™2 + b™2 - 2*axc + c~2]]*Sqrt[a + bxTan[d + exx] + c*Tanl[d

+ exx]"2])])/(Sqrt[2]*Sqrt[a™2 + b72 - 2xa*xc + c”2]x*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )] "(m_)*x((a_.) + (b_.)*x((f_.)*tan[(d_.) + (e_.)*(
x )" (@_.) + (c_)*x((f_.)*xtanl[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]
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:> Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + c*x~(2%n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_)*x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - g*(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[a*h - gkxc*x, x]/Sqrt[d + exx + f*x721], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[a*xh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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bst | [ ——————dx, x, tan(d
tan(d + ex) Dy = Subs (f( x, X, tan( +ex))

\/a + btan(d + ex) + ctan?(d + ex)

1+x2)\/a+bx+cx2
e
Sub —b+(a—c—\/m)x Sub —b+(11—c+1
ubst f ) T dx, x, tan(d + ex) ubst f (e
= - +
2Va2 + b2 — 2ac + c2e 2va
(b (a—c—\/az +b2—2ac+02)) Subst [f ! dx, x

—Zb(a—c—\/a2+b2—2ac+c2)+bx2

Va2 + b2 - 2ac + c2e

a—c—Va?2+b%-2ac+c2+b tan(d+ex)

\/a—c—\/az +b2—2ac+c2tanh_1[

\/E\/a—c—\/u2+b2—2ac+c2\/a+b tan(d+ex)+ct

\V2Va2 + b2 - 2ac + c2e

Mathematica [C] time = 0.0930891, size = 173, normalized size = 0.59

-1 2a+(b-2ic) tan(d+ex)—ib -1 2a+(b+2ic) tan(d+ex)+ib
tanh tanh
ZVa—ib—C\/a+b tan(d+ex)+c tanz(d+ex) 2\/u+ib—C\/a+b tan(d+ex)+c tanz(d+ex)
2Va-ib—c 2Va+ib—c
e

Antiderivative was successfully verified.

[In] Integrate[Tan[d + exx]/Sqrtl[a + b*Tan[d + e*x] + c*Tan[d + ex*x]~2],x]

[Out] (-ArcTanh[(2*a - I*b + (b - (2*I)*c)*Tan[d + exx])/(2*Sqrt[a - I*b - c]*Sqr
tla + b*Tan[d + exx] + cxTan[d + exx]~2])]/(2xSqrtla - I*b - c]) - ArcTanh[

(2%a + I*b + (b + (2%xI)*c)*Tan[d + exx])/(2*Sqrtla + I*b - c]*Sqrtl[a + b*Ta

nld + exx] + cxTan[d + exx]~2])]/(2*Sqrtla + I*b - c]))/e

Maple [B] time = 0.326, size = 9338488, normalized size = 31763.6

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d)/(a+bxtan(exx+d)+cxtan(exx+d)~2)~(1/2),x)



115

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxtan(e*x+d)+c*xtan(e*xx+d)~2)~(1/2),x, algorithm="ma
xima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atb*tan(e*x+d)+c*tan(e*xx+d)~2)~(1/2),x, algorithm="fr
icas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan (d + ex)

dx
f \/a +btan (d + ex) + ctan? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(a+bxtan(e*x+d)+c*tan(e*xx+d)**2)**(1/2),x)

[Out] Integral(tan(d + exx)/sqrt(a + b*tan(d + e*x) + c*tan(d + e*x)*%*2), x)
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Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxtan(e*xx+d)+cktan(e*xx+d)~2)~(1/2),x, algorithm="gi
ac")

[Out] Exception raised: TypeError
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315 [ : dx

\/a+b tan(d+ex)+c tanz(d+ex)

Optimal. Leaf size=298

b—(—V a2—2ac+b2+c2+a—c) tan(d+ex)
\/E\/—Va2—2a6+b2+c2+a—c\/a+b tan(d+ex)+c tan?(d-+ex)
V2eVa2 - 2ac + b2 + 2 1

Va2 -2ac+bP2 +2+a-c

\/—\/aZ—Zac+b2 +c2 +a—ctan_l(

[Out] (Sqrtla - ¢ - Sqrt[a”2 + b™2 - 2*axc + c”2]]*ArcTan[(b - (a - ¢ - Sqrt[a~2
+ b™2 - 2%axc + c”2])*Tan[d + e*x])/(Sqrt[2]*Sqrtl[a - ¢ - Sqrt[a™2 + b~2 -

2%¥axc + c¢"2]]xSqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2]*Sqrt[

a"2 + b"2 - 2%axc + c"2]xe) - (Sqrtl[a - ¢ + Sqrt[a™2 + b~2 - 2*axc + c"2]]*
ArcTan[(b - (a - ¢ + Sqrt[a”™2 + b~2 - 2*a*xc + c~2])*Tan[d + ex*x])/(Sqrt[2]*
Sqrtla - ¢ + Sqrt[a”™2 + b™2 - 2*axc + c”2]]*Sqrt[a + b*Tan[d + e*xx] + c*Tan

[d + exx]~2])])/(Sqrt[2]*Sqrt[a™2 + b~2 - 2xa*xc + c~2]*e)

Rubi [A] time = 0.311157, antiderivative size = 298, normalized size of antiderivative

. . ber of rul
1., number of steps used = 6, number of rules used = 3, integrand size = 24, e e .

0.125, Rules used = {987, 1030, 205}

integrand size

b—(—V a2—2uc+b2+c2+a—c) tan(d+ex)
\/E\/—Va2—2a6+b2+c2+a—c\/a+b tan(d+ex)+c tan?(d+ex)
V2eVa2 — 2ac + b2 + 2 1

Va2 -2ac+ P2+ +a-c

\/—\/az —2ac+ b2 +c2+a—-ctan™!

Antiderivative was successfully verified.

[In] Int[1/Sqrtl[a + b*Tan[d + e*x] + c*Tan[d + e*xx]~2],x]

[Out] (Sgrtla - ¢ - Sqrt[a™2 + b~2 - 2*xaxc + c¢"2]]*ArcTan[(b - (a - ¢ - Sqrt[a™2
+ b™2 - 2%axc + c”2])*Tan[d + exx])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a™2 + b~2 -

2xaxc + c”2]]xSqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[

a"2 + b72 - 2xa*xc + c"2]*e) - (Sqrtla - ¢ + Sqrt[a”2 + b~2 - 2%a*xc + c"2]]*
ArcTan[(b - (a - ¢ + Sqrt[a™2 + b~2 - 2*a*xc + c~2])*Tan[d + ex*x])/(Sqrt[2]*
Sqrtla - ¢ + Sqrt[a™2 + b2 - 2%axc + c"2]]*Sqrt[a + b*Tan[d + e*xx] + c*Tan

[d + exx]72])]1)/(Sqrt[2]*Sqrt[a”2 + b™2 - 2%axc + c~2]*e)

Rule 987

Int[1/(((a_.) + (c_.)*x(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (f_.)*x(x_)"2]), x_S
ymbol] :> With[{q = Rt[(cxd - a*xf)~2 + axc*xe”2, 2]}, Dist[1/(2*%q), Int[(cxd
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- axf + q + cxexx)/((a + cxx"2)*Sqrt[d + e*xx + f*x~2]), x], x] - Dist[1/(2
xq), Int[(cxd - axf - q + cxexx)/((a + cxx"2)*Sqrt[d + exx + f*x72]), x], x
11 /; FreeQl{a, c, 4, e, f}, x] && NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (£
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[axh - gkxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[axh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

1

1 Subst (f (1+x2)\/u+bx+cx2

dx, x, tan(d + ex))
dx =

\/a + btan(d + ex) + ctan®(d + ex) ¢

a—c—Va2+b2—2ac+2+bx a—c+Va2+b2-
Subst ( f () Varimr? dx, x, tan(d + ex)) Subst ( f W
= - +
2Va2 + b2 — 2ac + c2e 2Va? +
b
(b (a —c—Va2 + b2 -2ac + cz)) Subst f ! dx, x, -
Zb(a—c—\/u2+b2—2ac+c2)+bx2

Va2 + b2 — 2ac + c2e

b—(a—c—\/ a2+b2—2ac+c2) tan(d+ex)

\/E\/a—c—\/a2+b2—2ac+czw [a+D tan(d+ex)+c tar

V2Va2 + b2 - 2ac + c2e

\/a—c—\/a2+b2—2ac+c2tan_1[

Mathematica [C] time = 0.12303, size = 173, normalized size = 0.58

tanh ™!

2a+(b-2ic) tan(d+ex)—ib -1 2a+(b+2ic) tan(d+ex)+ib
tanh
ZVﬂ—ib—C\/ﬂ+b tan(d+ex)+c tanz(d+ex) 2Va+ib—c\/a+h tan(d+ex)+c tanz(d+ex)

Va-ib—c - Va+ib—c

2e
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Antiderivative was successfully verified.

[In] Integratel[1/Sqrtl[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2],x]

[Out] ((-I/2)*(ArcTanh[(2*a - I*b + (b - (2*I)*c)*Tan[d + exx])/(2*Sqrtla - I*b -
c]*Sqrt[a + b*Tan[d + ex*x] + c*Tan[d + e*x]~2])]/Sqrtla - I*b - c] - ArcTa
nh[(2%xa + Ixb + (b + (2*I)*c)*Tan[d + e*x])/(2*Sqrt[a + Ixb - c]*Sqrtla + b
xTan[d + exx] + c*xTan[d + exx]~2])]/Sqrtla + Ixb - cl))/e

Maple [B] time = 0.368, size = 7300213, normalized size = 24497.4

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+bxtan(e*xx+d)+cxtan(exx+d)~2)"(1/2),x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*tan(exx+d)+cxtan(exx+d)~2)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*tan(exx+d)+cxtan(exx+d)~2)7(1/2),x, algorithm="fricas")
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[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

1

dx
f \/a +btan (d + ex) + ctan® (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*tan(exx+d)+cxtan(exx+d)**2)**(1/2),x)

[Out] Integral(l/sqrt(a + b*tan(d + e*x) + cxtan(d + e*xx)**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
dx

\/ctan(ex+d)2 +btan(ex +d) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*tan(exx+d)+c*xtan(exx+d)~2)~(1/2),x, algorithm="giac")

[Out] integrate(1/sqrt(c*tan(exx + d)~2 + b*tan(ex*x + d) + a), x)
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316 f cot(d+ex) dx

\/a+b tan(d+ex)+c tanz(d+ex)

Optimal. Leaf size=350

—Va2-2ac+b2+c2+a+b tan(d+ex)—c
\/E\/—Vaz—Zac+b2+c2+a—c\/u+b tan(d+ex)+c tan?(d+ex)
+
V2eVa? - 2ac + b2 + 2

Va2 -2ac+ b2 +c2 +a-

\/—\/az —2ac+b>+c%2+a —ctanh_l(

[Out] -(ArcTanh[(2*a + b*Tan[d + ex*x])/(2*Sqrt[a]*Sqrt[a + b*Tan[d + e*x] + c*Tan
[d + exx]"2])]/(Sqrt[al*e)) - (Sgrtla - ¢ - Sqrt[a™2 + b~2 - 2*a*xc + c¢~2]]*
ArcTanh[(a - ¢ - Sqrt[a™2 + b™2 - 2*a*c + c¢"2] + bxTan[d + exx])/(Sqrt[2]*S

grtla - ¢ - Sqrt[a™2 + b™2 - 2xa*xc + c~2]]*Sqrt[a + bxTan[d + exx] + c*xTan[

d + exx]72])]1)/(Sqrt[2]*Sqrt[a”2 + b2 - 2*a*xc + c”2]xe) + (Sqrtla - ¢ + Sq
rt[a”2 + b™2 - 2*axc + c”2]]*ArcTanh[(a - ¢ + Sqrt[a™2 + b2 - 2*xaxc + c~2]

+ bxTan[d + exx])/(Sqrt[2]*Sqrtla - ¢ + Sqrt[a”2 + b~2 - 2*a*xc + c~2]]*Sqr

t[a + b*Tan[d + e*x] + c*Tanl[d + e*xx]~2])])/(Sqrt[2]*Sqrt[a”2 + b™2 - 2*ax*c

+ c"2]x*e)

Rubi [A] time = 0.701057, antiderivative size = 350, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 7, integrand size = 31, il LT

integrand size
0.226, Rules used = {3700, 6725, 724, 206, 1036, 1030, 208}

—Va2-2ac+b2+c2+a+b tan(d+ex)—c
\/E\/—Vaz—Zac+b2+c2+a—c\/u+b tan(d+ex)+c tan?(d+ex)
+
V2eVa? - 2ac + b2 + 2

\/—\/czz—2ac+bz+c2+a—ctanh_1 Va2 -2ac+ b2 +c2 +a-

Antiderivative was successfully verified.

[In] Int[Cot[d + e*x]/Sqrtla + b*Tan[d + exx] + c*Tan[d + e*x]~2],x]

[Out] -(ArcTanh[(2*a + b*Tan[d + e*xx])/(2*Sqrt[a]*Sqrt[a + b*Tan[d + e*x] + c*Tan
[d + exx]"2])]1/(Sqrtlal*e)) - (Sqrtla - ¢ - Sqrt[a™2 + b~2 - 2*xa*xc + c¢~2]]%
ArcTanh[(a - ¢ - Sqrt[a”2 + b™2 - 2%axc + c~2] + bxTan[d + exx])/(Sqrt[2]*S
grtla - ¢ - Sqrt[a™2 + b™2 - 2xa*xc + c"2]]*Sqrt[a + bxTan[d + exx] + c*xTan[
d + exx]72])]1)/(Sqrt[2]*Sqrt[a”2 + b2 - 2*axc + c”2]*e) + (Sqrtla - ¢ + Sq
rt[a”2 + b™2 - 2%axc + c”2]]*ArcTanh[(a - ¢ + Sqrt[a”™2 + b~2 - 2%axc + c~2]
+ b*Tan[d + e*x])/(Sqrt[2]*Sqrt[a - ¢ + Sqrt[a”2 + b~2 - 2*axc + c~2]]*Sqr
t[a + bxTan[d + e*xx] + c*Tan[d + exx]~2])])/(Sqrt[2]*Sqrt[a”2 + b~2 - 2x*ax*c
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+ c"2]*e)

Rule 3700

Int[tan[(d_.) + (e_)*(x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) m*(a + b*x™n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]l] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe - bxd - (2%c*d - b¥e)*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~"2 - 4xaxc, 0] && NeQ[2*cxd - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)*(x_)72]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*xc*e”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*x"2)*Sqrt[d + e*xx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2%axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax
exx~2, x], x], x, Simplaxh - gkxc*x, x]/Sqrtld + exx + f*x72]], x] /; FreeQ[
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{a, ¢, d, e, £, g, h}, x] && EqQla*h™2%e + 2*gxh*(c*d - axf) - g~2xc*e, 0]
Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

1

Subst (f x(1+x2)\/u+bx+cx2

e

cot(d + ex) dx, x, tan(d + ex))

dx =

\/a + btan(d + ex) + ctan®(d + ex)

1 X
Subst (f(xm - (1+x2)m) dx, x, tan(d + ex))

e

X

1 . S
) Subst (f T dx, x, tan(d + ex)) Subst (f (1122 Varbrre? dx, x,

e e

N ~b+(a-c-Va
2 Subst ( f ﬁ dx, x, 2a+btan(d+e) ) Subst ( f ﬂ

\/u+b tan(d+ex)+c tan?(d+ex) (1+x2)\
+
e 2vVa?

tanh ™ 20tbtan(dver) (b (u —c—Va2 + b2 - 2ac + 2

2\/5\/a+b tan(d+ex)+c tanz(d+ex)
= - +

+ae

tanh ™" 2a+btan(d+ex) \/ a—c—Va?+ b2 -2ac + 2 t:
2\/5\/a+b tan(d+ex)+c tan?(d+ex)

Vae \

Mathematica [C] time = 0.244513, size = 223, normalized size = 0.64

2 tanh_l 2a+b tan(d+ex) tanh_l 2a+(b—-2ic) tan(d+ex)—ib tanh_l 2a+(b+2ic) tan(d+ex)+ib
ZW\/tHb tan(d+ex)+c tanz(d+ex) 2\/a—ib—0\/a+b tan(d+ex)+c tan2(d+ex) 2\/a+ib—0\/ﬂ+b tan(d+ex)+c tan2(d+ex)
\/E Va-ib—c Va+ib—c
2e

Antiderivative was successfully verified.

[In] Integrate[Cot[d + exx]/Sqrt[a + bxTan[d + exx] + c*Tan[d + e*x]"2],x]
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[Out] ((-2%ArcTanh[(2*a + bxTan[d + exx])/(2*Sqrt[al*Sqrt[a + bxTan[d + exx] + cx*
Tan[d + e*x]~2])]1)/Sqrt[a] + ArcTanh[(2*a - I*b + (b - (2*I)*c)*Tan[d + e*x
1)/(2*%Sqrtla - I*b - c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2])]/Sqrtl[

a - I*b - c] + ArcTanh[(2*a + I*b + (b + (2*xI)*c)*Tan[d + exx])/(2xSqrt[a +

Ixb - cl*Sqrtla + bxTan[d + exx] + c*Tan[d + exx]~2])]/Sqrt[a + I*b - c])/

(2xe)

Maple [C] time = 1.877, size = 28513, normalized size = 81.5

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d)/(a+bxtan(exx+d)+cxtan(exx+d) ~2)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

cot (ex + d) i

\/ctan(ex+d)2 +btan(ex+d) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*tan(e*x+d)+c*tan(e*x+d)~2)~(1/2),x, algorithm="ma
xima"

[Out] integrate(cot(e*xx + d)/sqrt(cxtan(e*x + d)~2 + bxtan(exx + d) + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(a+tbxtan(e*x+d)+c*tan(e*x+d)~2)~(1/2),x, algorithm="fr
icas")
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[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f cot (d + ex)
\/a +btan (d + ex) + ctan® (d + ex)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(1/2),x)

[Out] Integral(cot(d + e*x)/sqrt(a + bxtan(d + e*x) + cxtan(d + e*xx)*x2), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atbxtan(exx+d)+c*tan(e*x+d)”~2)~(1/2),x, algorithm="gi
ac")

[Out] Timed out
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cot?(d+ex)

3.17 dx

\/a+b tan(d+ex)+c tanZ(d+ex)

Optimal. Leaf size=395

b—(—\/az—Zac+b2+c2+a—c) tan(d+ex)
\/5\/—Va2—2ac+b2+cz+a—c\/a+b tan(d+ex)+c tanz(d+ex)
+
V2eVa2 — 2ac + b2 + 2 1

\/\/az—Zac+b2+cz+a—C‘

\/—\/az—Zac+b2 + c? +a—ctan_l(

[Out] -((Sqrtla - ¢ - Sqrt[a™2 + b2 - 2xaxc + c~2]]*ArcTan[(b - (a - ¢ - Sqrt[a”
2 + b"2 - 2%axc + c72])*Tan[d + ex*x])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b~2

- 2xa*xc + c”2]]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])])/(Sqrt[2]*Sqr
t[a™2 + b72 - 2%axc + c"2]*e)) + (Sqrtla - c + Sqrt[a”2 + b2 - 2%axc + c~2
11*ArcTan[(b - (a - ¢ + Sqrt[a”™2 + b™2 - 2*a*c + c~2])*Tan[d + e*x])/(Sqrt[
2]*Sqrtla - ¢ + Sqrt[a”2 + b™2 - 2*axc + c~2]]xSqrt[a + b*Tan[d + e*xx] + c*
Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[a”2 + b2 - 2%a*c + c~2]xe) + (b*ArcTanh[(

2%a + bxTan[d + exx])/(2*Sqrt[a]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2
1D1)/(2xa~(3/2)*e) - (Cot[d + exx]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + ex*x]

~21)/ (axe)

Rubi [A] time = 0.764539, antiderivative size = 395, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 11, number of rules used = 8, integrand size = 33, e .

0.242, Rules used = {3700, 6725, 730, 724, 206, 987, 1030, 205}
b—(—\/az—Zac+b2+c2+a—c) tan(d+ex)

\/5\/—\/02—2ac+b2+c2+a—c\/a+b tan(d-+ex)+c tan?(d-+ex)
+
V2eVa? = 2ac + b2 + 2 A

integrand size

\/\/a2—2ac+b2+c2+a—c:‘

\/—\/a2—2ac+b2 +2+a-ctan”!

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]~2/Sqrtl[a + b*Tan[d + exx] + c*xTan[d + ex*xx]~2],x]

[Out] -((Sqrtla - ¢ - Sqrt[a”2 + b2 - 2xaxc + c"2]]*ArcTan[(b - (a - ¢ - Sqrt[a”
2 + b"2 - 2%axc + c72])*Tan[d + exx])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b~2

- 2xa*xc + c¢"2]]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])])/(Sqrt[2]*Sqr
t[a™2 + b72 - 2%axc + c"2]*e)) + (Sqrtla - c + Sqrt[a”2 + b2 - 2%axc + c~2
]1*ArcTan[(b - (a - ¢ + Sqrt[a™2 + b™2 - 2*a*xc + c~2])*Tan[d + ex*xx])/(Sqrt[
2]*Sqrtla - ¢ + Sqrt[a”2 + b™2 - 2*axc + c~2]]xSqrt[a + b*Tan[d + e*xx] + c*
Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[a”2 + b~2 - 2%a*c + c~2]xe) + (b*ArcTanh[(

2%a + bxTan[d + exx])/(2*xSqrt[a]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2
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1)1)/(2xa~(3/2)*e) - (Cot[d + exx]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]
~2]1)/ (axe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.)*((a_.) + (b_.)*x((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[vl] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 730

Int[((d_.) + (e_)*(x D))" (m)*x((a_.) + (b_)*(x_) + (c_)*x)D)"2)"(p_), x_8S
ymbol] :> Simp[(e*x(d + e*xx)~(m + 1)*(a + b*x + c*xx"2)7(p + 1))/((m + 1)*(c*
d”2 - bxd*e + axe”2)), x] + Dist[(2*c*d - b*xe)/(2*x(c*xd”2 - bxdxe + a*e”2)),
Int[(d + exx)"(m + 1)*(a + b*x + cxx"2)7p, x], x] /; FreeQ[{a, b, c, d, e,
m, p}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[c*d~™2 - bxdxe + axe”2, 0] && NeQ[2
xcxd - b*e, 0] && EqQ[m + 2*xp + 3, 0]

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol]l :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe — bxd - (2%c*d - b¥e)*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4x*a*xc, 0] && NeQ[2*c*d - b*e, 0]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 987

Int[1/(((a_.) + (c_.)*x(x_)"2)*Sqrtl[(d_.) + (e_.)*(x_) + (f_.)*x(x_)"2]), x_S
ymbol] :> With[{q = Rt[(c*xd - a*f)~2 + axc*e”2, 2]}, Dist[1/(2%q), Int[(c*d
- axf + q + cxexx)/((a + c*x72)*Sqrt[d + e*xx + f*x72]), x], x] - Dist[1/(2
xq), Int[(cxd - axf - q + cxexx)/((a + cxx"2)*Sqrt[d + exx + f*x72]), x], x
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11 /; FreeQl[{a, c, 4, e, f}, x] && NeQ[e™2 - 4xd*xf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_D)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (£
_.)*x(x_)72]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a”2*gxh*c + ax
exx~2, x], x], x, Simplaxh - gxc*x, x]/Sqrtld + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQla*h™2*e + 2%gxh*(c*d - axf) - g~ 2xc*e, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

1
cot?(d + ex) Subst (f x2(— dx, x, tan(d + ex))

1+x2)\/a+bx+cx2

e

dx =

\/a + btan(d + ex) + ctan®(d + ex)

Subst f L + !
x2Va+bx+cx? (—1—x2)\/a+bx+cx2

e

) dx, x, tan(d + ex))

1

1 S b t —d 7N
) Subst ( | e dx,x,tan(d+ex)) ) 1bs (f (C12)Varbere
e e

1
cot(d + ex)+Ja + btan(d + ex) + ctan®(d + ex)  bSubst (f o

ae 2ae

b Subst (f 1 dx, x,

4q—x2

cot(d + ex)+/a + btan(d + ex) + c tan®(d + ex)

ae

b—(a—c—V a2+b2—2ac+c2) tan(d+ex)

\/E\/Q—C—Vﬂ2+b2—2ﬂC+C2\,ﬂ+b tan(d+ex)+ct

V2Va2 + b2 - 2ac + c2e

\/a—c—\/a2+b2—2ac+c2tan_1[
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Mathematica [C] time = 1.40212, size = 264, normalized size = 0.67

-1 2a+btan(d+ex) . -1 2a+(b-2ic) tan(d+ex)—ib . -1 2a+(b+2ic) tan(d+ex)+ib
btanh itanh itanh
Zﬁ\/aer tan(d+ex)+c tan?(d-+ex) N 2\/a—ib—c\/a+b tan(d+ex)+c tan®(d+ex) 2\/a+ib—c\/u+b tan(d-+ex)+c tanZ(d+ex) 2 cot(d+e:
a2 Ya—ib—c Va+ib—c

2e

Antiderivative was successfully verified.

[In] Integrate[Cot[d + exx]~2/Sqrtl[a + bxTan[d + exx] + c*Tan[d + e*xx]~2],x]

[Out] ((b*ArcTanh[(2*a + b*Tan[d + e*x])/(2*Sqrt[al*Sqrt[a + b*Tan[d + e*xx] + c*T
an[d + exx]"2])1)/a~(3/2) + (I*ArcTanh[(2%a - I*b + (b - (2xI)*c)*Tan[d + e
xx])/(2xSqrt[a - I*b - c]*Sqrtla + bxTan[d + exx] + c*xTan[d + e*xx]~2])])/Sq
rt[a - Ixb - c] - (IxArcTanh[(2*a + Ixb + (b + (2*I)*c)*Tan[d + ex*x])/(2%Sq
rt[a + I*¥b - c]*Sqrtla + b*Tan[d + exx] + cxTan[d + exx]~2])])/Sqrtla + Ixb

- c] - (2%Cot[d + exx]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*xx]~2])/a)/ (2%

e)

Maple [B] time = 18.206, size = 675102, normalized size = 1709.1

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) 2/ (a+b*tan(e*x+d)+c*tan(exx+d)~2)~(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

cot (ex + al)2 p
X

\/ctan(ex+d)2 +btan(ex+d) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 2/ (at+b*tan(e*xx+d)+c*tan(e*xx+d)~2)~(1/2),x, algorithm="

maxima")
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[Out] integrate(cot(exx + d)~2/sqrt(cxtan(exx + d)~2 + bxtan(e*x + d) + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 2/ (atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(1/2),x, algorithm="

fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

cot? (d + ex)

dx
f \/a +btan (d + ex) + ctan? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**2/(a+b*tan(e*xx+d)+cxtan(exx+d)**2)**(1/2) ,x)

[Out] Integral(cot(d + exx)**2/sqrt(a + bxtan(d + exx) + ckxtan(d + e*xx)**2), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 2/ (at+b*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="

giac")

[Out] Exception raised: TypeError
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cot3(d+ex)

3.18 dx

\/a+b tan(d+ex)+c tanZ(d+ex)

Optimal. Leaf size=500

~Va2-2ac+b?+c2+a+b tan(d+ex)—c
\/5\/—Va2—2ac+b2+cz+a—c\/a+b tan(d+ex)+c tanz(d+ex)
V2eVa? = 2ac + b2 + 2

\/\/az—Zac+b2+c2+a—(

\/—\/az —2ac+b2+c2+a —ctanh_l(

[Out] ArcTanh[(2*a + b*Tan[d + exx])/(2+Sqrt[a]l*Sqrt[a + b*Tan[d + e*x] + c*Tan[d
+ exx]72])]1/(Sqrt[al*e) - ((3*b~2 - 4xaxc)*ArcTanh[(2*a + bxTan[d + exx])/
(2%Sqrt[al*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(8%a~(5/2)*e) + (
Sqrtla - ¢ - Sqrt[a”™2 + b™2 - 2*axc + c”2]]*ArcTanh[(a - ¢ - Sqrt[a”2 + b~2
- 2%axc + c¢72] + b*Tan[d + e*x])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a”™2 + b™2 - 2%
axc + c¢"2]]1#Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]72]1)])/(Sqrt[2]*Sqrt[a™
2 + b72 - 2*%xa*xc + c"2]*e) - (Sqrtl[a - c + Sqrt[a”™2 + b™2 - 2xaxc + c”2]]*Ar
cTanh[(a - ¢ + Sqrt[a”™2 + b™2 - 2%axc + c~2] + bxTan[d + exx])/(Sqrt[2]*Sqr
tla - ¢ + Sqrt[a™2 + b™2 - 2xa*xc + c~2]]*Sqrt[a + bxTan[d + exx] + c*Tan[d
+ exx]"2])])/(Sqrt[2]1*Sqrt[a™2 + b™2 - 2xa*xc + c”2]*e) + (3*b*Cot[d + e*x]*
Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])/(4xa"2*e) - (Cot[d + exx] 2%xSq
rt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2])/(2*axe)

Rubi [A] time = 0.799917, antiderivative size = 500, normalized size of antiderivative =

1., number of steps used = 14, number of rules used = 9, integrand size = 33, number of rules _

0.273, Rules used = {3700, 6725, 744, 806, 724, 206, 1036, 1030, 208}

integrand size

~Va2-2ac+b?+c2+a+b tan(d+ex)—c
\/E\/— a2—2ac+b2+c2+a—c\/a+b tan(d+ex)+c tan?(d+ex)
V2eVa? - 2ac + b2 + 2

Va2 -2ac+ b2 +c2 +a—

\/—\/az —2ac+ b2 +c2+a—-ctanh ™

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]~3/Sqrtl[a + b*Tan[d + e*x] + c*Tan[d + ex*x]~2],x]

[Out] ArcTanh[(2%a + b*Tan[d + ex*x])/(2%Sqrt[al*Sqrt[a + b*Tan[d + e*x] + cx*Tan[d
+ exx]~2])]1/(Sqrtlal*e) - ((3*b"2 - 4xaxc)*ArcTanh[(2%a + b*Tan[d + ex*x])/
(2+Sqgrt[al*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(8*a~(5/2)*e) + (
Sqrtla - ¢ - Sqrt[a™2 + b~2 - 2*axc + c”2]]*ArcTanh[(a - ¢ - Sqrt[a”2 + b~2
- 2%a*xc + ¢~2] + b*Tan[d + e*x])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a”™2 + b™2 - 2%
axc + c”2]]1*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]"2])])/(Sqrt[2]*Sqrt[a”



132

2 + b72 - 2%a*xc + c"2]*e) - (Sqrtl[a - c + Sqrt[a”™2 + b™2 - 2xaxc + c 2] ]*Ar
cTanh[(a - ¢ + Sqrt[a”2 + b™2 - 2*a*c + c~2] + b*Tan[d + e*x])/(Sqrt[2]*Sqr
tla - ¢ + Sqrt[a™2 + b™2 - 2xa*xc + c”2]]*Sqrt[a + bxTan[d + exx] + c*Tan[d

+ exx]"2])])/(Sqrt[2]1*Sqrt[a™2 + b™2 - 2xa*xc + c”2]*e) + (3*b*Cot[d + e*x]*
Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])/(4xa"2*e) - (Cot[d + exx] 2%Sq
rt[a + b*Tan[d + exx] + c*Tan[d + ex*xx]~2])/(2*axe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x ) (@_.) + (c_)*((f_D)*tan[(d_.) + (e_)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, X, f*Tan[d + e*x]], x] /; FreeQ[{a, b, ¢, 4, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + bxx"n), x]1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 744

Int[((d_.) + (e_)*(x_)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8
ymbol] :> Simp[(ex(d + exx)~(m + 1)*(a + b*x + c*xx"2)"(p + 1))/((m + 1)*(cx
d"2 - bkxd*xe + axe”2)), x] + Dist[1/((m + 1)*(c*d"2 - bxd*e + a*xe~2)), Int[(
d + exx)"(m + 1)*Simp[c*d*(m + 1) - bxex(m + p + 2) - ckex(m + 2%p + 3)*x,
x]*(a + bxx + c*x72)7p, x], x] /; FreeQ[{a, b, c, d, e, m, p}, x] && NeQ[b~
2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[2*c*d - bxe, 0] && Ne
Qlm, -1]1 && ((LtQ[m, -1] && IntQuadraticQ[a, b, c, d, e, m, p, x]) || (SumS
implerQ[m, 1] && IntegerQ[pl) || ILtQ[Simplify[m + 2*p + 3], 0])

Rule 806

Int[((d_.) + (e_.)*x(x_)) " (m_)*x((f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_O*(x_)"2)"(p_.), x_Symbol] :> -Simp[((e*f - d*xg)*(d + exx)"(m + 1)*(a + b
*x + c*xx”2) " (p + 1))/ (2x(p + 1)*(c*d”2 - bxd*e + a*e”2)), x] - Dist[(b*(exf
+ d*g) - 2x(ckxd*f + axexg))/(2x(c*d”2 - bkxdxe + a*e”2)), Int[(d + exx) " (m
+ 1)*x(a + b*x + c*xx"2)7p, x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] &
& NeQ[b~2 - 4*axc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && EqQ[Simplify([m +
2xp + 3], 0]

Rule 724
Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)x(x_) + (c_.)*(x_)"2]), x_Sym
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bol] :> Dist[-2, Subst[Int[1/(4*c*d"2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
*xaxe — bxd - (2%cxd - bkxe)*x)/Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*c*xe”2, 2]}, Dist
[1/(2%q), Int[Simp[-(a*h*e) - g*(c*xd - axf - q) + (hx(cxd - axf + q) - gkcx
e)*x, x]/((a + c*xx"2)*Sqrt[d + e*x + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - g*(c*xd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQl[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simplaxh - gkxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQlaxh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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1
C0t3(d + ex) . Subst (f W dx, x, tan(d + EX))
X =
\/a + btan(d + ex) + ctan®(d + ex) ¢
1 1 x
B Subst (f (x3\/u+bx+cx2  xVatbrred? * (1+x2)\/u+bx+cx2) ax, x, tan(d + eX))
a e
Subst (f; dx, x, tan(d + ex)) Subst (f; dx, x, tan(
_ BVarbxre? _ Vatbxre?
e e

2Subst| [ — dx,
cot?(d + ex)\/a + btan(d + ex) + ctan®(d + ex) s [f 12
B +

2ae

tanh_l 2a+b tan(d+ex)
2\/5\/a+b tan(d+ex)+c tanz(d+ex) 3b COt(d + ex) a+b tan(d + ex) '
+

\ae 4a2e

tanh ™ 2a+b tan(d+er) \/ a—c—Va? + b2 - 2ac + ¢ tanl
2\/5\/01+b tan(d+ex)+c tan?(d+ex)

= +
Vae V23

tanh_l 2a+b tan(d+ex) (3b2 _ 4ac) tanh_l 2a+b ta
2\/5\/u+b tan(d+ex)+c tan?(d+ex) 2+/arja+btan(d+

+ae 8a°/2e

Mathematica [C] time = 5.38261, size = 315, normalized size = 0.63

(842+4ac-31?) tanh ™" 2o+btan@rer) - 2 tanh-! 20+(b-2ic) tan(d-+ex)-ib
2\/1;\/11-*—}1 tan(d+ex)+c tarlz(d+ex) + 3b cot(d+ex) \/a+b tan(d+ex)+c tan”(d+ex) Zm\/ﬂ+b tan(d+ex)+c tanz(ﬂlﬂ’x)
205 2 Vi

4e
Antiderivative was successfully verified.

[In] Integrate[Cot[d + exx]~3/Sqrtl[a + bxTan[d + exx] + c*Tan[d + e*xx]~2],x]

[Out] (((8*a"2 - 3*b~2 + 4xaxc)*ArcTanh[(2*a + b*Tan[d + ex*xx])/(2*Sqrt[a]l*Sqrt[a
+ bxTan[d + exx] + cxTan[d + exx]~2])])/(2*a~(5/2)) - (2%ArcTanh[(2*a - Ixb
+ (b - (2*%I)*c)*Tan[d + exx])/(2xSqrt[a - I*b - c]*Sqrtl[a + bxTan[d + exx]
+ c*Tan[d + e*x]~"2])])/Sqrtla - I*b - c] - (2%ArcTanh[(2*a + I*¥b + (b + (2



135

xI)*c)*Tan[d + exx])/(2*xSqrt[a + I*b - cl*Sqrt[a + b*Tan[d + exx] + c*Tanl[d

+ e*xx]72])]1)/Sqrtla + I*b - c] + (3*b*Cot[d + e*x]*Sqrtl[a + b*Tan[d + e*x]
+ c*Tan[d + e*x]~2])/a"2 - (2*%Cot[d + e*x] 2xSqrt[a + b*Tan[d + e*xx] + c*T
anld + exx]~2])/a)/(4xe)

Maple [B] time = 45.891, size = 1981914, normalized size = 3963.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d) "3/ (at+b*tan(e*x+d)+c*tan(e*x+d)~2)"(1/2),x)

[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3/ (atbxtan(exx+d)+c*tan(e*x+d)~2)~(1/2),x, algorithm="

maxima")

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3/ (atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="

fricas")

[Out] Timed out
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Sympy [F] time = 0., size = 0, normalized size = 0.

cot® (d + ex)

dx
f \/a + btan (d + ex) + ctan? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**3/(atb*tan(e*xx+d)+ckxtan(exx+d)**2)*x(1/2) ,x)

[Out] Integral(cot(d + exx)**3/sqrt(a + bxtan(d + e*xx) + c*tan(d + e*x)**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

cot (ex + d)3 i

\/ctan(ex+d)2 +btan(ex +d) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~3/(atb*tan(exx+d)+c*xtan(exx+d)~2)~(1/2),x, algorithm="

giac")

[Out] integrate(cot(e*xx + d)~3/sqrt(cxtan(e*xx + d)~2 + bxtan(exx + d) + a), x)
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tan”’ (d+ex)

3.19 dx

3
(a+b tan(d+ex)+c tanz(d+ex)) /

Optimal. Leaf size=1190

result too large to display

[Out] (3*b*ArcTanh[(b + 2*cxTan[d + exx])/(2*Sqrt[c]*Sqrt[a + bxTan[d + exx] + cx*
Tan[d + e*xx]~2])]1)/(2xc™(5/2)*e) - (5*b*(7*b~2 - 12%a*c)*ArcTanh[(b + 2%c*T
an[d + ex*xx])/(2*%Sqrt[c]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*xx]~2])])/(16%
c~(9/2)*%e) - (Sqrt[2*a - 2*c - Sqrt[a”2 + b™2 - 2*%axc + c~2]]*Sqrt[a”2 - b~
2 - 2xaxc + ¢c”2 + (a - c)*Sqrt[a”2 + b™2 - 2xaxc + c"2]]*ArcTanh[(b"2 - (a
- c)x(a - ¢ + Sgrt[a™2 + b™2 - 2%axc + c¢72]) - b*(2*%a - 2%c - Sqrt[a”™2 + b~
2 - 2%axc + c”2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*xc - Sqrt[a™2 + b™2 -
2%axc + c”2]]xSqrt[a”2 - b72 - 2%axc + ¢”2 + (a - c)*Sqrt[a”2 + b"2 - 2*axc
+ c2]]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a~2 + b~2
- 2xaxc + c¢72)7(3/2)*xe) + (Sqrt[2*a - 2%c + Sqrt[a™2 + b~2 - 2%axc + c~2]]
xSqrt[a”2 - b72 - 2%axc + ¢72 - (a - c)*Sqrt[a”2 + b"2 - 2%axc + c"2]]*ArcT
anh[(b™2 - (a - c)*(a - ¢ - Sqrt[a”™2 + b™2 - 2xa*xc + c”2]) - bx(2%a - 2xc +
Sqrt[a”2 + b™2 - 2*axc + c~2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2xc + Sqr
t[a™2 + b72 - 2%axc + c”2]]*Sqrt[a”2 - b"2 - 2*axc + ¢c”2 - (a - c)*Sqrt[a~2
+ b2 - 2*%a*xc + c”2]]1*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])]1)/(Sqrt
[2]1*(a™2 + b™2 - 2xaxc + c72)7(3/2)*e) + (2%(2*a + b*Tan[d + e*xx]))/((b"2 -
4xaxc)*exSqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2]) - (2xTan[d + exx] 2%
(2%a + b*Tan[d + e*xx]))/((b™2 - 4xaxc)*exSqrtla + b*Tan[d + e*x] + cxTanl[d
+ exx]"2]) + (2*%Tan[d + e*xx] ~4x(2%a + b*Tan[d + e*x]))/((b™2 - 4xaxc)*e*xSqr
tla + b*Tan[d + exx] + cxTan[d + exx]"2]) - (2%(a*x(b™2 - 2x(a - c)*c) + bx*c
x(a + c)*Tan[d + e*xx]))/((b72 + (a - c)"2)* (b2 - 4xaxc)*exSqrtla + b*Tan[d
+ exx] + cxTan[d + exx]72]) + ((7*b~2 - 16%a*xc)*Tan[d + exx] "2xSqrt[a + bx*
Tan[d + e*xx] + c*Tan[d + exx]72])/(3xc™2x(b"2 - 4*a*xc)*e) - (2xb*Tan[d + ex
x]73xSqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2])/(cx(b"2 - 4xaxc)*e) - ((3
*b~2 - 8*axc - 2xb*cxTan[d + exx])*Sqrt[a + b*Tan[d + exx] + cxTan[d + exx]
72])/(c™2%(b"2 - 4xaxc)*e) + ((105%b~4 - 460*axb~2%c + 256%a~2%c™2 - 2*b*cx
(35%b72 - 116*axc)*Tan[d + e*x])*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]"2
1)/(24xc™4x (b2 - 4*axc)*e)

Rubi [A] time = 6.50745, antiderivative size = 1190, normalized size of antiderivative =

number of rules

1., number of steps used = 20, number of rules used = 12, integrand size = 33, ntegrand size
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= 0.364, Rules used = {3700, 6725, 636, 738, 779, 621, 206, 832, 1018, 1036, 1030, 208}

2(2a + btan(d + ex)) tan*(d + ex) _ 2b+Jctan®(d + ex) + btan(d + ex) + atan’(d + ex) N (7b2 - 16ac) \

(bz—-4ac)e\/ctan2@i4-ex)+—btan(d-+ex)4—a c(bz—-4ac)e

Antiderivative was successfully verified.

[In] Int[Tan[d + exx]"7/(a + bxTan[d + e*xx] + cx*Tan[d + exx]~2)~(3/2),x]

[Out] (3*bxArcTanh[(b + 2xc*Tan[d + exx])/(2+Sqrt[c]*Sqrt[a + b*Tan[d + e*x] + cx
Tan[d + exx]72])]1)/(2xc™(5/2)*e) - (Bxb*(7*b~2 - 12%a*c)*ArcTanh[(b + 2%cxT
an[d + exx])/(2*Sqrt[c]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*xx]~2])])/(16%
c~(9/2)*%e) - (Sqrt[2*a - 2*c - Sqrt[a”™2 + b™2 - 2*xaxc + c~2]]*Sqrt[a”2 - b~
2 - 2%axc + ¢c”2 + (a - c)*Sqrt[a”2 + b™2 - 2*axc + c”2]]*ArcTanh[(b"2 - (a
- c)*(a - ¢ + Sqrt[a™2 + b2 - 2*xaxc + c72]) - b*(2%xa - 2%c - Sqrt[a”2 + b~
2 - 2%axc + c”2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*xc - Sqrt[a™2 + b™2 -
2xaxc + c”2]]*Sqrt[a”2 - b72 - 2%axc + ¢c”2 + (a - c)*Sqrt[a”2 + b2 - 2*axc
+ c”2]]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2])])/(Sqrt[2]*(a”2 + b~2
- 2%axc + c72)7(3/2)xe) + (Sqrt[2*a - 2*c + Sqrt[a”™2 + b~2 - 2%axc + c~2]]
*Sqrt[a”2 - b72 - 2%a*xc + ¢c”2 - (a - c)*Sqrt[a”2 + b72 - 2*a*xc + c”2]]*ArcT
anh[(b™2 - (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa*xc + c”2]) - bx(2%a - 2xc +
Sqrt[a”2 + b™2 - 2%axc + c”2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2xc + Sqr
t[a™2 + b72 - 2%axc + c”2]]*Sqrt[a”2 - b"2 - 2*axc + ¢c”2 - (a - c)*Sqrt[a”2
+ b72 - 2%axc + c”2]]1xSqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(Sqrt
[2]1*(a”™2 + b™2 - 2%axc + c¢2)7(3/2)*e) + (2%(2*a + b*Tan[d + e*xx]))/((b"2 -
4xaxc)*exSqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]”2]) - (2xTan[d + exx] 2%
(2*xa + b*Tan[d + e*x]))/((b~2 - 4xaxc)*e*xSqrt[a + bxTan[d + exx] + cx*Tan[d
+ exx]"2]) + (2*%Tan[d + e*xx] "4x(2%a + b*Tan[d + e*x]))/((b™2 - 4xaxc)*e*xSqr
tla + b*Tan[d + exx] + cxTan[d + exx]"2]) - (2%(ax(b™2 - 2x(a - c)*c) + bx*c
x(a + c)*Tan[d + e*xx]))/((b72 + (a - c)72)*(b"2 - 4xaxc)*exSqrt[a + b*Tan[d
+ exx] + cxTan[d + exx]~2]) + ((7*b"2 - 16%axc)*Tan[d + exx] 2*xSqrtl[a + bx
Tan[d + e*xx] + cxTan[d + exx]72])/(3xc™2x(b"2 - 4*a*xc)*e) - (2xb*Tan[d + ex
x]73xSqrt[a + b*Tan[d + exx] + c*xTan[d + e*xx]~2])/(cx(b™2 - 4xaxc)*e) - ((3
*b~2 - 8*axc - 2xbkxcxTan[d + exx])*Sqrt[a + b*Tan[d + exx] + cxTan[d + exx]
72])/(c”2%(b72 - 4xaxc)*e) + ((105%b~"4 - 460*a*b~2*c + 2656%a~2%c”2 - 2*b*c*
(35%b~2 - 116*axc)*Tan[d + e*x])*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2
1)/ (24%c™4x(b™2 - 4*axc)*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) m*x(a + b*x™n + c*x~(2*n)) p)/(f72 + x72), x]
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, X, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2*n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 636

Int[((d_.) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)7(3/2), x_Symbo
1] :> Simp[(-2*%(bxd - 2*a*xe + (2%c*d - bxe)*x))/((b"2 - 4*axc)*Sqrt[a + b*x
+ c*x72]), x] /; FreeQl{a, b, c, d, e}, x] && NeQ[2*c*d - b*e, 0] && NeQ[b
~2 - 4xaxc, 0]

Rule 738

Int[((d_.) + (e_)*(x)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8
ymbol] :> Simp[((d + e*xx)"(m - 1)*(d*b - 2%axe + (2xc*d - b*e)*x)*(a + b*x
+ cxx”2) " (p + 1))/ ((p + D)*(b"2 - 4*axc)), x] + Dist[1/((p + D*(b~2 - 4xax
c)), Int[(d + exx)"(m - 2)*Simp[e*x(2*a*xex(m - 1) + bxd*(2*%p - m + 4)) - 2%*c
xd"2%(2xp + 3) + ex(b*e — 2xd*c)*(m + 2%p + 2)*x, x]*(a + bxx + c*x72)7(p +

1), x1, x] /; FreeQ[{a, b, ¢, d, e}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d~
2 - b*d*e + axe”2, 0] && NeQ[2*c*d - b*e, 0] && LtQ[p, -1] && GtQ[m, 1] &&
IntQuadraticQ[a, b, ¢, d, e, m, p, x]

Rule 779

Int[((d_.) + (e_)*x_)N)*x((f_.) + (g_)*xxD))*((a_.) + (b_.)*(x_) + (c_.)*(
x_)"2)7(p_), x_Symbol]l :> -Simp[((bxexg*(p + 2) - c*x(exf + dxg)*(2*p + 3) -
2xckexgx(p + 1)*x)*(a + b*x + c*xx"2)"(p + 1))/(2*%c™2*(p + 1)*(2*xp + 3)), x
1 + Dist[(b™2%exg*(p + 2) - 2*axckxexg + c*(2xckxd*f - bkx(exf + dxg))*(2*p +
3))/(2xc™2x(2xp + 3)), Int[(a + b*x + c*xx"2)7p, x], x] /; FreeQ[{a, b, c, d
, e, T, g, p}, x] && NeQ[b~2 - 4xaxc, 0] && !'LeQ[p, -1]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xcxx)/Sqrtla + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 832

Int[((d_.) + (e_)*xD) " )*x((f_.) + (g_)*x_))*x((a_.) + (b_.)*(x_) + (c
_I)*(x_)72)"(p_.), x_Symbol] :> Simp[(g*(d + exx) m*(a + b*x + c*x"2)"(p +
D)/ (cx(m + 2%p + 2)), x] + Dist[1/(c*x(m + 2%p + 2)), Int[(d + exx)"(m - 1)
x(a + bxx + c*x72) p*xSimp [m* (cxd*f - axexg) + dx(2kcxf - bxg)*x(p + 1) + (mx*
(ckxexf + cxd*g - bxexg) + ex(p + 1)*(2*cxf - bxg))*x, x], x], x] /; FreeQ[{
a, b, c, d, e, f, g, p}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[c*d"2 - bxd*e + a
xe”2, 0] && GtQ[m, 0] && NeQ[m + 2*p + 2, 0] && (IntegerQ[m] || IntegerQl[p]
|| IntegersQ[2*m, 2*%p]) && !(IGtQ[m, 0] && EqQ[f, 0])

Rule 1018

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (f
_)*(x_)72)7(q), x_Symbol] :> Simp[((a + bxx + c*xx72)7(p + 1)*(d + £*xx72)~
(g + D*x((gxc)*(—(bx(c*xd + a*xf))) + (g*xb - a*h)*(2xc”2*d + b~2xf - c*x(2*axf
)) + cx(gx(2%xc™2xd + b~2*f - c*x(2*xaxf)) - hx(bxcxd + axb*xf))*x))/((b~2 - 4%
axc)*(b72+d*f + (cxd - a*xf)"2)*(p + 1)), x] + Dist[1/((b72 - 4*axc)* (b~ 2*d*
f + (cxd - axf)"2)x(p + 1)), Int[(a + b*x + c*x72)7(p + 1)*(d + £*x72) g*Si
mp [(bxh - 2*g*xc)*((cxd - a*xf)"2 - (bxd)*(-(b*f)))*x(p + 1) + (b™2*(g*f) - bx
(h*c*xd + axh*xf) + 2x(gxckx(cxd - axf)))*(a*xfx(p + 1) - cxdx(p + 2)) - (2*fx*(
(gxc)* (- (bx(cxd + axf))) + (gxb - axh)*(2%c”™2xd + b~2*xf - cx(2xaxf)))*(p +

q + 2) - (b72%(g*xf) - bx(h*ckd + axh*xf) + 2% (gxckx(ckxd - axf)))*(b*xfx(p + 1)
))*x — cxfx(b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(2*p + 2%q
+ 5)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b™2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2*d*f + (c*d - axf)~2, 0] && !( !IntegerQ[p
1 && I1LtQlq, -11)

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*cxe”2, 2]}, Dist
[1/(2%q), Int[Simp[-(axh*e) - g*(c*xd - axf - q) + (hx(cxd - a*xf + q) - gkcx
e)*x, x]/((a + c*x72)*Sqrt[d + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(c*xd - a*f + q) + (hx(cxd - axf - q) - gkxcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030
Int[((g_) + (h_)*(x_))/(((a_) + (c_)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£
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_)*(x_)"2]), x_Symbol] :> Dist[-2%axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax
exx~2, x], x], x, Simplaxh - gxc*x, x]/Sqrtld + exx + f*x72]], x] /; FreeQl
{a, c, d, e, £, g, h}, x] && EqQla*h™2*e + 2*gxh*(c*d - axf) - g~2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps
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Subst ( f il 35 4%, x, tan(d + ex)]

(1+x2)(a+bx+cx2)

tan’(d + ex)
f 5 dx =
( e

2 3
a+ btan(d + ex) + ctan“(d + ex))

3

Subst( ( : 32 : 7 : 32 : 3/2) ‘
(a+bx+cx2) (a+bx+cx2) (u+bx+cx2) (1+x2)(a+bx+cx2)

5

e
Subst (f 3 dx, x, tan(d + ex)) Subst (f Lﬂ dx,x,t
B (a+bx+cx2) _ (a+bx+cx2)
B e e
2(2a + btan(d + ex)) 2 tan?(d + ex)(

(b2 - 4ac) e\/a + btan(d + ex) + ctan?(d + ex) (b2 - 4ac) eqJa + bta

2(2a + btan(d + ex)) 2 tan?(d + ex)(

i (b2 - 4ac) e\/a + btan(d + ex) + ctan?(d + ex) (b2 - 411C) erJa + bta

2(2a + btan(d + ex)) 2 tan?(d + ex)(

(b2 - 4ac) e\/a + btan(d + ex) + ctan?(d + ex) (bz - 4ac) eqJa + bta
3btanh™ ( bv2ctan(d+ex) ] \/ 2a —2c - Va% + b? - 2ac +

2\/5\/a+b tan(d+ex)+c tanz(d+ex)
2c52¢

3btanh_1( vectantren )Jmmm

2+/cyJa+btan(d+ex)+c tanz(d+ex)
2c52¢

3btanh™ bi2ctan(d+er) 5b (7192 -~ 12uc) tanh ™
2\/5\/a+b tan(d+ex)+c tanz(d+ex) 2\/2\/

2c52¢ 169/2¢
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Mathematica [C] time = 23.2763, size = 884, normalized size = 0.74

—2a—ib—(b+2ic) tan(d+ex)—2\/a+ih—C\/c tanz(d+ex)+b tan(d+ex)+a

8 10g —2a+ib-b tan(d+ex)+2ic tan(d+ex)—2\/u—ib—c\/a+tan(d+ex)(b+c tan(d+ex))
8(a-ib—c)Va+ib—cc(tan(d-+ex)-i) Slog( SVab—c(a+ib-0ck (tan(d+ex) +) b(-350%-
+ +
(a+ib—c)3/2 (a—ib—c)32

16e
Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]~7/(a + b*Tan[d + e*x] + cxTan[d + exx]~2)7(3/2),x]

[Out] ((8*Logl[(-2*a - I*b - (b + (2*%I)*c)*Tan[d + e*xx] - 2*Sqrt[a + I*b - c]x*Sqrt
[a + bxTan[d + exx] + c*Tan[d + e*x]~"2])/(8%(a - I*b - c)*Sqrt[a + I*b - c]
*xc"4x(-I + Tan[d + exx]))])/(a + I¥b - ¢)~(3/2) + (8*Logl[(-2*a + I*b - b*Ta
nld + exx] + (2*%I)*c*Tan[d + e*x] - 2xSqrtla - Ixb - cl*Sqrt[a + Tan[d + ex
x]*(b + c*xTan[d + e*xx])])/(8*Sqrtla - I*b - cl*(a + I*b - c)*c™4*(I + Tanld
+ exx]))])/(a - Ixb - ¢c)~(3/2) + (b*x(-35%b~2 + 60*axc + 24*xc~2)*Log[b + 2%
cxTan[d + e*x] + 2*Sqrtl[cl*Sqrtla + Tan[d + exx]*(b + cxTan[d + exx])]])/c”
(9/2))/(16%e) + (Sqrtl[(a + c + axCos[2*(d + exx)] - c*Cos[2*x(d + e*x)] + bx
Sin[2*(d + e*x)])/(1 + Cos[2*(d + e*x)])]*(-(105*%a~3%b~"4 + 105*a*b~6 - 460%*
a~4xb"2%c — T27*a"2xb"4xc - B7*b76kxc + 256*%a”5*c”2 + 1364*a”3*b"2xc”2 + 407
*a*xb"4xcT2 - 448%a"4*%c”3 - T740*%a"2xb72*%c”3 - 25xb74*c”3 + 96%a"3*%c”4 + 44xa
*b72%c74 + 224*a”2*%c”5 + 32%b72%c”5 - 128*a*xc”6)/(24*x(a - c)*x(a - I*b - c)*
(a + I*¥b - c)*c™4*x(-b"2 + 4*xaxc)) + Sec[d + e*xx]"2/(3*c”2) + (2*x(2*a~3*%b"4
+ 2%a*b”6 - 8xa"4xb"2%c - 12%a"2xb"4*c + 4*xa”"bxc”2 + 18*%a"3*xb"2xc”2 - 4*a"4
*Cc73 + a”4*b”3*Sin[2*(d + exx)] + 2*a"2*b”5*xSin[2*(d + exx)] + b~ 7*3in[2*(d
+ e*xx)] - 3*a~bxbxc*Sin[2+%(d + e*x)] - 10*a~3*b"3xc*Sin[2+%(d + e*x)] - Tx*a
*b75*xc*kSin[2%(d + e*xx)] + 10*a~4*b*c”2+Sin[2*(d + e*xx)] + 14*a~2%b~3*c”2*Si
n[2*x(d + exx)] - 7*a"3*b*c”3*Sin[2*(d + exx)]))/((a - c)*(a - I*b - c)*(a +

I*b - c)*c™3*%(-b"2 + 4*xaxc)*(a + ¢ + a*xCos[2*%(d + e*x)] - c*Cos[2*x(d + e*x
)] + b*Sin[2*%(d + e*x)])) - (11xbxTan[d + ex*x])/(12*c"3)))/e

Maple [B] time = 0.326, size = 13067596, normalized size = 10981.2

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d) 7/ (at+b*tan(e*x+d)+c*tan(e*x+d)~2)"(3/2),x)

[Out] result too large to display
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Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~7/(atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(3/2),x, algorithm="
maxima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~7/(at+b*tan(e*xx+d)+c*tan(e*xx+d)~2)~(3/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**7/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(3/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)7 P
X

w

(ctan (ex +d)* + btan (ex + d) + a)*
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~7/(atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(3/2),x, algorithm="
giac")

[Out] integrate(tan(e*x + d)~7/(c*tan(e*x + d)~2 + bxtan(exx + d) + a)~(3/2), x)
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tan® (d+ex)

3.20 dx

2 3
(a+b tan(d+ex)+c tan (d+ex))

Optimal. Leaf size=864

3btanh™! [ b2ctan(d+ex) ) \/ 2a-2c— Va2 -2ca+b

2\/5\/C tan?(d+ex)+b tan(d+ex)+a
2c52¢

2(2a + btan(d + ex)) tan(d + ex)

(b2 - 4ac) e\/c tan®(d + ex) + btan(d + ex) + a

[Out] (-3*bxArcTanh[(b + 2*c*Tan[d + e*xx])/(2*Sqrt[c]*Sqrt[a + b*Tan[d + e*xx] + ¢
xTan[d + exx]~2])]1)/(2%c™(5/2)*e) + (Sqrt[2xa - 2%xc - Sqrt[a™2 + b~2 - 2xax
c + c"2]]xSqrt[a”2 - b”2 - 2%axc + ¢c”2 + (a - c)*Sqrt[a”2 + b2 - 2*axc + ¢
~2]]*ArcTanh[(b"2 - (a - c)*(a - ¢ + Sqrt[a”™2 + b™2 - 2*a*xc + c”2]) - bx(2x
a - 2%c - Sqgrt[a”2 + b2 - 2*axc + c”2])*Tan[d + e*x])/(Sqrt[2]*Sqrt[2*a -
2xc - Sqrt[a”2 + b™2 - 2*axc + c”2]]*Sqrt[a”2 - b72 - 2%axc + ¢c”2 + (a - ¢©)
xSqrt[a”2 + b~2 - 2xaxc + c¢"2]]*Sqrtla + bxTan[d + exx] + cxTan[d + exx]~2]
)1)/(Sqrt[2]*(a”2 + b2 - 2*axc + c~2)7(3/2)*e) - (Sqrt[2*a - 2*c + Sqrtl[a”
2 + b72 - 2%axc + c”2]]*Sqrt[a”2 - b"2 - 2%axc + ¢”2 - (a - c)*Sqrt[a”2 + b
72 - 2%axc + c¢"2]]*ArcTanh[(b"2 - (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa*c +
c"2]) - bx(2xa - 2*c + Sqrt[a”2 + b™2 - 2%a*xc + c¢~2])*Tan[d + e*x])/(Sqrt[
2] *Sqrt[2*%a - 2*c + Sqrt[a”™2 + b~2 - 2*axc + c”2]]*Sqrt[a”2 - b72 - 2xa*c +
c™2 - (a - c)xSqrt[a”2 + b~2 - 2%a*xc + c"2]]1*Sqrt[a + b*Tan[d + exx] + cxT
an[d + exx]"2])]1)/(Sqrt[2]*(a”2 + b~2 - 2xaxc + c72)7(3/2)*e) - (2*(2*a + b
*Tan[d + exx]))/((b~2 - 4*axc)*exSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]"2
1) + (2+Tan[d + e*x]"2x(2*a + b*Tan[d + e*x]))/((b~2 - 4*a*c)*exSqrt[a + bx
Tan[d + e*xx] + cxTan[d + exx]~2]) + (2x(ax(b”2 - 2x(a - c)*c) + bxcx(a + c)
xTan[d + exx]))/((b”2 + (a - ¢c)72)*(b"2 - 4xaxc)*exSqrt[a + b*Tan[d + ex*x]
+ cxTan[d + exx]~2]) + ((3*%b"2 - 8*a*c - 2xb*c*Tan[d + e*x])*Sqrt[a + bx*Tan
[d + exx] + c*Tanl[d + e*x]72])/(c™2x(b"2 - 4*axc)*e)

Rubi [A] time = 4.79034, antiderivative size = 864, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 14, number of rules used = 11, integrand size = 33, e o e
integrand size

= 0.333, Rules used = {3700, 6725, 636, 738, 779, 621, 206, 1018, 1036, 1030, 208}

3btanh ™ b2ctan(d+ex) ) \/ 2a—-2c—Va2-2ca+b

2(2a + btan(d + ex)) tan?(d + ex) 2\/5\/c tan®(d+ex)+btan(d+ex)+a
- 2c52¢

(b2 - 4ac) e\/c tan®(d + ex) + btan(d + ex) + a

Antiderivative was successfully verified.
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[In] Int[Tan[d + e*x]"5/(a + b*Tan[d + e*x] + c*Tan[d + exx]~2)~(3/2),x]

[Out] (-3*b*ArcTanh[(b + 2*c*Tan[d + e*xx])/(2*Sqrt[c]*Sqrt[a + b*Tan[d + e*xx] + c
xTan[d + exx]~2])]1)/(2%c™(5/2)*e) + (Sqrt[2xa - 2xc - Sqrt[a™2 + b~2 - 2xax
c + ¢c”2]]xSqrt[a”2 - b™2 - 2%a*c + ¢c”2 + (a - c)*Sqrt[a”2 + b"2 - 2%a*xc + ¢
~2]]*#ArcTanh[(b"2 - (a - c)*(a - c + Sgrt[a™2 + b2 - 2%axc + c72]) - b*x(2%
a - 2%c - Sqrt[a”2 + b2 - 2*axc + c”2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a -
2xc - Sqrt[a”2 + b™2 - 2*axc + c”2]]*Sqrt[a”2 - b72 - 2%axc + ¢c”2 + (a - ¢)
xSqrt[a”2 + b~2 - 2xaxc + c"2]]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2]
)1)/(Sqrt[2]*(a"2 + b™2 - 2%a*xc + c~2)7(3/2)*e) - (Sqrt[2*a - 2*c + Sqrt[a”
2 + b72 - 2%axc + c”2]]*Sqrt[a”2 - b72 - 2%axc + ¢72 - (a - c)*Sqrt[a”2 + b
72 - 2%axc + c¢"2]]*ArcTanh[(b"2 - (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa*c +
c™2]) - bx(2%a - 2*c + Sqrt[a”2 + b2 - 2*axc + c”2])*Tan[d + ex*xx])/(Sqrt[
2]*Sqrt[2*a - 2*c + Sqrt[a”™2 + b~2 - 2*axc + c”2]]*Sqrt[a”2 - b72 - 2xaxc +
c™2 - (a - c)*Sqrt[a™2 + b2 - 2xaxc + c"2]]*Sqrt[a + b*Tan[d + e*x] + cx*T
an[d + exx]~2])]1)/(Sqrt[2]*(a”2 + ™2 - 2%a*c + c~2)7(3/2)*e) - (2x(2%xa + b
xTan[d + exx]))/((b~2 - 4xaxc)*exSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2
1) + (2xTan[d + exx]~2*(2*a + b*Tan[d + e*xx]))/((b~2 - 4xa*c)*exSqrt[a + bx
Tan[d + exx] + cxTan[d + exx]~2]) + (2x(ax(b”2 - 2x(a - c)*c) + bxcx(a + c)
*Tan[d + exx]))/((b”2 + (a - c)"2)*x(b~2 - 4*axc)*exSqrt[a + bxTan[d + exx]
+ cxTan[d + exx]~2]) + ((3*%b~2 - 8%a*c - 2xbxc*Tan[d + exx])*Sqrt[a + bx*Tan
[d + e*xx] + cxTan[d + exx]72])/(c™2*%(b72 - 4*axc)x*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )I)7"(_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2%n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]l] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 636

Int[((d_.) + (e_.)*x(x_))/((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(3/2), x_Symbo
1] :> Simp[(-2*(bxd - 2*axe + (2xcxd - b*xe)*x))/((b~2 - 4xaxc)*Sqrt[a + bx*x
+ c*xx72]), x] /; FreeQl{a, b, c, d, e}, x] && NeQ[2*c*d - b*xe, 0] && NeQ[b
~2 - 4xaxc, 0]
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Rule 738

Int[((d_.) + (e_)*(x_)) " (m)*((a_.) + (b_)*(x_) + (c_)*x_)D"2)"(p_), x_8
ymbol] :> Simp[((d + e*xx)"(m - 1)*(d*b - 2*axe + (2xc*d - b*e)*x)*(a + b*x
+ cxx”2)"(p + 1))/ ((p + D)*(b"2 - 4*axc)), x] + Dist[1/((p + D*(b"2 - 4xax
c)), Int[(d + e*xx)"(m - 2)*Simp[ex(2xaxex(m - 1) + b*d*(2*p - m + 4)) - 2%c
*d"2% (2%p + 3) + ex(bxe - 2kd*c)*(m + 2%p + 2)*x, x]*(a + b*x + c*x72) " (p +

1), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[c*d~
2 - b*dxe + axe”2, 0] && NeQ[2xc*d - bxe, 0] && LtQ[p, -1] && GtQ[m, 1] &&
IntQuadraticQ[a, b, ¢, d, e, m, p, xJ

Rule 779

Int[((d_.) + (e_)*(x_))*((£_.) + (g_)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(
x_)72)"(p_), x_Symbol] :> -Simp[((b*exg*x(p + 2) - cx(exf + dxg)*(2*p + 3) -
2xckexgx(p + 1)*x)*(a + b*x + c*xx"2) " (p + 1))/ (2*c™2*(p + 1)*x(2*p + 3)), x
] + Dist[(b™2%exgx(p + 2) - 2%akxckxexg + ckx(2kxckxd*f - bkx(exf + dxg))*(2xp +
3))/(2xc™2%(2xp + 3)), Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d
, e, T, g, p}, x] && NeQ[b~™2 - 4xaxc, 0] && !'LeQ[p, -1]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2%cxx)/Sqrtla + bxx + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~"2 - 4*axc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtl[a, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 1018

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (f
_)*(x_)72)7(q), x_Symbol] :> Simp[((a + bxx + c*xx72) 7 (p + 1)*(d + £*xx72)~
(g + D*((gxc)*(~(bx(c*xd + a*xf))) + (g*xb - a*h)*(2xc™2*d + b~2xf - c*(2*axf
)) + cx(gx(2%c™2xd + b72*f - cx(2*%axf)) - hx(bkxcxd + axbxf))*x))/((b~2 - 4%
axc)*(b72xd*xf + (c*d - a*xf)"2)*(p + 1)), x] + Dist[1/((b72 - 4xa*xc)*(b~2xdx*
f + (cxd - a*xf)"2)x(p + 1)), Int[(a + b*x + c*x72)7(p + 1)*(d + £*x72) g*Si
mp[(bxh - 2*gxc)*((cxd - a*xf)"2 - (bxd)*(=(b*f)))*(p + 1) + (b"2*(g*f) - bx
(h*cxd + axh*xf) + 2x(gxckx(cxd - axf)))*(a*xfx(p + 1) - cxdx(p + 2)) - (2*fx*(
(gxc)*(-(bx(cxd + axf))) + (gxb - axh)*(2%c™2%d + b~2xf - cx(2xaxf)))*(p +

q + 2) - (b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(b*xfx(p + 1)
))*x — cxfx(b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxck(cxd - axf)))*(2*p + 2%q
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+ 5)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4%
axc, 0] && LtQ[p, -1] && NeQ[b~2*d*f + (c*d - axf)~2, 0] && !( !IntegerQlp
1 && ILtQ[q, -11)

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (
f_)*x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - g*(cxd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[a*h - gkxc*x, x]/Sqrt[d + exx + f*x721], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[a*xh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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5
Subst il dx, x, tan(d + ex
f tan>(d + ex) ; (f (142) (a+brren2) V2 ( )]
X =
(a +btan(d + ex) + ctan®(d + ex))a/2 €
3

Subst - a + il + al ) dx, x, tan(d -
B (f ( (a+bx+cx2)3/2 (u+bx+cx2)3/2 (1+x2)(a+bx+cx2)3/2 (
B e

Subst (f ;3/2 dx, x, tan(d + ex)J Subst (f ° dx, x,

_ (a+bx+cx2) N (a+bx+cx2)
B e e
_ 2(2a + btan(d + ex)) N 2 tan?(d + ex

(b2 - 4ac) e\/a + btan(d + ex) + ctan?(d + ex) (b2 - 4IZC) erJa + bt

_ 2(2a + btan(d + ex)) N 2 tan?(d + ex

(b2 - 4ac) e\/a + btan(d + ex) + ctan?(d + ex) (b2 - 4ac) erJa + bt

2(2a + btan(d + ex)) N 2 tan®(d + ex
(bz - 4ac) e\/a + btan(d + ex) + ctan®(d + ex) (bz - 4ac) erJa + bt

3btanh™} ( bactan(d+ex) ] \/ 2a —2c — Va2 + b? - 2ac

2\/5\/a+b tan(d+ex)+c tan?(d+ex)
2c52¢

Mathematica [C] time = 20.0157, size = 611, normalized size = 0.71

a cos(2(d+ex))+a+b sin(2(d+ex))—c cos(2(d+ex))+c 15a2b%c-3a3b2-16a3c?+12a23 +8atc—7ab? 2 -3abt—dact+ b2 3+ bt 2(842525‘2ﬂ253 sin(2(d+ex))-
cos(2(d+ex))+1 c(a—c)(a-ib—c)(a+ib—c)(4ac—b2)

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x]~5/(a + bxTan[d + exx] + cxTan[d + exx]~2)~(3/2),x]

[Out] (-(ArcTanh[(2*a - I*b + (b - (2xI)*c)*Tan[d + exx])/(2*Sqrt[a - I*b - c]*Sq
rt[a + Tan[d + exx]*(b + cxTan[d + exx])])]/(a - I*b - ¢)~(3/2)) - ArcTanh[
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(2%a + I*xb + (b + (2xI)*c)*Tan[d + exx])/(2*Sqrt[a + I*b - cl*Sqrt[a + Tan[
d + exx]*(b + cxTan[d + exx])])]/(a + I*b - ¢c)~(3/2) - (3*b*ArcTanh[(b + 2x*
cxTan[d + ex*x])/(2%Sqrt[cl*Sqrt[a + Tan[d + exx]*(b + cxTan[d + exx])])])/c
~(6/2))/(2xe) + (Sqrtl[(a + c + a*Cos[2*(d + e*x)] - cxCos[2%(d + exx)] + bx
Sin[2*(d + e*xx)])/(1 + Cos[2+x(d + e*x)])]*((-3*a~3*b"2 - 3*axb™4 + 8*a 4x*c
+ 15*%a"2%b"2xc + b74*c - 16*%a”"3%c”2 - T*xaxb"2*%cT2 + 12*xa"2*%c”3 + bT2*c”3 -
4xaxc”4)/((a - c)*(a - Ixb - c)*(a + Ixb - c)*c™2x(-b~2 + 4xaxc)) - (2x(-2x%
a~3%b”2 - 2*a*xb”4 + 4*xa~4xc + 8*a"2%b"2*c - 4*a”3*c”2 - a~4xbxSin[2+(d + e*
x)] - 2*%a"2xb"3*Sin[2*%(d + e*x)] - b75*Sin[2*x(d + e*x)] + 6*a”3*xbxcxSin[2*(
d + exx)] + b*xaxb~3xc*xSin[2*%(d + e*xx)] - 5*a"2xbxc”2xSin[2+x(d + ex*x)]))/((a
- c)*(a - I*b - c)*x(a + I*b - c)*c*x(-b"2 + 4*xaxc)*(a + ¢ + a*xCos[2*(d + ex
x)] - c*xCos[2*(d + e*x)] + b*Sin[2x(d + ex*x)]))))/e

Maple [B] time = 0.303, size = 13066795, normalized size = 15123.6

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d) "5/ (a+b*tan(e*x+d)+c*tan(exx+d)~2)"(3/2),x)

[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 5/ (atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(3/2),x, algorithm="
maxima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 5/ (atb*tan(e*xx+d)+c*tan(exx+d)~2)~(3/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan® (d + ex)
dx

w»

(a +btan (d + ex) + ctan® (d + ex))E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**5/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(3/2),x)

"

[Out] Integral(tan(d + e*x)**5/(a + bxtan(d + exx) + cxtan(d + exx)**2)*x(3/2),
)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)° .
X

W

(ctan (ex +d)* + btan (ex + d) +a)*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 5/ (atbxtan(exx+d)+c*tan(e*x+d)~2)~(3/2),x, algorithm="
giac")

[Out] integrate(tan(exx + d)~5/(c*tan(e*x + d)~2 + bxtan(e*x + d) + a)~(3/2), x)
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tan®(d+ex)

3.21 dx

2 3
(a+bmnﬂd+a0+ctan(d+&@)

Optimal. Leaf size=686

—b(—\/a2—2uc+b2+c
VI N Zacr P4 20-20\
V2e (a2 —2ac+b? + c2)3/2

\/—\/az —2ac+b%+c%+2a- 20\/(a —o)Va2 =2ac + b2 + 2 + a2 - 2ac — 2 + 2 tanh ™!

[Out] -((Sqrt[2*a - 2*c - Sqrt[a”2 + b~2 - 2*xa*xc + c~2]]*Sqrt[a”2 - b2 - 2*axc +
c”2 + (a - c)*Sqrt[a™2 + b™2 - 2xa*xc + c"2]]*ArcTanh[(b"2 - (a - c)*(a - ¢
+ Sqrt[a™2 + b™2 - 2%axc + c72]) - b*(2*%a - 2*%c - Sqrt[a”2 + b2 - 2*axc +
c"2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2xc - Sqrt[a”™2 + b2 - 2%a*c + c72
11*Sqrt[a™2 - b™2 - 2*axc + c”2 + (a - c)*Sqrt[a™2 + b~2 - 2*xaxc + c~2]]*Sq
rt[a + bxTan[d + e*xx] + cxTan[d + exx]~2])]1)/(Sqrt[2]*(a”2 + b~2 - 2*a*c +
c"2)7(3/2)*%e)) + (Sqrt[2*a - 2*%c + Sqrt[a”2 + b™2 - 2*axc + c~2]]*Sqrt[a”2
- b72 - 2%axc + ¢”2 - (a - c)*Sqrt[a”2 + b2 - 2%axc + c"2]]*ArcTanh[(b"2 -
(a - c)x(a - ¢ - Sgrt[a™2 + b™2 - 2xa*c + c~2]) - b*x(2%a - 2*c + Sqrt[a”2
+ b72 - 2%axc + c¢"2])*Tan[d + e*x])/(Sqrt[2]*Sqrt[2*a - 2%c + Sqrt[a™2 + b~
2 - 2xaxc + c"2]]1*Sqrt[a™2 - b2 - 2%xaxc + c”2 - (a - c)*Sqrt[a”2 + b72 - 2
xaxc + c¢"2]]*Sqrt[a + bxTan[d + exx] + c*xTan[d + exx]~2])])/(Sqrt[2]*(a~2 +
b~2 - 2%axc + c72)7(3/2)*e) + (2x(2xa + bxTan[d + exx]))/((b~2 - 4*axc)x*ex
Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2]) - (2x(a*x(b”2 - 2*(a - c)*c) +
bxcx(a + c)*Tan[d + exx]))/((b”2 + (a - c)"2)*(b~2 - 4*axc)*exSqrt[a + bxTa
nld + e*xx] + cxTan[d + exx]"2])

Rubi [A] time = 4.51363, antiderivative size = 686, normalized size of antiderivative

1., number of steps used = 10, number of rules used = 7, integrand size = 33, number of rules _

0.212, Rules used = {3700, 6725, 636, 1018, 1036, 1030, 208}

integrand size

—b(—\/a2—2ac+b2+c
VIN N Zacr P 20-20\
V2e (a2 —2ac+b? + c2)3/2

\/—\/az —2ac+b%+c%+2a- ZC\/(a —o)Va2 —2ac+ b2 + 2 + a2 — 2ac — b2 + 2 tanh ™"

Antiderivative was successfully verified.

[In] Int[Tan[d + exx]"3/(a + b*Tan[d + e*x] + c*Tan[d + exx]"2)~(3/2),x]

[Out] -((Sqrt[2*a - 2*c - Sqrt[a”2 + b~2 - 2*xaxc + c~2]]*Sqrt[a”2 - b2 - 2*a*xc +
c”2 + (a - c)*Sqrt[a™2 + b™2 - 2xa*xc + c"2]]*ArcTanh[(b"2 - (a - c)*(a - ¢
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+ Sqrt[a™2 + b72 - 2xa*xc + c¢72]) - b*x(2%a - 2%c - Sqrt[a”2 + b2 - 2*axc +
c"2])*Tan[d + e*xx])/(Sqrt[2]*Sqrt[2*a - 2%c - Sqrt[a™2 + b~2 - 2*axc + c72
11*%Sqrt[a™2 - b™2 - 2%a*xc + c”2 + (a - c)*Sqrt[a”™2 + b™2 - 2xa*xc + c~2]]%*Sq
rt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2*a*xc +
c2)7(3/2)*e)) + (Sqrt[2*a - 2%c + Sqrt[a™2 + b™2 - 2*axc + c~2]]*Sqrt[a™2
- b72 - 2%axc + ¢72 - (a - c)*Sqrt[a”2 + b"2 - 2%axc + c"2]]*ArcTanh[(b"2 -
(a - c)*(a - ¢c - Sqgrt[a™2 + b™2 - 2xa*xc + c”2]) - bx(2%a - 2xc + Sqrt[a”2
+ b2 - 2%axc + c”2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c + Sqrt[a”2 + b~
2 - 2%axc + c”2]]*Sqrt[a”2 - b72 - 2%xa*xc + ¢”2 - (a - c)*Sqrt[a”2 + b"2 - 2
xaxc + c”2]]1*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])]1)/(Sqrt[2]*(a"2 +
b~2 - 2%axc + c72)7(3/2)*e) + (2+(2*a + b*Tan[d + e*xx]))/((b72 - 4*axc)*ex
Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2]) - (2x(ax(b”™2 - 2x(a - c)*c) +
bxck(a + c)*Tan[d + exx]))/((b"2 + (a - ¢c)72)*(b"2 - 4xax*c)*exSqrt[a + b*Ta
nld + e*xx] + c*Tan[d + e*xx]~2])

Rule 3700

Int[tan[(d_.) + (e_)*x )] "(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_)*(x_)])"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2%n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 636

Int[((d_.) + (e_)*(x_))/((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(3/2), x_Symbo
1] :> Simp[(-2*(bxd - 2*a*e + (2xcxd - b*e)*x))/((b~2 - 4*xaxc)*Sqrt[a + bx*x
+ c*xx~2]), x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bxe, 0] && NeQ[b
~2 - 4xaxc, 0]

Rule 1018

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (f
_)*(x_)72)7(q ), x_Symbol] :> Simp[((a + bxx + c*x72)7(p + 1)*(d + £*xx72)~
(g + D*x((gkc)*(—(bx(c*xd + a*xf))) + (g*xb - a*h)*(2xc™2*d + b~2xf - c*(2*axf
)) + cx(gx(2xc™2xd + b~2*f - cx(2*%axf)) - hx(bxcxd + axb*xf))*x))/((b~2 - 4%
axc)*(b™2+d*f + (cxd - axf)"2)*(p + 1)), x] + Dist[1/((b72 - 4d*axc)* (b~ 2*d*
f + (cxd - axf)"2)x(p + 1)), Int[(a + b*x + c*xx™2)7(p + 1)*(d + £*x72)7g*Si
mp [(bxh - 2*gxc)*((cxd - a*xf)"2 - (bxd)*(=(b*f)))*x(p + 1) + (b™2*(g*f) - bx
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(h*c*xd + axh*xf) + 2x(gxck(cxd - axf)))*(a*xfx(p + 1) - ckxdx(p + 2)) - (2*fx*(
(g*xc)*(-(bx(cxd + axf))) + (gxb - axh)*(2%c™2xd + b~2*xf - cx(2xaxf)))*(p +
q + 2) - (b72x(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(b*xfx(p + 1)
))*x — c*xfx(b"2%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(2*p + 2%q
+ 5)*x72, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, g}, x] && NeQ[b~2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2*d*xf + (c*d - axf)~2, 0] && !( !IntegerQlp
1 & ILtQlq, -11)

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)*(x_)72]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*xc*e”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*%q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_)*(x ))/(((a_) + (c_)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (£
_)*(x_)"2]), x_Symbol] :> Dist[-2%axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax
exx~2, xJ], x], x, Simplaxh - gxc*x, x]/Sqrtld + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQla*h™2*e + 2%gxh*(c*d - axf) - g~2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps
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3
Subst i dx, x, tan(d + ex
f tan’(d + ex) J (f (1422) (a+br+cx2) ( ))
X =
(a + btan(d + ex) + ctan®(d + ex))3 ? €
Subst al - il ) dx, x, tan(d + ex ]
B (f ( (u+bx+cx2)3/2 (1+x2)(u+bx+cx2)3/2 ( )
- e
Subst | [ —2—— dx, x, tan(d + ex Subst a d:
_ (f (a+bx+cx2)3/2 ( )) (f (1+x2)(a+bx+cx2)3/2
B e - e
2(2a + btan(d + ex)) _ 2 (11 (bz A(

) (b2 - 4ac) e\/a + btan(d + ex) + ctan?(d + ex) (b2 +(a- c)2) (b2 -4

2(2a + btan(d + ex)) 2 (a (b? - 2

) (b2 - 4ac) e\/a + btan(d + ex) + ctan?(d + ex) (bz +(a- c)z) (bz —4

2(2a + btan(d + ex)) ) 2 (a (b? -2

i (bz - 4ac) e\/a + btan(d + ex) + ctan?(d + ex) (b2 +(a - c)z) (bz —4

\/Za—Zc—\/az+b2—2ac+02\/a2—b2—2ac+c2+(a—c)\/a2+b2-

\
Mathematica [C] time = 15.2675, size = 286, normalized size = 0.42
tanh_l 2a+(b-2ic) tan(d+ex)—ib tanh_l 2a-+(b+2i
B 4\/§(b(u2—3ac+b2) tan(d+ex)+a(2a2—2ac+b2)) Naib—cyartan@r e brc tan(dieD) Nohovirta
(a-ib=c)(a+ib—c)(4ac—12)ysec2(d+ex)((a—c) cos(2(d+ex))+a+b sin(2(d+ex))+c) (a—ib—c)3/2 (a+ib-
2e

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x]~3/(a + bxTan[d + exx] + cxTan[d + exx]~2)~(3/2),x]

[Out] (ArcTanh[(2*a - I*b + (b - (2*I)*c)*Tan[d + exx])/(2*Sqrt[a - I*b - c]*Sqrt
[a + Tan[d + e*x]*(b + c*Tan[d + e*x])])]/(a - I*b - ¢c)~(3/2) + ArcTanh[ (2%
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a + Ixb + (b + (2xI)*c)*Tan[d + e*x])/(2xSqrt[a + Ixb - cl*Sqrt[a + Tan[d +
exx]*(b + cxTan[d + e*x])])]/(a + I*b - c)~(3/2) - (4xSqrt[2]*(ax(2*a™2 +
b~2 - 2*xaxc) + b*x(a”2 + b™2 - 3*xaxc)*Tan[d + e*xx]))/((a - I*b - c)*(a + I*b
- c)*(-b"2 + 4*a*c)*Sqrt [Sec[d + exx]"2%x(a + ¢ + (a - c)*Cos[2*x(d + exx)]

+ b*3in[2x(d + exx)]1)]1))/(2xe)

Maple [B] time = 0.321, size = 13066412, normalized size = 19047.3

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d) "3/ (at+b*tan(e*x+d)+c*xtan(e*xx+d)~2)~(3/2),x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~3/(atb*tan(e*xx+d)+cxtan(e*xx+d)~2)~(3/2),x, algorithm="

maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) 3/ (atb*tan(e*xx+d)+c*tan(exx+d)~2)~(3/2),x, algorithm="

fricas")

[Out] Timed out
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Sympy [F] time = 0., size = 0, normalized size = 0.

tan® (d + ex) P
X

w

(a +btan (d + ex) + ctan® (d + ex))E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**3/(a+tb*tan(e*xx+d)+ckxtan(exx+d)**2)**(3/2),x)

[Out] Integral(tan(d + exx)**3/(a + bxtan(d + exx) + cxtan(d + e*xx)**2)**x(3/2), x
)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)3

dx

3
(c tan (ex + d)* + btan (ex + d) + a)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~3/(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(3/2),x, algorithm="
giac")

[Out] integrate(tan(exx + d)~3/(c*tan(e*x + d)~2 + bxtan(e*xx + d) + a)~(3/2), x)
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tan?(d+ex)

3.22 dx

2 3
(a+bmnﬂd+a0+ctan(d+&@)

Optimal. Leaf size=638

(bz—(a—c)(—\/az—ZuH
VoV Zact P 42020y (a
\2e (a2 —2ac+b% + c2)3/2

\/\/az —2ac+ b2 +c%2+2a —ZC\/—(a—c)\/aZ —2ac+ b2 + 2 +a%—2ac-b? + 2 tan™

[Out] -((Sqrt[2xa - 2*c + Sqrt[a”2 + b™2 - 2%a*c + c~2]]1*Sqrt[a™2 - b™2 - 2*axc +
c™2 - (a - c)*Sqrt[a™2 + b™2 - 2xa*xc + c"2]]*ArcTan[(b*(2*a - 2*%c + Sqrtla
"2 + b2 - 2%axc + ¢c72]) + (b”2 - (a - c)*(a - ¢ - Sqrt[a”2 + b72 - 2xaxc +
c”2]))*Tan[d + e*xx])/(Sqrt[2]*Sqrt[2*a - 2*c + Sqrt[a”2 + b~2 - 2*a*c + ¢~
2]]*Sqrt[a”2 - b72 - 2*%a*xc + ¢c”2 - (a - c)*Sqrt[a”™2 + b2 - 2xaxc + c”"2]]*S
grtla + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2*a*xc +
c"2)7(3/2)*e)) + (Sqrt[2*a - 2xc - Sqrt[a”2 + b~2 - 2*axc + c~2]]*Sqrt[a”2
- b™2 - 2%axc + ¢c”2 + (a - c)*Sqrt[a”2 + b2 - 2*axc + c”2]]*ArcTan[(b* (2%
a - 2xc - Sqrt[a”™2 + b™2 - 2*axc + c72]) + (b™2 - (a - c)*(a - ¢ + Sqrt[a~2
+ b72 - 2%axc + c¢”2]))*Tanl[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a”2 +
b2 - 2%axc + c”2]]1*Sqrt[a”™2 - b"2 - 2xaxc + c”2 + (a - c)*Sqrt[a”2 + b"2 -
2xaxc + c”2]]*Sqrt[a + b*Tan[d + exx] + c*xTan[d + e*xx]~2])])/(Sqrt[2]*(a~2
+ 072 - 2%axc + ¢72)7(3/2)*e) - (2x(axbk(a + c) + c*k(2%a”2 + bT2 - 2%axc)*
Tanld + exx]))/((b"2 + (a - c)"2)*(b"2 - 4xa*xc)*exSqrt[a + bxTan[d + exx] +
cxTan[d + ex*xx]~2])

Rubi [A] time = 3.95026, antiderivative size = 638, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 33, T e M .

0.152, Rules used = {3700, 1065, 1036, 1030, 205}

integrand size

(bz—(a—c)(—\/az—ZuH
VoV 2act P 42020y (a
\2e (a2 —2ac+b% + c2)3/2

\/\/az —2ac+b2+c%2+2a —ZC\/—(a—c)\/aZ —2ac+ b2 +c2 +a% - 2ac-b? + 2 tan™

Antiderivative was successfully verified.

[In] Int[Tan[d + exx]"2/(a + bxTan[d + e*x] + c*Tan[d + exx]"2)~(3/2),x]

[Out] -((Sqrt[2*a - 2*c + Sqrt[a”2 + b™2 - 2*xa*xc + c~2]]*Sqrt[a”2 - b2 - 2*a*xc +
c™2 - (a - c)*3qrt[a™2 + b2 - 2%axc + c”2]]*ArcTan[(b*(2*a - 2%c + Sqrtla
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"2 + b72 - 2*%axc + ¢c72]) + (b72 - (a - c)x(a - ¢ - Sqrt[a”2 + bT2 - 2%axc +
c2]))*Tan[d + exx])/(Sqrt[2]*Sqrt[2%a - 2*c + Sqrt[a”2 + ™2 - 2%a*c + c~
2]]xSqrt[a”2 - b72 - 2%axc + ¢”2 - (a - c)*Sqrt[a”2 + b~2 - 2%axc + c"2]]*S
grtla + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2%a*c +
c"2)7(3/2)*e)) + (Sqrt[2*a - 2%c - Sqrt[a”™2 + b~2 - 2xaxc + c~2]]*Sqrt[a”2
- b"2 - 2%axc + ¢c72 + (a - c)*Sqrtl[a”2 + b"2 - 2*axc + c”2]]*ArcTan[(b* (2%
a - 2xc - Sqrt[a”2 + b72 - 2*axc + ¢c72]) + (b”2 - (a - c)x(a - ¢ + Sqrt[a”2
+ b2 - 2%axc + c¢72]))*Tan[d + ex*x])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrtl[a”2 +
b~2 - 2%axc + c”2]]1*Sqrt[a”2 - b72 - 2%axc + c¢”2 + (a - c)*Sqrt[a”2 + b72 -
2%axc + c¢"2]]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]"2])])/(Sqrt[2]*(a~2
+ b2 - 2%axc + c¢72)7(3/2)*xe) - (2x(axbx(a + c) + c*x(2%a”2 + T2 - 2kaxc)x
Tan[d + e*xx]))/((b"2 + (a - c)"2)*(b"2 - 4*axc)*e*xSqrt[a + bxTan[d + exx] +

cxTan[d + e*xx]~2])

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )17 (@m_.) + (c_.)*x((f_.)*xtan[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1065

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)7(p_)*((A_.) + (C_.)*(x_)"2)*((d_) +

(f_)*(x_)"2)7(q_), x_Symbol] :> Simp[((a + b*x + c*x72)"(p + 1)*(d + £*x72
)7(q + D*x((Axc - axC)*(-(b*(cxd + axf))) + (Axb)*(2xc”2xd + b72*f - c*(2*a
*f)) + ck(A*(2%c™2%d + b724f - cx(2*kaxf)) + Ckx(b~"2*xd - 2%ax(cxd - a*xf)))*x)
)/ ((b72 - 4*axc)*x(b~2*d*xf + (cxd - axf)"2)x(p + 1)), x] + Dist[1/((b~2 - 4%
axc)*(b72xd*xf + (c*d - axf)"2)x(p + 1)), Int[(a + b*x + c*xx"2)"(p + 1)*(d +
fxx72) "g*Simp [(-2%A*xc - 2*%axC)*((cxd - a*xf)~2 - (b*xd)*(-(b*xf)))*(p + 1) +

(b72%(Cxd + Axf) + 2x(Axck(c*d - axf) - a*x(ckCxd - axCxf)))x(axf*x(p + 1) -

cxd*(p + 2)) - (2*%fx((A*xc - axC)*(-(b*(cxd + a*xf))) + (Axb)*(2%c™2xd + b~ 2%
f - cx(2xaxf)))*x(p + q + 2) - (b7™2x(Cxd + Axf) + 2x(Axc*(c*d - a*xf) - a*x(cx
Cxd - axC*f)))*x(bxf*x(p + 1)))*x - cxfx(b~2*%(Cxd + Axf) + 2k (Axcx(cxd - axf)
- ax(c*Ckd - axC*f)))*(2%p + 2%q + 5)*x~2, x], x], x] /; FreeQ[{a, b, c, d
, T, A, C, g}, x] && NeQ[b~2 - 4xaxc, 0] && LtQlp, -1] && NeQ[b~2xd*f + (c*
d - axf)”"2, 0] & !( !IntegerQ[p] && ILtQ[q, -1]) && 'IGtQ[q, O]

Rule 1036

Int[((g_.) + (h_D)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*xc*xe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
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mp[-(a*h*e) - gx(cxd - axf + q) + (h*x(c*xd - axf - q) - gkcxe)xx, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQl[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4x*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (£
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[axh - gkxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[axh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

Subst ( f 2 dx, x, tan(d + ex)]

(1+x2)(a+bx+cx2)3/2

tan?(d + ex)
f 3 X = p
(a + btan(d + ex) + ctan®(d + ex))

2 (ub(u +c)+c (2612 + b - 2uc) tan(d + ex))

(b2 +(a - c)z) (bz - 4uc) e\/a + btan(d + ex) + ctan?(d + ex)

2 (ab(a +0)+c (2a2 + b0 - Zac) tan(d + ex))

(b2 +(a - c)2) (b2 - 4ac) e\/a + btan(d + ex) + ctan®(d + ex)

2 (ab(a +0)+c (Zaz + b - 2ac) tan(d + ex))

(b2 +(a- c)2) (b2 - 4ac) e\/a + btan(d + ex) + ctan®(d + ex)

2 S

Sul

+ —

g

\/211—2c+\/a2+b2—2ac+02\/a2—b2+c(c+\/u2+b2—2ac+c
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Mathematica [C] time = 4.81214, size = 328, normalized size = 0.51

(~4iac-+a(ib2+4bc-+4ic?)-b2(b+ic)) tanh ™! 20+(b-2ic) tan(d+ex)-ib i(4aPc-a(b? +4ibe+4c) +b3(c+ib)) tanh ™" 20+ (b+2i0) tan(@vex) +ib
2Va—ib—cx/a+b tan(d+ex)+c tanz(d+ex) " 2Va+ib—c+ja+b tan(d+ex)+c tanz(

Va=ib—c Vatib—c
2e ((a -0)? + bz) (bz - 4ac)

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x]~2/(a + b*Tan[d + exx] + cxTan[d + exx]~2)~(3/2),x]

[Out] (((=(b™2x(b + I*c)) - (4xI)*a”2xc + a*x(Ixb"2 + 4xbxc + (4%I)*c”2))*ArcTanh[
(2%a - I#b + (b - (2xI)*c)*Tan[d + exx])/(2xSqrtla - I*b - c]*Sqrtl[a + b*Ta

nld + exx] + cxTan[d + exx]~2])])/Sqrtla - Ixb - c] + (I*(4*a"2%c + b~2x(Ix

b + c) - ax(b”2 + (4xI)*b*xc + 4*xc”2))*ArcTanh[(2%a + I*b + (b + (2*%I)*c)*Ta

n[d + e*xx])/(2*Sqrt[a + Ix*b - c]*Sqrtla + b*Tan[d + e*xx] + cxTan[d + e*xx]~2
1)1)/Sqrtla + I*xb - c] - (4x(axb*x(a + c) + cx(2*xa”2 + b™2 - 2*axc)*Tan[d +
exx]))/Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2])/(2%(b"2 + (a - c)"2)*(b

T2 - 4xaxc)x*e)

Maple [B] time = 0.291, size = 11847956, normalized size = 18570.5

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d) "2/ (a+b*tan(e*x+d)+c*tan(e*xx+d)~2)"(3/2),x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.
Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~2/(atb*tan(e*xx+d)+cxtan(e*xx+d)~2)~(3/2),x, algorithm="

maxima")
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[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 2/ (atb*tan(e*xx+d)+c*tan(exx+d)~2)~(3/2),x, algorithm="

fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan? (d + ex)
dx

w

(a+btan (d + ex) + c tan® (d + ex))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**2/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(3/2),x)

™

[Out] Integral(tan(d + exx)**2/(a + b*tan(d + e*x) + cxtan(d + e*x)**2)**(3/2),
)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)2 P
X

»

(c tan (ex + (Jl)2 + btan (ex + d) + a)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) 2/ (atb*tan(e*xx+d)+c*tan(exx+d)~2)~(3/2),x, algorithm="

giac")

[Out] integrate(tan(e*xx + d)~2/(cxtan(e*x + d)~2 + bxtan(e*xx + d) + a)~(3/2), x)
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tan(d+ex)

3.23 dx

2 3
(a+bmnﬁd+aw+ftan(d+aw)

Optimal. Leaf size=635

—b(—\/az—Zac+b2+CZ+2
\/5\/—Va2—2uc+b2+cz+2a—2c\l(a—cj
32
\2e (a2 —2ac+ b? + c2)

\/—\/az —2ac+b%®+c%+2a- Zc\/(a —o)VWa2 = 2ac+ b2 + 2 + a2 - 2ac — b2 + 2 tanh ™"

[Out] (Sqrt[2*a - 2*c - Sqrt[a”™2 + b2 - 2xa*xc + c”2]]*Sqrt[a”™2 - b™2 - 2*a*c + c
"2 + (a - c)*Sqrt[a”2 + b™2 - 2*a*xc + c”2]]*ArcTanh[(b"2 - (a - c)*(a - c +
Sqrt[a”2 + b™2 - 2%a*xc + c72]) - b*(2%xa - 2%c - Sqrt[a™2 + b2 - 2%axc + c
~2])*Tan[d + ex*xx])/(Sqrt[2]*Sqrt[2*a - 2*xc - Sqrt[a”™2 + b~2 - 2*xaxc + c~2]]
xSqrt[a”2 - b72 - 2%axc + ¢”2 + (a - c)*Sqrt[a”2 + b2 - 2*axc + c”2]]*Sqrt
[a + b*Tan[d + e*xx] + cxTan[d + exx]~2])])/(Sqrt[2]*(a”2 + b~2 - 2xa*c + c~
2)7(3/2)*e) - (Sqrt[2*a - 2xc + Sqrt[a™2 + b~2 - 2*axc + c~2]]*Sqrt[a”2 - b
"2 - 2%xaxc + c”2 - (a - c)*Sqrt[a”2 + b"2 - 2%axc + c”2]]*ArcTanh[(b"2 - (a
- c)x(a - ¢ - Sqrtf[a”™2 + b™2 - 2%axc + ¢c72]) - b*(2*%a - 2%c + Sqrt[a™2 + b
72 - 2%axc + c¢”2])*Tan[d + e*x])/(Sqrt[2]*Sqrt[2*a - 2*c + Sqrt[a”2 + b~2 -
2xaxc + c”2]]*Sqrt[a”2 - b2 - 2%axc + ¢c”2 - (a - c)*Sqrt[a”2 + b2 - 2*ax
c + ¢"2]]1#Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]72]1)]1)/(Sqrt[2]*(a"2 + b~
2 - 2%axc + c72)7(3/2)*%e) + (2x(ax(b”2 - 2%(a - c)*c) + bxcx(a + c)xTan[d +
exx]))/((b72 + (a - c)"2)*(b"2 - 4*axc)*exSqrt[a + b*Tan[d + e*x] + cxTanl[
d + exx]"2])

Rubi [A] time = 3.79147, antiderivative size = 635, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 31, L

integrand size
0.161, Rules used = {3700, 1018, 1036, 1030, 208}

N
\/z\/—\/aZ—Zuc+b2+c2+2u—20\/(u—cj
3/2
\2e (a2 —2ac+b? + cz)

\/—\/az —2ac+b2+c%2+2a —ZC\/(IZ—C)\/LZZ —2ac+ b2 + 2+ a2 —2ac— b2 + 2 tanh ™

Antiderivative was successfully verified.

[In] Int[Tan[d + ex*x]/(a + bx*Tan[d + exx] + cx*Tan[d + exx]~2)"(3/2),x]

[Out] (Sqgrt[2*a - 2%c - Sqrt[a”2 + b~2 - 2xa*xc + c”2]]1*Sqrt[a”™2 - b™2 - 2%a*c + c
"2 + (a - c)*Sqrt[a”2 + b™2 - 2*axc + c”2]]*ArcTanh[(b™2 - (a - c)*(a - ¢ +
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Sqrt[a”2 + b™2 - 2%axc + c72]) - b*(2%xa - 2*c - Sqrt[a™2 + b2 - 2%axc + c
~2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a”2 + b~2 - 2%a*c + c~2]]
xSqrt[a”2 - b72 - 2%axc + ¢”2 + (a - c)*Sqrt[a”2 + b2 - 2*axc + c~2]]*Sqrt
[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2]*(a”2 + b~2 - 2xa*c + c~
2)7(3/2)*e) - (Sqrt[2*a - 2xc + Sqrt[a™2 + b~2 - 2*axc + c~2]]*Sqrt[a”2 - b
T2 - 2%axc + ¢72 - (a - c)*Sqrt[a”2 + b2 - 2%axc + c"2]]*ArcTanh[(b"2 - (a

- c)*(a - ¢c - Sqgrt[a”™2 + b™2 - 2*xa*xc + c”2]) - bx(2%xa - 2*xc + Sqrt[a”2 + b
72 - 2%axc + c¢”2])*Tan[d + ex*x])/(Sqrt[2]*Sqrt[2*a - 2*c + Sqrt[a”2 + b~2 -

2xaxc + c”2]]*Sqrt[a”2 - b2 - 2%axc + ¢c”2 - (a - c)*Sqrt[a”2 + b2 - 2*ax
c + ¢"2]1#Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]72]1)]1)/(Sqrt[2]*(a"2 + b~
2 - 2%axc + c72)7(3/2)*xe) + (2x(ax(b”2 - 2x(a - c)*c) + bxcx(a + c)*Tan[d +

exx]))/((b72 + (a - c)"2)*x(b"2 - 4xaxc)*exSqrt[a + bxTan[d + exx] + cxTan[
d + exx]"2])

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )1 (@_.) + (c_)*x((f_.)*xtan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1018

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (f
_)*(x_)72)7(q), x_Symbol] :> Simp[((a + bxx + c*xx72) " (p + 1)*x(d + £*xx72)~
(g + D)*x((gkc)*x(—(bx(c*xd + a*f))) + (g*b - axh)*(2xc™2*d + b72xf - c*(2*axf
)) + cx(gx(2%c™2xd + b72+f - c*x(2xa*xf)) - hx(bxcxd + axbxf))*x))/((b™2 - 4x
axc)* (b7 2xd*xf + (cxd - axf)"2)x(p + 1)), x] + Dist[1/((b~2 - 4xa*xc)*(b~2*dx*
f + (cxd - a*xf)"2)*(p + 1)), Int[(a + b*x + c*x"2)7(p + 1)*(d + £*x72) g*Si
mp[(bxh - 2*gxc)*((cxd - a*xf)"2 - (bxd)*(=(b*£)))*(p + 1) + (b~2*(g*f) - bx
(h*cxd + axh*xf) + 2x(gxckx(cxd - axf)))*(a*xfx(p + 1) - ckxdx(p + 2)) - (2*fx*(
(gxc)*(-(bx(cxd + axf))) + (gxb - axh)*(2%c™2xd + b~2*xf - cx(2xaxf)))*(p +

q + 2) - (b72x(g*xf) - bx(h*ckxd + axh*xf) + 2x(gxckx(cxd - axf)))*(b*xfx(p + 1)
))*x — c*xfx(b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(2*p + 2%q
+ 5)*x72, x1, x], x] /; FreeQ[{a, b, ¢, 4, f, g, h, q}, x] && NeQ[b~2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2xd*f + (c*d - axf)~2, 0] && !( !'IntegerQl[p
1 && ILtQlq, -11)

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
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mp[-(a*h*e) - gx(cxd - axf + q) + (h*(c*d - axf - q) - gkcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (£
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[axh - gkxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[axh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
Subst - dx, x, tan(d + ex)]
f tan(d + ex) dx = (f (1+x2)(a+bx+cx2)3/2
(a + btan(d + ex) + ctan®(d + ex))3/ €
2 (a (b2 - 2(a - c)c) + be(a + ¢) tan(d + ex)) 2 Subs
(b2 +(a - c)z) (b2 - 4ac) e\/a + btan(d + ex) + ctan?(d + ex)
Subst
2 (a (b2 - 2(a - c)c) + be(a + c) tan(d + ex)) oS
= +

(b2 +(a - c)z) (b2 - 411C) e\/a + btan(d + ex) + ctan?(d + ex)

2 (a (bz —2(a - c)c) + be(a + c) tan(d + ex))

(b (7

(bz +(a- c)2) (b2 - 4(1C) e\/a + btan(d + ex) + ctan®(d + ex)

\/Za—Zc—\/az+b2—2ac+02\/u2—b2—2ac+c2+(a—c)\/u2+b2—

\/E



Mathematica [C] time = 4.60159, size = 318, normalized size = 0.5

(4azc—a(b2—4ibc+462)+b2(c—ib)) tanh !
ZVa—ib—C\/a+b tan(d+ex)+c tanz(d+ex) "

20+(b-2ic) tan(d+ex)-ib ] (4aPc-a(b?+4ibe+4c2) +b3(c+ib) tanh_l[
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2a+(b+2ic) tan(d+ex)+ib
2\/a+ib—0\/a+b tan(d+ex)+c tanz(d—

Va-ib—c

Va+ib—c

2e ((a -0)? + bz) (b2 - 4ac)

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + ex*x]/(a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2)7(3/2),x]

[Out] (((4*a"2*c + b™2x((-I)*b + c) - a*x(b”2 - (4*I)xb*c + 4*c~2))*ArcTanh[(2*a -
I¥b + (b - (2%I)*c)*Tan[d + exx])/(2xSqrtla - I*b - c]*Sqrt[a + bxTan[d +

exx] + c*Tan[d + e*x]~2])])/Sqrtla - I*b - c] + ((4*a"2%c + b™2x(I*b + c) -
ax(b”2 + (4*xI)*bxc + 4xc~2))*ArcTanh[(2*a + I*b + (b + (2*xI)*c)*Tan[d + e*
x])/(2*Sqrt[a + Ixb - cl*Sqrtla + b*Tan[d + e*x] + cxTan[d + exx]~2])])/Sqr

tla + I¥b - c] + (4x(a*x(b”2 + 2*cx(-a + c)) + bxcx(a + c)*Tan[d + exx]))/Sq

rt[a + b*Tan[d + exx] + c*Tan[d + e*x]72])/(2*(b"2 + (a - ¢c)"2)*(b"2 - 4xax

c)*e)

Maple [B] time = 0.288, size = 13066372, normalized size = 20577.

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d)/(a+b*tan(exx+d)+c*xtan(exx+d)~2)~(3/2),x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxtan(e*x+d)+c*xtan(e*xx+d)~2)~(3/2),x, algorithm="ma

xima")
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[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxtan(e*x+d)+c*tan(exx+d)~2)~(3/2),x, algorithm="fr

icas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan (d + ex) i

W

(a +btan (d + ex) + ctan® (d + ex))E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(3/2),x)

[Out] Integral(tan(d + e*x)/(a + b*tan(d + exx) + c*tan(d + e*x)**2)*x(3/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

sage,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxtan(e*xx+d)+c*tan(e*x+d)”~2)~(3/2),x, algorithm="gi

aCII)

[Out] sage2
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3 94 cot(d+ex) dx

2 3
(a+b tan(d+ex)+c tan (d+ex))

Optimal. Leaf size=750

—b(—\/az—Zac+b2+(
I\ NZ Zacr P4 20-20\
V2e (a2 —2ac+b? + 02)3/2

\/—\/az —2ac+b%+c%+2a- ZC\/(a —o)Va2 —2ac + b2 + 2 + a2 — 2ac — b2 + 2 tanh ™"

[Out] -(ArcTanh[(2*a + b*Tan[d + ex*x])/(2*Sqrt[a]*Sqrt[a + b*Tan[d + e*x] + c*Tan
[d + exx]"2])]1/(a"(3/2)*e)) - (Sqrt[2*a - 2*c - Sqrt[a™2 + b"2 - 2*a*c + ¢~
2]]xSqrt[a”2 - b™2 - 2%axc + ¢”2 + (a - c)*Sqrt[a”2 + b~2 - 2*axc + c”2]]*A
rcTanh[(b™2 - (a - c)*(a - ¢ + Sqrt[a™2 + b™2 - 2%a*xc + c72]) - b*(2*a - 2%
c - Sqrt[a™2 + b72 - 2xaxc + c~2])*Tan[d + ex*x])/(Sqrt[2]*Sqrt[2*a - 2*c -
Sqrt[a™2 + b™2 - 2*xaxc + c¢"2]]*Sqrt[a”2 - b™2 - 2%a*xc + ¢c”2 + (a - c)*Sqrt[
a”2 + b2 - 2%axc + c”2]]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])]1)/(S
qrt[2]*(a”2 + b™2 - 2*%axc + c”2)7(3/2)*e) + (Sqrt[2*a - 2*c + Sqrt[a”2 + b~
2 - 2%axc + c72]]*Sqrt[a”2 - b72 - 2%a*xc + ¢”2 - (a - c)*Sqrt[a”2 + b"2 - 2
xaxc + c¢"2]]*ArcTanh[(b"2 - (a - c)*(a - ¢ - Sqrt[a”2 + b™2 - 2*axc + c~2])
- bx(2%a - 2%c + Sqrt[a”2 + b2 - 2*xaxc + c~2])*Tan[d + e*x])/(Sqrt[2]*Sqr
t[2%xa - 2%c + Sqrt[a”™2 + b2 - 2%axc + c"2]]*Sqrt[a”2 - b2 - 2%axc + c72 -
(a - c)*Sqrt[a™2 + b™2 - 2*xaxc + c~2]]*Sqrt[a + b*Tan[d + exx] + c*Tan[d +
exx]72])]1)/(Sqrt[2]*(a”2 + b2 - 2%axc + c~2)7(3/2)*e) + (2x(b"2 - 2%a*xc +
bxc*Tan[d + e*xx]))/(ax(b~2 - 4*axc)*exSqrt[a + b*Tan[d + exx] + c*Tan[d +
exx]"2]) - (2x(a*x(b”2 - 2x(a - c)*c) + bkxcx(a + c)*Tan[d + e*xx]))/((b~2 + (
a - c)"2)*%(b"2 - 4*axc)xexSqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])

Rubi [A] time = 4.5775, antiderivative size = 750, normalized size of antiderivative = 1.,

number of steps used = 13, number of rules used = 10, integrand size = 31, number of rules _

0.323, Rules used = {3700, 6725, 740, 12, 724, 206, 1018, 1036, 1030, 208}

integrand size

Nz
\/E\/—Va2—2a6+b2+cz+2a—26\ﬂ
v2e (az —2ac + b? + c2)3/2

\/—\/az —2ac+b%+c%+2a- ZC\/(a —o)Va2 = 2ac + b2 + 2 + a2 — 2ac — b2 + 2 tanh ™"

Antiderivative was successfully verified.

[In] Int[Cot[d + ex*x]/(a + bxTan[d + exx] + cxTan[d + exx]~2)"(3/2),x]
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[Out] -(ArcTanh[(2*a + b*Tan[d + e*x])/(2xSqrt[al*Sqrt[a + b*Tan[d + e*x] +
[d + exx]"2])]1/(a~(3/2)*e)) - (Sqrt[2xa - 2*c - Sqrt[a”2 + D72 - 2%a*c + ¢~
2]]xSqrt[a”2 - b72 - 2%axc + ¢c”2 + (a - c)*Sqrt[a”2 + b2 - 2*axc + c”2]]*A
rcTanh[(b™2 - (a - c)*(a - ¢ + Sqrt[a™2 + b™2 - 2%a*xc + c72]) - b*(2*a - 2%
c - Sqrt[a™2 + b™2 - 2*a*xc + c”2])*Tan[d + ex*x])/(Sqrt[2]*Sqrt[2*a - 2xc -
Sqrt[a”™2 + b™2 - 2%axc + c”2]]*Sqrt[a”™2 - b"2 - 2%axc + ¢c”2 + (a - c)*Sqrtl
a”2 + b2 - 2%axc + c”2]]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2])])/(S
qrt[2]*(a”2 + b™2 - 2*%axc + c”2)7(3/2)*e) + (Sqrt[2*a - 2*c + Sqrt[a”2 + b~
2 - 2%axc + c”2]]*Sqrt[a”2 - b72 - 2%xa*xc + ¢”2 - (a - c)*Sqrt[a”2 + b"2 - 2
xaxc + c¢"2]]*ArcTanh[(b™2 - (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2%a*c + c72])
- bx(2%a - 2%c + Sqrt[a”2 + b2 - 2*xaxc + c~2])*Tan[d + e*x])/(Sqrt[2]*Sqr
t[2%xa - 2%c + Sqrt[a”™2 + b2 - 2%axc + c"2]]*Sqrt[a™2 - b2 - 2%axc + c"2 -
(a - c)*Sqrt[a”™2 + b™2 - 2*xaxc + c~2]]*Sqrt[a + b*Tan[d + exx] + c*Tan[d +
exx]72])]1)/(Sqrt[2]*(a”2 + b2 - 2%axc + c~2)7(3/2)*e) + (2x(b~2 - 2%a*xc +
bxc*xTan[d + e*x]))/(ax(b”2 - 4xa*c)*e*xSqrt[a + bxTan[d + exx] + cxTan[d +
exx]72]) - (2x¢(ax(b”2 - 2x(a - c)*c) + b*ck(a + c)*Tan[d + exx]))/((b"2 + (
a - ¢c)"2)*%(b72 - 4x*axc)*exSqrtla + bxTan[d + exx] + c*Tan[d + e*xx]~2])

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )" (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 740

Int[((d_.) + (e_)*(x_)) " (m )*x((a_.) + (b_)*(x_) + (c_)*x)D)"2)"(p_), x_8S
ymbol] :> Simp[((d + e*xx)"(m + 1)*(b*cxd - b~2%e + 2%axc*e + c*x(2xcxd - bxe
Y*kx)*(a + b*x + c*xx"2) " (p + 1))/ ((p + 1)*(b"2 - 4xaxc)*(c*d™2 - bxd*e + axe
~2)), x] + Dist[1/((p + 1)*(b"2 - 4xa*xc)*(c*d”2 - bxd*e + a*e”2)), Int[(d +
exx) "m*Simp [bxckdxe*x(2*%p - m + 2) + b72%e”2x(m + p + 2) - 2%c”2xd"2%(2*xp +

3) - 2%axcxe”2x(m + 2*%p + 3) - ckex(2xcxd - b*e)*(m + 2*p + 4)*x, x]*(a +

b*x + c*x"2)7(p + 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b"2 - 4
xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[2*c*d - bxe, 0] && LtQlp,

-1] && IntQuadraticQ[a, b, c, d, e, m, p, x]

c*Tan
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Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 724

Int[1/C((d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*xaxe™2 - x72), x], x, (2
xaxe — bxd - (2*c*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*xc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 1018

Int[((g_.) + (h_)*x(x_))*((a_) + (b_.)*(x_) + (c_)*x(x_)"2)"(p_)*((d_) + (f
_I)*(x_)72)7(q), x_Symbol] :> Simp[((a + bxx + c*xx72) " (p + 1)*x(d + £*xx72)~
(@ + D)*((g*c)*(-=(bx(cxd + a*xf))) + (g*b - a*h)*(2*c™2*d + b72*f - c*(2kaxf
)) + cx(gx(2%c™2xd + b72*f - cx(2xaxf)) - hx(bxcxd + axbxf))*x))/((b~2 - 4%
axc)*(b72xd*xf + (cxd - axf)"2)x(p + 1)), x] + Dist[1/((b~2 - 4xa*xc)*(b~2*dx*
f + (cxd - a*xf)"2)*(p + 1)), Int[(a + b*x + c*x"2)7(p + 1)*(d + £*x72) g*Si
mp [(b*h - 2xg*xc)*((c*xd - axf)~"2 - (bxd)*(-(b*f)))*(p + 1) + (b~2*(g*xf) - bx
(h*c*xd + axh*xf) + 2x(gxckx(cxd - axf)))*(a*xfx(p + 1) - ckxdx(p + 2)) - (2*fx*(
(g*xc)*(-(bx(cxd + axf))) + (gxb - axh)*(2%c™2xd + b~2*xf - cx(2xaxf)))*(p +

q + 2) - (b72%(g*xf) - bx(h*cxd + axh*xf) + 2x(gxckx(cxd - axf)))*(b*xfx(p + 1)
))kx — ckfx(b~2%(gkf) - bk(hxckd + axh*f) + 2% (gkck(ckd — axf)))*(2xp + 2%q
+ 5)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2*d*xf + (c*d - axf)~2, 0] && !( !IntegerQlp
] && ILtQ[q, -11)

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4*dxf, 0] && NegQ[-(a*c)]
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Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simplaxh - gkxc*x, x]/Sqrtld + exx + f*xx~2]], x] /; FreeQ[
{a, ¢, d, e, £, g, h}, x] && EqQ[axh™2*e + 2xgxh*(c*d - axf) - g~ 2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
Subst (f ! 35 A%, x, tan(d + ex))
f cot(d + ex) p x(1+x2) (a+bx-+cx2)
X =
(a + btan(d + ex) + ctan®(d + ex))3/2 €
Subst ! - a ) dx, x, tan(d + ex )
(f (x(a+bx+cx2)3/2 (1+x2)(a+bx+cx2)3/2 ( )

e

;3/2 dx, x, tan(d + ex)) Subst (f

X

7

Subst ( il 3

B x(a+bx+cx2) (1+x2)(a+bx+cx2)
B e e
2 (b2 —2ac + betan(d + ex)) 2 (a (b2 —2

a (bz - 4ac) e\/a + btan(d + ex) + c tan®(d + ex) (b2 +(a - c)2) (bz -

2 (b2 — 2ac + betan(d + ex)) 2 (a (b2 -2

a (b2 - 4_ac) e\/u + btan(d + ex) + c tan®(d + ex) (b2 + (a - c)z) (b2 -

2 (b2 — 2ac + betan(d + ex)) 2 (a (bz -2

a (b2 - 4ac) e\/u + btan(d + ex) + ctan?(d + ex) (b2 + (a - c)z) (b2 -

tanh ™t 20+b tan(dvex) \/ 20-2c— Va2 + b2 - 2ac +
2\/5\/41+b tan(d+ex)+c tan?(d+ex)

a32e
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Mathematica [C] time = 4.34847, size = 450, normalized size = 0.6

(4a20—a(b2—4ibc+4cz)+b2(c—ib)) tanh71 20+(b-2ic) tan(d+ex)-ib (4a2c—a(b2+4ibc+4c2)+b2(c+
2\/a—ib—0\/u+b tan(d+ex)+c tanz(d+ex)
2 —ab?-bc(a+c) tan(d+ex)+2ac(a—c) " - 4va—-ib—c -
)2 4h2
(a2—2uc+b2+c2)\/a+btan(d+ex)+ctan2(d+ex) (a=c)*+b
e (b2 - 4ac)

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]/(a + b*Tan[d + exx] + c*Tan[d + e*x]~2)7(3/2),x]

[Out] (2x(((-b~2/2 + 2xaxc)*ArcTanh[(2*a + b*Tan[d + exx])/(2*Sqrt[a]*Sqrt[a + bx
Tan[d + e*xx] + cxTan[d + e*xx]"2])])/a~(3/2) + (-((4*a"2xc + b™2x((-I)*b + ¢
) — ax(b72 - (4xI)*b*xc + 4*c”2))*ArcTanh[(2%xa - Ixb + (b - (2%I)*c)*Tan[d +
exx])/(2xSqrtla - I*b - c]*Sqrtla + bxTan[d + exx] + c*Tan[d + exx]~2])])/
(4xSgrtla - Ixb - c]) - ((4*a”2*c + b™2x(Ixb + c) - ax(b™2 + (4*I)*bxc + 4%
c”2))*ArcTanh[(2%a + I*b + (b + (2*I)*c)*Tan[d + e*x])/(2*Sqrt[a + I*b - c]
*xSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(4*Sqrt[a + Ixb - c]))/(b~2
+ (a - ¢)72) + (b”2 - 2*xaxc + b*c*Tan[d + e*x])/(a*Sqrtl[a + b*Tan[d + e*x]
+ cxTan[d + exx]"2]) + (-(axb”2) + 2%a*x(a - c)*c - bxckx(a + c)*Tan[d + exx
1)/((@”2 + b™2 - 2*%axc + c”2)*Sqrt[a + bxTan[d + exx] + cxTan[d + e*xx]~2]))
)/ ((b™2 - 4xaxc)x*e)

Maple [B] time = 122.368, size = 15825630, normalized size = 21100.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d)/(at+b*tan(e*x+d)+c*xtan(exx+d)~2)~(3/2),x)

[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*tan(e*x+d)+c*tan(e*x+d)~2)~(3/2),x, algorithm="ma
xima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atbxtan(e*x+d)+c*tan(e*xx+d)~2)~(3/2),x, algorithm="fr
icas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

cot (d + ex) i

w

(a +btan (d + ex) + ctan® (d + ex))E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(3/2),x)

[Out] Integral(cot(d + e*x)/(a + bxtan(d + e*xx) + c*tan(d + e*x)**2)**x(3/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

cot (ex + d) P
X

w

(c tan (ex + ¢7l)2 + btan (ex + d) + a)E

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(exx+d)/(atbxtan(e*x+d)+c*xtan(e*xx+d) ~2)~(3/2),x, algorithm="gi
ac")

[Out] integrate(cot(e*xx + d)/(c*tan(exx + d)~2 + bxtan(exx + d) + a)~(3/2), x)
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cot?(d+ex)

3.25 dx

2 3
(a+bmnﬂd+a0+ctan(d+&@)

Optimal. Leaf size=829

3
b(Za—2c+V a2-2ca+b?+c?
/
\/E\/Za—20+\/a2—20a+b2+02\/az—Zcu—
3/2
\/E(a2—2ca+b2+cz) e

\/2a—20+ Va2 = 2ca + b2 +c2\/a2 —20a -1+ - (a—c)Va? - 2ca + b + 2 tan™!

[Out] -((Sqrt[2*a - 2*c + Sqrt[a”2 + b~2 - 2*xa*xc + c~2]]*Sqrt[a”2 - b2 - 2*a*xc +
c”2 - (a - c)*Sqrt[a”2 + b™2 - 2*axc + c~2]]*ArcTan[(b*(2*a - 2*c + Sqrtla
"2 + b2 - 2%axc + ¢c72]) + (b2 - (a - c)*(a - ¢ - Sqrt[a”2 + b72 - 2xaxc +
c™2]))*Tan[d + exx])/(Sqrt[2]*Sqrt[2*xa - 2xc + Sqrt[a™2 + b™2 - 2xa*c + c~
2]1*%Sqrt[a”2 - b™2 - 2%xaxc + ¢”2 - (a - c)*Sqrt[a”2 + b™2 - 2xaxc + c~2]]*S
grtla + b*Tan[d + e*x] + cxTan[d + exx]72])]1)/(Sqrt[2]*(a”2 + b~2 - 2%axc +
c”2)7(3/2)xe)) + (Sqrt[2*a - 2xc - Sqrt[a™2 + b™2 - 2*axc + c~2]]*Sqrt[a”2
- b™2 - 2%axc + ¢c”2 + (a - c)*Sqrt[a”2 + b2 - 2*axc + c”2]]*xArcTan[(b* (2%
a - 2%c - Sqrt[a”2 + b™2 - 2*axc + ¢c72]) + (b”2 - (a - ¢c)*(a - ¢ + Sqrt[a”2
+ b72 - 2%axc + c¢72]))*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a™2 +
b~2 - 2*axc + c”2]]*Sqrt[a”2 - b"2 - 2*%axc + ¢”2 + (a - c)*Sqrt[a”2 + b2 -
2*%a*xc + c¢"2]]1*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + exx]~2])])/(Sqrt[2]*(a~2
+ b72 - 2%axc + ¢72)7(3/2)*e) + (3*bxArcTanh[(2*a + bxTan[d + e*xx])/(2*Sqr
t[a]l*Sqrt[a + b*Tan[d + exx] + c*xTan[d + exx]~2])])/(2%xa~(5/2)*e) + (2%Cot[
d + exx]*(b"2 - 2xaxc + bkxcxTan[d + exx]))/(a*x(b”™2 - 4*axc)*e*xSqrt[a + bxTa
nld + exx] + cxTan[d + exx]”2]) + (2x(b*(b”2 - (3%a - c)*c) + c*x(b™2 - 2x(a
- c)*c)xTan[d + exx]))/((b”2 + (a - ¢)”2)*(b"2 - 4xaxc)*exSqrt[a + b*Tan([d
+ exx] + cxTan[d + exx]~2]) - ((3*b~2 - 8*axc)*Cot[d + exx]*Sqrt[a + b*Tan
[d + exx] + cxTan[d + exx]~2])/(a"2%(b"2 - 4xaxc)*e)

Rubi [A] time = 4.93876, antiderivative size = 829, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 13, number of rules used = 10, integrand size = 33, e e =

= 0.303, Rules used = {3700, 6725, 740, 806, 724, 206, 975, 1036, 1030, 205}

integrand size

A\
b(2u—2£+ Va2-2ca+b2+c?

/

\/E\/Za—2c+\/a2—2ca+b2+cz\/112—2ca—
3/2
\/E(a2—2ca+b2+cz) e

\/2a—2c+ Va2 = 2ca + b2 +cz\/a2 —20a-b2+2—(a—c)Va? —2ca + b2 + 2 tan~!

Antiderivative was successfully verified.
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[In] Int[Cot[d + e*x]"2/(a + bx*Tan[d + e*x] + c*Tan[d + exx]~2)~(3/2),x]

[Out] -((Sqrt[2*a - 2*c + Sqrt[a”2 + b™2 - 2%a*xc + c~2]]*Sqrt[a”2 - b2 - 2*a*xc +
c™2 - (a - c)*Sqrt[a”2 + b~2 - 2xa*xc + c"2]]*ArcTan[(b*(2*a - 2*c + Sqrtla
"2 + b72 - 2xaxc + ¢c72]) + (b72 - (a - c)*x(a - ¢ - Sqrt[a”2 + b2 - 2%axc +
c"2]1))*Tan[d + e*x])/(Sqrt[2]*Sqrt[2*a - 2*c + Sqrt[a™2 + b~2 - 2*a*c + ¢~
2]]xSqrt[a”2 - b™2 - 2%axc + ¢”2 - (a - c)*Sqrt[a”2 + b~2 - 2%axc + c72]]*S
grtla + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2%a*xc +
c"2)7(3/2)*e)) + (Sqrt[2*a - 2*c - Sqrt[a”2 + b2 - 2*axc + c~2]]*Sqrt[a~2
- b72 - 2%axc + c”2 + (a - c)*Sqrt[a”™2 + b~2 - 2*axc + c”2]]*ArcTan[ (b* (2%
a - 2xc - Sqrt[a”™2 + b72 - 2%axc + ¢c72]) + (b”2 - (a - c)*x(a - ¢ + Sqrt[a”2
+ b72 - 2%axc + c¢72]))*Tanl[d + e*xx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a™2 +
b~2 - 2%axc + c72]]1*Sqrt[a”2 - b72 - 2%axc + ¢”2 + (a - c)*Sqrt[a”2 + b"2 -
2xaxc + c~2]]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2])])/(Sqrt[2]*(a~2
+ b72 - 2%axc + c”2)7(3/2)*e) + (3*b*ArcTanh[(2%a + b*Tan[d + ex*xx])/(2*Sqr
t[a]*Sqrt[a + b*Tan[d + exx] + c*xTan[d + exx]72])])/(2%xa~(5/2)*e) + (2*Cot[
d + exx]*(b72 - 2xa*xc + bkxcxTan[d + exx]))/(a*x(b™2 - 4*axc)*e*xSqrt[a + bxTa
nld + exx] + c*xTan[d + e*xx]~2]) + (2x(b*(b"2 - (3*%a - c)*c) + cx(b™2 - 2x(a
- c)*c)xTan[d + exx]))/((b”2 + (a - c)72)*(b"2 - 4xaxc)*exSqrtla + b*Tan([d
+ exx] + cxTan[d + exx]~2]) - ((3%b~2 - 8*axc)*Cot[d + exx]*Sqrt[a + b*Tan
[d + exx] + cxTanl[d + e*x]72])/(a™2x(b"2 - 4*axc)*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )1 (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_)*x(x_)]1)"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + e*x]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u )/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*xx"n), x]1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 740

Int[((d_.) + (e_)*(x_)) " (m)*((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8S
ymbol] :> Simp[((d + e*xx)"(m + 1)*(b*cxd - b~2%e + 2%axc*e + c*x(2xcxd - bxe
Y*kx)*k(a + b*x + c*xx"2) " (p + 1))/ ((p + 1)*(b"2 - 4xaxc)*(c*d”2 - bxd*e + axe
~2)), x] + Dist[1/((p + D*(b"2 - 4xa*xc)*(cxd"2 - b*d*e + axe”2)), Int[(d +
exx) “m*xSimp [bkckxd*e*x (2%xp — m + 2) + b™2*%e"2x(m + p + 2) - 2%c”2xd"2x(2*p +
3) - 2%axcxe”2x(m + 2%p + 3) - ckex(2xcxd - b*e)*(m + 2*p + 4)*x, x]*(a +
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bxx + c*x”2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b"2 - 4
xaxc, 0] && NeQ[cxd™2 - bxd*xe + axe”2, 0] && NeQ[2*c*d - bxe, 0] && LtQ[lp,
-1] && IntQuadraticQ[a, b, ¢, d, e, m, p, x]

Rule 806

Int[((d_.) + (e_.)*x(x_)) " (m_)*x((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> -Simp[((e*f - d*xg)*(d + exx)"(m + 1)*(a + b
*x + c*xx”2)7(p + 1))/ (2x(p + 1)*(c*d”2 - bxd*e + a*xe”2)), x] - Dist[(b*x(exf
+ d*xg) - 2% (cxd*xf + axexg))/(2+(c*d"2 - bxd*e + axe”2)), Int[(d + exx) " (m
+ 1)x(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] &
& NeQ[b~2 - 4x*axc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && EqQ[Simplify[m +
2%p + 3], 0]

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4%c*xd”2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
xaxe - bxd - (2xc*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*xc*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 975

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_)*((d_.) + (f_.)*(x_)"2)"(q_ ), x
_Symbol] :> Simp[((b~3*f + b*ck(c*d - 3xaxf) + c*(2xc™2*d + b™2+f - c*x(2*ax
f))*x)*x(a + bxx + c*xx72)"(p + *x(d + £*xx72)7(q + 1))/((b72 - 4xaxc)*(b~2xd
*f + (c*xd - a*xf)"2)*(p + 1)), x] - Dist[1/((b"2 - 4xaxc)*(b~2xd*f + (c*d -
axf)"2)x(p + 1)), Int[(a + b*x + c*x"2)"(p + 1)*(d + £*x72) q*Simp [2*c*(b~2
xd*f + (cxd - a*xf)"2)*(p + 1) - (2%c™2*d + b72xf - cx(2%axf))*(axfx(p + 1)
- cxdx(p + 2)) + (2%f*x(b73*f + bxckx(cxd - 3*axf))*x(p + q + 2) - (2%c™2*d +
b~2xf - ckx(2xaxf))x(b*xfx(p + 1)))*x + cxf*(2xc™2xd + b72*f - c*x(2%axf))* (2%
p + 2xq + 5)*x72, x], x], x] /; FreeQ[{a, b, c, d, f, q}, x] && NeQ[b~2 - 4
xaxc, 0] && LtQp, -1] && NeQ[b~2xd*f + (cxd - axf)~2, 0] && !'( !IntegerQ[
pl && ILtQlq, -11) && !'IGtQlq, O]

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a)) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - a*f)~2 + axcxe”2, 2]}, Dist
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[1/(2*q), Int[Simp[-(axhxe) - g*(cxd - axf - q) + (h*(c*xd - axf + q) - gkcx
e)*x, x]/((a + cxx"2)*Sqrt[d + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp[-(axh*e) - gx(cxd - axf + q) + (h*x(c*xd - axf - q) - gkcxe)*x, x]/((a + ¢
xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (f
_)*x(x_)72]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a”2*gxh*xc + ax
exx~2, x], x], x, Simp[a*h - gkc*x, x]/Sqrt[d + exx + f*x72]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQlaxh™2%e + 2%gxh*(c*d - axf) - g~2xc*e, 0]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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1

Subst ( f 7 dx, x, tan(d + ex))

f cot?(d + ex) e 32(1422)(a+bx+ca?)
(a + btan(d + ex) + ctan®(d + (33())3/2 ¢
Subst ! + ! ) dx, x, tan(d + ex )
(f (xz(a+bx+cx2)3/2 (—1—x2)(a+bx+cx2)3/2 ( )

e

Subst dx, x, tan(d + ex Subst ! :
B (f xz(a+bx+cx2) ( )) N (f (—1—x2)(a+bx+cx2)3/‘

e e

1

3/2

2 cot(d + ex) (b2 — 2ac + betan(d + ex)) 2 (b (b2 —(3a -
+

a (b2 - 4ac) e\/a + btan(d + ex) + ctan?(d + ex) (b2 +(a - c)z) (b2 -

2 cot(d + ex) (b2 — 2ac + betan(d + ex)) 2 (b (bz —(3a -
+

a (b2 - 4ac) e\/a + btan(d + ex) + ctan®(d + ex) (b2 +(a- c)2) (bz -

2 cot(d + ex) (bz — 2ac + betan(d + ex)) 2 (b (bz —(3a -
+

a (bz - 4ac) e\/a + btan(d + ex) + ctan®(d + ex) (b2 +(a- c)z) (bz .

\
\/Za—2c+\/a2+b2—2ac+cz\/u2—b2+c(c+\/u2+b2—2uc+c2
Y

Mathematica [C] time = 6.16579, size = 583, normalized size = 0.7

2a+b tan(d+ex)

( %b(Sac—3b2)+2abc) tanh ™1
Zﬁ\/ﬁb tan(d+ex)+c tanz(d+ex) (8uc—3b2) cot(d+ex)\/u+h tan(d+ex)+c tanz(d+ex)

2 243/2 - 2a

2(c(2ac-b2-2¢2) tan(d-+ex)+bc(3a—c)-b

a(b2—4ac) ((a—c)2+b2) (b2—4ac)\/a+b tan(d+ex)+c tan?

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + e*x]~2/(a + b*Tan[d + e*x] + c*Tan[d + e*x]~2)7(3/2),x]
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[Out] ((2x((-4*Sqrtla - Ixb - c]*(-(b*x(b72 - 4*axc))/4 + (I/4)x(a - c)*(b"2 - 4xa
xc))*ArcTanh[(-2%a + I*b - (b - (2%I)*c)*Tan[d + exx])/(2*Sqrtla - I*b - c]
xSqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(4xa - (4*xI)*b - 4xc) - (4x
Sqrtla + Ixb - cl*(-(b*(b™2 - 4*axc))/4 - (I/4)x(a - c)*(b"2 - 4xaxc))*ArcT
anh[(-2%xa - I*b - (b + (2xI)*c)*Tan[d + exx])/(2*Sqrt[a + I*b - c]*Sqrt[a +
bxTan[d + exx] + cxTan[d + exx]72])])/(4*a + (4*I)*b - 4%c)))/((b"2 + (a -
c)"2)*(b72 - 4xaxc)) - (2#Cot[d + e*x]*(-b~2 + 2%axc - bkc*xTan[d + e*x]))/
(a*x(b~2 - 4*axc)*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2]) - (2x(-b~3 +
bx(3%a - c)*c + cx(-b72 + 2kaxc - 2*kc”2)*Tan[d + exx]))/((b"2 + (a - c)"2)x
(b”2 - 4*axc)*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2]) - (2% (((2*axb*c
+ (b*(-3*b~2 + 8*axc))/2)xArcTanh[(2*a + bxTan[d + exx])/(2+Sqrt[a]l*Sqrt[a
+ b*Tan[d + e*x] + c*Tan[d + e*x]72])]1)/(2%xa”(3/2)) - ((-3*b~2 + 8*a*c)*Cot
[d + e*xx]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])/(2*%a)))/(a*x(b”2 - 4x
axc)))/e

Maple [F] time = 180., size = 0, normalized size = 0.

3

f(cot (ex + d))2 (a + btan (ex + d) + c (tan (ex + cl))z)_'Z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*xx+d) "2/ (a+b*tan(e*x+d)+c*tan(e*xx+d)~2)~(3/2),x)

[Out] int(cot(exx+d) 2/ (atb*tan(e*x+d)+c*tan(e*xx+d)~2) " (3/2),x%)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~2/(atb*tan(e*xx+d)+cxtan(e*xx+d)~2)~(3/2),x, algorithm="
maxima")

[Out] Timed out
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Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 2/ (atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(3/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

cot? (d + ex)

dx

»

(a +btan (d + ex) + ctan® (d + ex))E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**2/(atb*tan(e*xx+d)+c*tan(e*xx+d)**2)**(3/2),x)

[Out] Integral(cot(d + exx)**2/(a + bxtan(d + exx) + cxtan(d + exx)**2)**x(3/2), x
)

Giac [F] time = 0., size = 0, normalized size = 0.

cot (ex + d)* ;
X

w

(c tan (ex + d)2 + btan (ex + d) + a)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) "2/ (atb*tan(e*xx+d)+cxtan(e*xx+d)~2)~(3/2),x, algorithm="
giac")

[Out] integrate(cot(exx + d)~2/(cxtan(e*x + d)~2 + bxtan(e*xx + d) + a)~(3/2), x)
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cot3(d+ex)

3.26 dx

2 3
(a+bmnﬂd+a0+ctan(d+&@)

Optimal. Leaf size=1007

(sz - 12ac) \/c tan?(d + ex) + btan(d + ex) + a cot>(d + ex) 2 (Zo2 + ctan(d + ex)b — 2ac) cot?(d + ex)
+

202 (bz B 4“) ¢ a (b2 - 4ac) e\/c tan?(d + ex) + btan(d + ex) + a

[Out] ArcTanh[(2*a + b*Tan[d + exx])/(2+Sqrt[al*Sqrt[a + b*Tan[d + e*x] + c*Tan[d
+ exx]72])]1/(a”(3/2)*e) - (3x(5*b~2 - 4*axc)*ArcTanh[(2*a + b*Tan[d + exx]
)/ (2%Sqrt[a]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(8%a~(7/2)*e) +
(Sqrt[2*a - 2xc - Sqrt[a”™2 + b™2 - 2%axc + c”2]]*Sqrt[a”2 - b~2 - 2*axc +
c”2 + (a - c)*Sqrt[a”™2 + b72 - 2xa*xc + c”2]]*ArcTanh[(b"2 - (a - c)*(a - ¢
+ Sqrt[a”2 + b2 - 2xaxc + c¢72]) - b*(2%a - 2%c - Sqrt[a”2 + b72 - 2*a*c +
c"2])*Tan[d + ex*x])/(Sqrt[2]*Sqrt[2*xa - 2*c - Sqrt[a™2 + b~2 - 2%a*c + c~2]
IxSgrt[a™2 - b™2 - 2%axc + ¢”2 + (a - c)*Sqrt[a”2 + b™2 - 2*axc + c~2]]*Sqr
tla + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2]*(a”2 + b~2 - 2%a*c + ¢
~2)7(3/2)*e) - (Sqrt[2*a - 2*c + Sqrt[a”2 + b~2 - 2*axc + c~2]]*Sqrt[a”2 -
b~2 - 2*axc + c”2 - (a - c)*Sqrt[a”2 + b~2 - 2*axc + c”2]]*ArcTanh[(b~2 - (
a - c)k(a - c - Sqrtl[a™2 + b™2 - 2%a*xc + c72]) - b*(2*a - 2xc + Sqrt[a”2 +
b~2 - 2*axc + c”2])*Tan[d + ex*x])/(Sqrt[2]*Sqrt[2*a - 2*c + Sqrt[a”2 + b~2
- 2xa*xc + c¢"2]]*Sqrt[a”™2 - b72 - 2*%axc + c72 - (a - c)*Sqrt[a”2 + b72 - 2%a
xc + c”2]]1*xSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b
T2 - 2xaxc + ¢72)7(3/2)*e) - (2%(b72 - 2*axc + bkxc*Tan[d + e*xx]))/(a*x(b™2 -
4xaxc)*exSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*xx]~2]) + (2*Cot[d + e*xx] 2%
(b2 - 2%axc + bxc*Tan[d + e*xx]))/(ax(b”2 - 4*axc)*exSqrt[a + b*Tan[d + e*xx
1 + cxTan[d + exx]72]) + (2x(ax(b”2 - 2*(a - c)*c) + b*c*(a + c)*Tan[d + ex
x1))/((072 + (a - ¢)"2)*(b"2 - 4*axc)*e*xSqrt[a + bxTan[d + exx] + cxTan[d +
exx]"2]) + (bx(15%xb~2 - b52xa*c)*Cot[d + e*xx]*Sqrtla + b*Tan[d + exx] + cxT
an[d + exx]~2])/(4xa"3%(b"2 - 4xaxc)xe) - ((5¥b72 - 12%axc)*Cot[d + exx] 2%
Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])/(2%a”"2%(b"2 - 4*axc)*e)

Rubi [A] time = 4.92768, antiderivative size = 1007, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 18, number of rules used = 12, integrand size = 33, =
integrand size

= 0.364, Rules used = {3700, 6725, 740, 834, 806, 724, 206, 12, 1018, 1036, 1030, 208}

(567 - 12ac) \/c tan®(d + ex) + btan(d + ex) + a cot>(d + ex) 2 (b + c tan(d + ex)b — 2ac) cot?(d + ex)
+

202 (bz B 4ac) € a (b2 - 4ac) e\/c tan?(d + ex) + btan(d + ex) + a
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Antiderivative was successfully verified.

[In] Int[Cot[d + ex*x]"3/(a + bxTan[d + exx] + cx*xTan[d + ex*xx]~2)~(3/2),x]

[Out] ArcTanh[(2*a + b*Tan[d + exx])/(2+Sqrt[al*Sqrt[a + b*Tan[d + e*x] + c*Tan[d
+ exx]"2])]/(a”(3/2)*e) - (3%(5%b~2 - 4xaxc)*ArcTanh[(2%a + b*Tan[d + e*x]
)/ (2%Sqrt[a]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(8%a~(7/2)*e) +
(Sqrt[2*a - 2xc - Sqrt[a”™2 + b™2 - 2%a*xc + c~2]]*Sqrt[a”2 - b~2 - 2*axc +
c”2 + (a - c)*Sqrt[a™2 + b™2 - 2xa*xc + c”2]]*ArcTanh[(b"2 - (a - c)*(a - ¢
+ Sqrt[a”™2 + b2 - 2xaxc + c¢72]) - b*(2%a - 2%c - Sqrt[a”2 + b72 - 2*a*c +
c2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*xa - 2*xc - Sqrt[a”™2 + b™2 - 2%axc + c~2]
IxSgrt[a™2 - b™2 - 2%axc + ¢”2 + (a - c)*Sqrt[a”2 + b™2 - 2*axc + c~2]]*Sqr
tla + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2]*(a”2 + b™2 - 2xa*c + ¢
~2)7(3/2)*e) - (Sqrt[2*a - 2*c + Sqrt[a”2 + b2 - 2*axc + c~2]]*Sqrt[a”2 -
b~2 - 2%axc + c”2 - (a - c)*Sqrt[a”2 + b~2 - 2*axc + c”2]]*ArcTanh[(b~2 - (
a - c)k(a - c - Sqrtl[a™2 + b™2 - 2%a*xc + ¢c72]) - b*x(2*a - 2xc + Sqrt[a”2 +
b~2 - 2%axc + c72])*Tan[d + e*xx])/(Sqrt[2]*Sqrt[2*a - 2*%c + Sqrt[a”2 + b~2
- 2xa*xc + c¢"2]]*Sqrt[a™2 - b72 - 2*%axc + c”2 - (a - c)*Sqrt[a”2 + b72 - 2*a
xc + c”2]]1*xSqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b
T2 - 2xaxc + ¢72)7(3/2)*e) - (2%(b72 - 2*axc + bkxc*Tan[d + e*xx]))/(a*x(b™2 -
4xaxc)*exSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*xx]~2]) + (2xCot[d + e*xx] 2%
(b2 - 2%axc + bxc*Tan[d + e*xx]))/(ax(b”2 - 4*axc)*exSqrt[a + b*Tan[d + e*x
1 + cxTan[d + exx]72]) + (2x(ax(b”2 - 2*(a - c)*c) + b*c*(a + c)*Tan[d + ex
x]1))/((072 + (a - c)"2)*(b"2 - 4*axc)*e*xSqrt[a + bxTan[d + exx] + cxTan[d +
exx]"2]) + (b*x(15%xb~2 - b2xa*c)*Cot[d + exx]*Sqrt[a + b*Tan[d + exx] + cxT
an[d + exx]~2])/(4*a"3*x(b"2 - 4xaxc)*e) - ((5*b~2 - 12xaxc)*Cot[d + e*xx] 2%
Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])/(2xa"2x(b"2 - 4xa*c)*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )1 (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*((f_)*tan[(d_.) + (e_)*x(x_)]1)"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, X, f*Tan[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + bxx"n), x]1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 740
Int[((d_.) + (e_)*(x_)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8
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ymbol] :> Simp[((d + e*x)~(m + 1)*(b*ckxd - b~2%e + 2%axcke + cx(2kcxd - b*e
)*¥x)*k(a + b*x + c*xx72)"(p + 1))/((p + 1)*(b72 - 4xa*xc)*(c*d™2 - bxd*e + axe
~2)), x] + Dist[1/((p + 1)*x(b~2 - 4*a*xc)*(cxd"2 - b*d*e + axe”2)), Int[(d +
exx) “m*Simp [bxckd*e*x(2*%p - m + 2) + b72%e”2x(m + p + 2) - 2%xc”2xd"2%(2*p +
3) - 2%axcxe”2x(m + 2*p + 3) - cxex(2xcxd - bkxe)*(m + 2*p + 4)*x, x]*(a +

b*x + c*xx”2)"(p + 1), x], x] /; FreeQl[{a, b, c, d, e, m}, x] && NeQ[b~2 - 4
xaxc, 0] && NeQ[c*d™2 - bxd*xe + a*xe”2, 0] && NeQ[2*cxd - bxe, 0] && LtQlp,

-1] && IntQuadraticQ[a, b, ¢, d, e, m, p, x]

Rule 834

Int[((d_.) + (e_)*xD)"(m)*x((£f_.) + (g_)*x_))*x((a_.) + (b_.)*(x_) + (c
_D)*(x_)72) (p_.), x_Symbol] :> Simp[((exf - dxg)*(d + exx)"(m + 1)*(a + bx
x +cxx”2)7(p + 1D))/((m + 1)*x(cxd”™2 - bxdxe + a*xe”2)), x] + Dist[1/((m + 1)
*(cxd™2 - b*d*e + axe”2)), Int[(d + exx)"(m + 1)*(a + b*x + c*x~2) p*Simp[(
cxd*f - fxbxe + axexg)*x(m + 1) + bx(d*g - exf)*x(p + 1) - cx(exf - d*xg)*x(m +
2%p + 3)*x, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, p}, x] && NeQ[b~2 -
4xaxc, 0] && NeQ[cxd~™2 - bxdxe + axe”2, 0] && LtQ[m, -1] && (IntegerQ[m] ||
IntegerQlp] || IntegersQ[2*m, 2x*p])

Rule 806

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a_.) + (b_.)*x(x_) + (c
_D)*(x_)72)"(p_.), x_Symbol] :> -Simp[((e*xf - d*xg)*(d + exx)"(m + 1)*(a + b
*x + c*xx”2)7(p + 1))/ (2x(p + 1)*(c*d”2 - bxd*e + a*e”2)), x] - Dist[(b*(exf
+ d*xg) - 2% (c*xd*xf + axexg))/(2+(c*d”2 - bxd*e + a*xe”2)), Int[(d + exx) " (m
+ 1)*(a + b*x + c*x”2)7p, x], x] /; FreeQl{a, b, ¢, d, e, f, g, m, p}, x] &
& NeQ[b~2 - 4x*axc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && EqQ[Simplify[m +
2xp + 3], 0]

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4%c*xd"2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
xaxe - bxd - (2xc*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*xc*d - bx*e, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 1018

Int[((g_.) + (h_)*x_))*x((a) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (£
_D)*(x_)72)7(q ), x_Symbol] :> Simp[((a + bxx + c*x72)7(p + 1)*(d + £*x72)~
(g + D)*x((gkc)*(—(b*x(c*xd + a*f))) + (g*b - a*xh)*(2xc™2*xd + b™2xf - c*x(2*axf
)) + cx(gx(2%xc™2xd + b~2*f - c*x(2%axf)) - hx(bxcxd + axbxf))*x))/((b~2 - 4%
axc)*(b72+d*f + (c*d - a*xf)"2)x(p + 1)), x] + Dist[1/((b~2 - 4xax*xc)* (b~ 2*dx*
f + (cxd - a*xf)"2)x(p + 1)), Int[(a + b*x + c*xx"2)"(p + 1)*(d + £*x~2) g*Si
mp [(b*h - 2xgkc)*((c*xd - a*xf)"2 - (bkd)*x(-(bxf)))*(p + 1) + (b™2x(gxf) - bx
(h*c*xd + axh*xf) + 2x(gxckx(cxd - axf)))*(a*xfx(p + 1) - ckxdx(p + 2)) - (2*fx*(
(gxc)*(=(bx(cxd + a*xf))) + (g*b - a*h)*(2xc™2*d + b 2xf - c*x(2*a*xf)))*(p +

q + 2) - (b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(b*xfx(p + 1)
))xx — cxfx(b”2%(g*f) - bk (h*c*d + axhxf) + 2x(gxckx(cxd - a*xf)))*(2%p + 2xq
+ 6)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, £, g, h, g}, x] && NeQ[b™2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2*d*f + (c*d - axf)~2, 0] && !( !IntegerQlp
1 && ILtQlq, -11)

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*cxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*x(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrt[d + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(c*xd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)*x, x]/((a + ¢
*x72)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQl[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4x*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[axh - gkxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[a*h™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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Subst L dx, x, tan(d + ex))
f C0t3(d + EX) J (f x3(1+x2)(a+bx+cx2)3/2
X =
3
(a +btan(d + ex) + ctan®(d + ex)) ; €
Subst ! - ! + a ) dx, x, tan(
_ (f (x3(a+bx+cx2)3/2 x(a+bx+cx2)3/2 (1+x2)(a+bx+cx2)3/2
- e
Subst| [— L dx, x, tan(d + ex Subst ! dx
B (f x3(a+bx+cx2)3/2 ( )) (f x(a+bx+cx2)3/2
B e e
2 (bz — 2ac + betan(d + ex)) 2 cot?(d + e

= - +
a (bz - 4ac) e\/a +btan(d + ex) + ctan®(d + ex) a (bz - 4ac) e\/;

2 (bz —2ac + betan(d + ex)) 2 cot?(d + e
+

a (bz - 4ac) e\/a +btan(d + ex) + ctan®(d + ex) a (b2 - 4ac) e\/;

2 (b2 — 2ac + betan(d + ex)) 2 cot?(d + ex

a (bz - 4ac) e\/a +btan(d + ex) + ctan®(d + ex) a (b2 - 4ac) e\/;

tanh ™" 20+b tan(d+ey) \/ 2a—2c— Va2 + b2 - 2ac +
2\/5\/a+b tan(d+ex)+c tanz(d+ex)
B a’e
tanh ™ 2atbtantdien) 3 (5b2 - 4ac) tanh ™" 2
2\/3\/a+b tan(d+ex)+c tanz(d+ex) 2\/E\la+b

a32e 8a7l2¢

Mathematica [C] time = 6.17195, size = 786, normalized size = 0.78

(ac(5b2—12ac)—41b2(15b2—52ac)) tanh_1 2a+btan(d-+ex)
Z\E\/a+b tan(d+ex)+c tanz(d+ex) b(15b2—52ﬂc) cot(d+ex)/ a+l
22302 * 4

2| —

2a

2
Z(Zuc—b?) tanh_l 2a+b tan(d+ex)
Z\fa\/a+b tan(d+ex)+ctan?(d+ex)

a3/2 (bz —4ac) a a (b2 —4ac)
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Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]~3/(a + bxTan[d + exx] + cxTan[d + exx]~2)~(3/2),x]

[Out] ((-2%(-b~2/2 + 2xa*c)*ArcTanh[(2*a + b*Tan[d + exx])/(2*Sqrt[a]l*Sqrt[a + bx
Tan[d + exx] + cxTan[d + exx]172])]1)/(a~(3/2)*x(b™2 - 4*a*xc)) - (2x((-4*Sqrt[
a + Ixb - cl*((I/4)*b*x(b"2 - 4*axc) - ((a - c)*(b"2 - 4*axc))/4)*ArcTanh[(2
xa + Ixb - (-b - (2*I)*c)*Tan[d + ex*x])/(2%Sqrt[a + Ixb - c]*Sqrt[a + b*Tan
[d + exx] + cxTan[d + exx]"2])])/(4*a + (4*I)*b - 4*c) - (4*Sqrt[a - Ixb -
c]*((-I/4)*bx(b~2 - 4xa*xc) - ((a - c)*(b™2 - 4*axc))/4)*ArcTanh[(2*a - I*b
- (-b + (2xI)*c)*Tan[d + exx])/(2xSqrt[a - I*b - cl*Sqrt[a + b*Tan[d + exx]
+ cxTan[d + exx]72])]1)/(4*xa - (4*I)*b - 4%c)))/((b72 - 4xa*xc)*(b72 + (-a +
c)"2)) + (2x(-b"2 + 2*axc - bxc*Tan[d + ex*xx]))/(ax(b~2 - 4*axc)*Sqrtl[a + b
*Tan[d + exx] + c*Tan[d + exx]72]) - (2xCotl[d + exx] 2*%(-b"2 + 2%a*xc - b*cx
Tan[d + exx]))/(a*x(b~2 - 4*axc)*Sqrt[a + bxTan[d + exx] + c*Tan[d + exx]~2]
) = (2% (-(ax(b™2 - 2%a*xc + 2%c”2)) + c*(-(axb) - bxc)*Tan[d + e*xx]))/((b~2
- 4xaxc)*(b"2 + (-a + c)"2)*Sqrt[a + b*Tan[d + e*x] + cxTan[d + e*x]~2]) -
(2% (- ((-5*b~2 + 12*axc)*Cot[d + exx] 2+Sqrt[a + b*Tan[d + exx] + c*Tan[d +
exx]72])/(4*a) - (((-(b72%(15%b~2 - b2*a*xc))/4 + a*xc*x(5xb™2 - 12%a*c))*ArcT
anh[(2*a + bxTan[d + exx])/(2+Sqrt[al*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e
*xx]72]1)]1)/(2%xa~(3/2)) + (b*(15%b~2 - 52xaxc)*Cot[d + exx]*Sqrt[a + bxTan[d
+ exx] + cxTan[d + exx]~2])/(4xa))/(2%a)))/(ax(b”2 - 4*axc)))/e

Maple [F] time = 180., size = 0, normalized size = 0.

3

f (cot (ex + d))3 (a +btan(ex + d) + c (tan (ex + d))z)_E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d) "3/ (at+b*tan(e*x+d)+c*xtan(exx+d)~2)~(3/2),x)

[Out] int(cot(e*x+d) 3/ (atb*tan(e*x+d)+c*tan(e*x+d)~2)~(3/2),x%)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(e*x+d) ~3/(atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(3/2),x, algorithm="

maxima")

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3/ (atbxtan(exx+d)+c*tan(e*x+d)~2)~(3/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

cot® (d + ex) 0

w

(a +btan (d + ex) + ctan® (d + ex))E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**3/(atb*tan(e*xx+d)+ckxtan(exx+d)**2)**(3/2),x)

[Out] Integral(cot(d + exx)**3/(a + bxtan(d + exx) + cxtan(d + e*xx)**2)**(3/2), x
)

Giac [F] time = 0., size = 0, normalized size = 0.

cot (ex + al)3

> dx
(c tan (ex + d)* + btan (ex + d) + a)z

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(e*x+d) ~3/(atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(3/2),x, algorithm="
giac")

[Out] integrate(cot(exx + d)~3/(cxtan(e*x + d)~2 + bxtan(e*xx + d) + a)~(3/2), x)
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3.27 ftan5(d+ex)\/a + btan®(d + ex) + ctan*(d + ex) dx

Optimal. Leaf size=270

b+2c tan2(d +ex)

2\/5\/a+b tanz(d+ex)+c tan4(d+ex) (Zc(b + ZC) tanz(d + ex) + (b - ZC)(b

(—4bc(a —2c) — 8c%(a + 2c) + 2b%c + b3) tanh ™" [

32c52¢

[Out] -(Sqrtla - b + cl*ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]~2)/(2*Sqrt[a -
b + c]*Sqrt[a + b*Tan[d + e*x]”2 + c*Tan[d + e*x]"4])])/(2xe) + ((b™3 + 2*b

T2xc - 4xbx(a - 2xc)*c - 8*c”2kx(a + 2xc))*ArcTanh[(b + 2*c*Tan[d + e*x]"2)/
(2xSqrt[c]*Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d + exx]"4])])/(32*c”(5/2)*e)

- (((b = 2xc)*x(b + 4xc) + 2xc*x(b + 2xc)*Tan[d + exx]~2)*Sqrt[a + bxTan[d +

exx] "2 + cxTan[d + exx]~4])/(16*c"2*e) + (a + b*Tan[d + e*x]~2 + cxTan[d +
exx]~4)7(3/2)/(6*cxe)

Rubi [A] time = 0.612587, antiderivative size = 270, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 35, i L

0.229, Rules used = {3700, 1251, 1653, 814, 843, 621, 206, 724}

integrand size

b+2c tanz(d +ex)

2\/5\/a+b tan?(d+ex)+c tan*(d+ex) (ZC(b + 2C) tanz(d + ex) + (b - 2C)(b

(—4bc(a —2¢) = 8c%(a + 2¢) + 2b%c + b3) tanh ™"

32c5/2¢

Antiderivative was successfully verified.

[In] Int[Tan[d + exx] 5*Sqrtl[a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]~4],x]

[Out] -(Sqgrtla - b + cl*ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]~2)/(2+Sqrt[a -
b + cl*Sqrt[a + bxTan[d + exx]~2 + c*Tan[d + e*x]~4])])/(2*xe) + ((b~3 + 2xb
“2%c - 4xbx(a - 2*xc)*c - 8xc”2x(a + 2*c))*ArcTanh[(b + 2*c*Tan[d + exx]~2)/
(2%Sqrt [c]1*Sqrt[a + bxTan[d + exx] "2 + c*Tan[d + e*x]~4])1)/(32xc~(5/2)*e)

- (((b = 2xc)*(b + 4xc) + 2xc*x(b + 2xc)*Tan[d + exx]~2)*Sqrt[a + bxTan[d +

e*xx] 72 + c*xTan[d + e*xx]~4])/(16xc”2xe) + (a + b*Tan[d + e*x]”2 + c*Tan[d +
exx]~4)7(3/2)/(6*cx*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )17 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
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, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

Int[(x_)"(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)74)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx)"q*(a +
b*x + c*x72)7p, x], x, x7°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 1653

Int [(Pq_)*((d_.) + (e_.)*(x_)) " (m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, S
imp[(fx(d + exx)"(m + q - D*(a + bxx + c*x”2)"(p + 1))/(c*xe™(q - Dx*(m + q
+ 2%p + 1)), x] + Dist[1/(c*xe”g*x(m + q + 2*%p + 1)), Int[(d + e*x) " mx(a + b
*x + c*x”2) pxExpandToSum[c*e”q*(m + q + 2%p + 1)*Pq - cxf*(m + q + 2%xp + 1
)*(d + exx)”q - f*x(d + e*xx)”"(q - 2)*(bxd*ex(p + 1) + a*xe™2%(m + q - 1) - c*
d™2x(m + q + 2%p + 1) - e*x(2*cxd - bxe)*x(m + q + p)*x), x], x], x] /; GtQlq
, 11 && NeQ[m + q + 2%p + 1, 011 /; FreeQ[{a, b, ¢, d, e, m, p}, x] & Poly
Q[Pq, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2 - bxd*e + axe”2, 0] && !'(IGtQ
[m, 0] && RationalQ[a, b, c, d, e] && (IntegerQ[p] || ILtQ[p + 1/2, 0]))

Rule 814

Int[((d_.) + (e_.)*(x_))"(m )*((f_.) + (g_)*x_))*((a_.) + (b_.)*(x_) + (c
_D)*(x_)72)"(p_.), x_Symbol] :> Simp[((d + e*x)"(m + 1)*(ckxexfx(m + 2%p + 2
) — gx(c*xd + 2xcxd*p - bxexp) + gxckxex(m + 2%p + 1)*x)*(a + b*x + c*x72)p)
/(cxe”™2x(m + 2*%p + 1)*(m + 2*p + 2)), x] - Dist[p/(c*xe™2x(m + 2*p + 1)*(m +
2xp + 2)), Int[(d + e*xx)"m*x(a + bxx + c*x72)7(p - 1)*Simp[cxe*xfx(bxd - 2xa
xe)x(m + 2xp + 2) + gk(axex(bxe - 2%ckd*m + bxe*xm) + bkdx(bxe*xp - c*d - 2%c
xd*p)) + (ckexf*(2kcxd - bxe)*(m + 2%p + 2) + gx(b™2%e™2x(p + m + 1) - 2%c”
2xd"2x (1 + 2*p) - cxex(b*xdx(m - 2*p) + 2xa*xex(m + 2*xp + 1))))*x, x], x], x]
/; FreeQ[{a, b, c, d, e, f, g, m}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[cxd"2
- bxd*e + axe”2, 0] && GtQ[p, O] && (IntegerQlp] || !'RationalQ[m] || (GeQ[
m, -1] && LtQ[m, 0])) &% !'ILtQ[m + 2*p, 0] && (IntegerQ[m] || IntegerQ[p]
|| IntegersQ[2*m, 2x*p])

Rule 843

Int[((d_.) + (e_)*x_D))"m_)*((£f_.) + (g_)*xx_)N*((a_.) + (b_.)*(x_) + (c
_)*(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*x(a + b*x +
c*¥x"2)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + e*xx) m*x(a + b*x + c*x"2)7p,
x], x] /; FreeQ[{a, b, ¢, d, e, £, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
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NeQ[c*xd™2 - b*dxe + axe”2, 0] && !'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
xaxe - bxd - (2xc*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*xc*d - bxe, 0]

Rubi steps



194

54/
Subst (f %ﬁ“x‘l dx, x, tan(d + ex))
f tan’(d + ex)Ja + btan?(d + ex) + c tan‘(d + ex) dx = -
24/
Subst (f arbrre dx, x, tanz(d + ex))
1+x
- 2e
3b 3
-2 (b4
) A 32 Subst f( 22
(a + btan“(d + ex) + ctan®(d + ex))
B 6ce "
((b —20)(b + 4c) + 2¢(b + 2¢) tan?(d + ex)) \Ja + btan®(d 4
T 16c2e
((b —20)(b + 4c) + 2¢(b + 2¢) tan?(d + ex)) \Ja + btan®(d 4
T 16c2e
((b = 20)(b + 4c) + 2c(b + 20) tan’(d + ex)) y/a + btan®(d
T 16c2e

\/mtanh_l [ 2u—b+(b—20)tan2(d+ex) ] (b3 |

2\/u—b+c\/a+b tanz(d+ex)+c tan4(d+ex)

B 2¢

Mathematica [A] time = 5.8262, size = 290, normalized size = 1.07

b+2c tanz(d +ex)

3 (—4bc(a —2c) — 8c%(a + 2c) + 2b%c + b3) tanh ™

1 4 2
= ; ]+ Z\/Esec (d+ex)((8ac—3b - 8bc +
2\/5\/a+b tan®(d+ex)+c tan*(d+ex)

Antiderivative was successfully verified.

[In] Integrate[Tan[d + exx] 5*Sqrtl[a + bxTan[d + exx]"2 + cxTan[d + exx]~4],x]

[Out] (-48xc~(5/2)*Sqrtla - b + cl*ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*x]~2)/(
2xSqrt[a - b + cl*Sqrt[a + b*Tan[d + e*x]~2 + c*xTan[d + exx]~4])] + 3*(b~3

+ 2%b72xc - 4xbx(a - 2xc)*c - 8*c”2*(a + 2xc))*ArcTanh[(b + 2*cxTan[d + exx
172)/(2xSqrt [c]*Sqrt[a + b*Tan[d + exx]~2 + c*Tan[d + e*x]~4])] + (Sqrtl[cl*
(-9%b~2 + 24xaxc - 16xb*c + 84*c™2 - 4*(3%b~2 + 6xbxc - 8*cx(a + 2xc))*Cos[

2%(d + exx)] + (-3*%b72 + 8*akxc - 8xb*xc + 44*c”2)*Cos[4x(d + exx)])*Sec[d +

exx] ~4*Sqrt[a + b*Tan[d + e*x]”2 + cxTan[d + exx]~4])/4)/(96%c~(5/2)*e)
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Maple [B] time = 0.25, size = 684, normalized size = 2.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bxtan(exx+d) "2+c*tan(exx+d)~4)~(1/2)*tan(e*x+d) ~5,x)

[Out] 1/6*(a+b*tan(e*x+d) "2+c*tan(e*x+d) ~4)~(3/2)/c/e-1/8/e*b/c*(a+b*tan(e*xx+d) "2
+c*xtan(exx+d) ~4) " (1/2)*tan(e*x+d) "2-1/16/exb”~2/c"2x (a+b*tan (e*x+d) ~2+c*tan(
exx+d) "4)~(1/2)-1/8/exb/c~(3/2)*1n((1/2*b+c*tan(exx+d) ~2) /c~(1/2)+(a+b*tan(
exx+d) "2+c*xtan(exx+d) ~4) " (1/2))*a+1/32/e*xb”3/c”(5/2) *1n((1/2*b+c*tan (e*xx+d)
~2)/c”(1/2)+(a+b*tan(exx+d) “2+c*tan (e*x+d) "4) ~(1/2))-1/4/ex (atb*tan (e*x+d) "
2+cxtan(e*xx+d) ~4) " (1/2) *tan(e*xx+d) "2-1/8/e/c*(a+b*tan (exx+d) "2+c*tan (e*xx+d)
~4)~(1/2)*b-1/4/e/c”(1/2)*1n((1/2*¥b+cxtan(exx+d) ~2) /c~ (1/2)+(a+b*tan (exx+d)
~2+cxtan(e*xx+d) ~4)~(1/2))*a+1/16/e/c~(3/2) *1n((1/2xb+c*tan (exx+d) ~2) /c~(1/2
)+ (atb*tan (e*x+d) "2+c*xtan(exx+d) ~4)~(1/2))*b~2+1/2/ex((1+tan(exx+d) ~2) "2*c+
(b-2*c) * (1+tan(e*xx+d) "2)+a-b+c) ~(1/2)+1/4/e*x1n((1/2*b-c+cx (1+tan(exx+d) ~2))
/c”(1/2)+((1+tan(e*xx+d) ~2) "2*c+ (b-2*c) * (1+tan(e*x+d) "2) +a-b+c) ~(1/2)) /c~(1/
2)*b-1/2/e*x1n((1/2*b-c+cx (1+tan(e*x+d) ~2))/c”(1/2)+((1+tan (e*xx+d) ~2) "2*c+(b
-2xc)* (1+tan(exx+d) ~2)+a-b+c) " (1/2))*xc~(1/2)-1/2/ex(a-b+c) ~(1/2) *1n((2*a-2x%
b+2*xc+(b-2xc)* (1+tan(e*x+d) ~2)+2* (a-b+c) ~(1/2)* ((1+tan(e*x+d) ~2) ~2*xc+(b-2*c
Yx(1+tan(e*x+d) "2)+a-b+c) " (1/2))/(1+tan(e*xx+d) ~2))

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d) “2+c*tan(exx+d)~4)~(1/2)*tan(e*xx+d)”5,x, algorithm
="maxima")

[Out] Timed out

Fricas [A] time = 36.87, size = 3421, normalized size = 12.67

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d) “2+cxtan(exx+d)~4)~(1/2)*tan(exx+d) 5,x, algorithm
="fricas")

[Out] [1/192%(48*sqrt(a - b + c)*c™3*log(((b™2 + 4x(a - 2%b)*c + 8*c™2)*tan(e*x +
d)"4 + 2x(4xaxb - 3*b"2 - 4x(a - b)*c)*tan(exx + d)72 - 4xsqrt(cxtan(exx +
d)"4 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(e*xx + d)~2 + 2*%a - b)*sqrt(a -
b + c) + 8%a”2 - 8%axb + b72 + 4xaxc)/(tan(exx + d)”4 + 2*tan(e*xx + d)72 +
1)) - 3%(b7™3 - 8x(a - b)*c™2 - 16%xc™3 - 2x(2*a*xb - b~2)*c)*sqrt(c)*log(8*c
“2xtan(e*xx + d)~4 + 8*bxcktan(e*xx + d)72 + b72 - 4xsqrt(cxtan(exx + d)74 +
bxtan(exx + d)72 + a)*(2xc*tan(e*x + d)72 + b)*sqrt(c) + 4xaxc) + 4*(8*c™3x%
tan(e*xx + d)74 - 3%b72xc + 2x(4*a - 3*b)*xc”2 + 24%c”3 + 2%(b*c”2 - 6%c”3)*t
an(exx + d)~2)*sqrt(c*xtan(exx + d)~"4 + bxtan(exx + d)72 + a))/(c"3*e), 1/96
*x(24xsqrt(a - b + c)*c”3xlog(((b~2 + 4*(a - 2*¥b)*c + 8xc~2)*tan(e*xx + d)~4
+ 2% (4*axb - 3*b”2 - 4*(a - b)*c)*tan(e*x + d)~2 - 4*sqrt(c*tan(e*x + d)74
+ bxtan(e*xx + d)72 + a)*((b - 2*c)*tan(e*x + d)72 + 2%xa - b)*sqrt(a - b + ¢
) + 8%a”2 - 8%axb + b2 + 4*axc)/(tan(exx + d)74 + 2xtan(exx + d)72 + 1)) -
3%x(b73 - 8x(a - b)*c™2 - 16%c™3 - 2*(2*axb - b~2)*c)*sqrt(-c)*arctan(l/2*s
grt(cxtan(exx + d)"4 + bxtan(exx + d)72 + a)*(2xcxtan(e*x + d)~2 + b)*sqrt(
-c)/(c"2xtan(exx + d)~4 + bxcxtan(exx + d)72 + a*c)) + 2*%(8xc”3xtan(exx + d
)74 - 3%b72xc + 2x(4*a - 3*b)*xc”2 + 24%c”3 + 2*(b*c”2 - 6%c”3)*tan(e*x + d)
~2)xsqrt(cxtan(exx + d)74 + bxtan(e*x + d)~2 + a))/(c"3%e), -1/192x(96%sqrt
(-a + b - c)*c”3xarctan(-1/2*sqrt(c*tan(e*x + d)~4 + bxtan(e*x + d)~2 + a)*
((b - 2xc)*tan(exx + d)72 + 2xa - b)*sqrt(-a + b - ¢)/(((a - b)*c + c"2)*ta
n(exx + d)74 + (a*b - b™2 + b*xc)*tan(exx + d)72 + a”2 - a*xb + axc)) + 3*(b”
3 - 8%(a - b)*c™2 - 16%c™3 - 2x(2%a*b - b72)*c)*sqrt(c)*log(8xc~2*tan(e*xx +
d)~"4 + 8xb*ckxtan(exx + d)72 + b"2 - 4xsqrt(cxtan(e*x + d)~4 + bxtan(e*x +
d)"2 + a)*(2*xcxtan(exx + d)72 + b)*sqrt(c) + 4xaxc) - 4*(8*xc”3*tan(e*x + d)
T4 - 3xb72xc + 2x(4*a - 3xb)*c”2 + 24xc”3 + 2x(b*c”2 - 6*%c”3)*tan(exx + d)~
2)*sqrt(cxtan(exx + d)~4 + b*tan(exx + d)~2 + a))/(c"3*xe), -1/96%(48*sqrt(-
a + b - c)xc”3*xarctan(-1/2*sqrt(cxtan(e*x + d)74 + bxtan(e*x + d)~2 + a)*((
b - 2*c)*tan(e*xx + d)72 + 2%a - b)*sqrt(-a + b - ¢)/(((a - b)*c + c~2)*tan(
exx + d)74 + (a*b - b72 + bxc)*tan(exx + d)72 + a2 - a*b + a*xc)) + 3*(b~3
- 8x(a - b)*c™2 - 16%c™3 - 2*(2*%axb - b~2)*c)*sqrt(-c)*arctan(l/2*sqrt(c*ta
n(e*xx + d)~4 + bxtan(exx + d)72 + a)*(2*xcxtan(e*x + d)~2 + b)*sqrt(-c)/(c"2
xtan(e*xx + d)74 + bxcktan(exx + d)72 + a*xc)) - 2%(8xc”3*tan(exx + d)~4 - 3%
b~2xc + 2% (4xa - 3xb)*c”2 + 24*c”3 + 2x(b*c”2 - 6*%c”3)*tan(e*xx + d)~2)*sqrt
(cxtan(e*x + d)~4 + b*tan(e*xx + d)~2 + a))/(c"3x*e)]
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Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + btan? (d + ex) + ctan* (d + ex) tan® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)**2+cktan(e*xx+d)*x4)**(1/2)*tan(exx+d)**5,x)

[Out] Integral(sqrt(a + b*tan(d + e*x)**2 + c*tan(d + e*x)**4)*tan(d + e*x)**5, x

)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*tan(exx+d) "2+c*xtan(e*x+d)~4)~(1/2)*tan(e*x+d)"5,x, algorithm
g g

= 3 n

="giac")

[Out] Timed out
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3.28 ftan3(d+ex)\/a + btan®(d + ex) + ctan*(d + ex) dx

Optimal. Leaf size=209

b+2c tanz(d+ex)

2\/;\/“1,tanz(d+ex)+ctan4(d+ex)) (b +2¢ tanz(d +ex) — 4c) \/a +b tanz(d + ex) + ¢ t:
+
16c%/2¢ 8ce

(—4c(a +20) + % + 4bc) tanh ™ (

[Out] (Sgrtla - b + cl*ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*x]~2)/(2*Sqrt[a - b
+ c]*Sqrt[a + b*Tan[d + e*xx]”2 + cxTan[d + exx]~4])]1)/(2%e) - ((b™2 + 4xbx

c - 4xcx(a + 2*c))*ArcTanh[(b + 2*cxTan[d + exx]~2)/(2%Sqrt[cl*Sqrtl[a + bx*T

an[d + e*x]”2 + cxTan[d + e*xx]74])])/(16%c~(3/2)*e) + ((b - 4*c + 2*cxTan[d

+ e*xx]"2)*Sqrt[a + b*Tan[d + e*x]~2 + cxTan[d + exx]~4])/(8xcxe)

Rubi [A] time = 0.34928, antiderivative size = 209, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 35, e e =

0.2, Rules used = {3700, 1251, 814, 843, 621, 206, 724}

integrand size

b+2c tanz(d+ex)
2\/;\/&+btan2(d+@x)+ctan4(d+ex) (b +2c tanz(d +ex) — 4c) \/a +b tanz(d + ex) + c t:
+
16c3/2¢ 8ce

(—40(11 +20) + b + 4bc) tanh™

Antiderivative was successfully verified.

[In] Int[Tan[d + e*xx]~3*Sqrtl[a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4],x]

[Out] (Sqrtla - b + cl*ArcTanh[(2%*a - b + (b - 2*c)*Tan[d + e*xx]~2)/(2xSqrt[a - b
+ c]*Sqrt[a + b*Tan[d + e*xx]”2 + cxTan[d + exx]~4])]1)/(2%xe) - ((b™2 + 4xbx

c - 4xcx(a + 2xc))*ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2xSqrt[c]l*Sqrt[a + bxT

an[d + e*xx]”2 + cxTan[d + exx]74])])/(16%c~(3/2)*e) + ((b - 4*c + 2*cxTanl[d

+ exx]~2)*Sqrt[a + b*Tan[d + e*x]”"2 + c*Tan[d + e*xx]~4])/(8*cx*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.)*((a_.) + (b_.)*x((f_.)*tan[(d_.) + (e_.)*(
x ) (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1251
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Int[(x_)"(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)74)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx) g*(a +
b*x + c*x72)7p, x], x, x72], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 814

Int[((d_.) + (e_D)*(x_))" (@ )*((f_.) + (g_)*(x_))*((a_.) + (b_)*(x_) + (c
_D)*(x_)72) " (p_.), x_Symbol] :> Simp[((d + e*x)"(m + 1)*(ckxexfx(m + 2%p + 2
) - gx(c*xd + 2%cxd*p - bkexp) + gkckxex(m + 2*p + 1)*x)*(a + b*x + c*x~2)7p)
/(cxe”™2x(m + 2*%p + 1)*(m + 2*p + 2)), x] - Dist[p/(c*xe™2x(m + 2*p + 1)*(m +
2xp + 2)), Int[(d + exx) " mx(a + b*x + c*x72) " (p - 1)*Simp[ckexf*x(b*xd - 2xa
xe)*x(m + 2xp + 2) + gkx(axex(bxe - 2*cxd*m + b*exm) + bkxdx(b*e*xp - c*xd - 2%c
xd*p)) + (ckexf*(2*kcxd - bxe)*(m + 2%xp + 2) + gx(b™2%e™2x(p + m + 1) - 2x%c”
2xd72* (1 + 2%p) - cxe*x(bxdx(m - 2*%p) + 2*xaxex(m + 2*p + 1))))*x, x], x], x]
/; FreeQ[{a, b, c, d, e, f, g, m}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[cxd"2

- bxd*xe + axe”2, 0] && GtQ[p, 0] && (IntegerQlp] || !'RationalQ[m] || (GeQ[
m, -1] && LtQ[m, 0])) &% !'ILtQ[m + 2*p, 0] && (IntegerQ[m] || IntegerQ[p]

|| IntegersQ[2*m, 2x*p])

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a_.) + (b_.)*x(x_) + (c
_I)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*xx)"(m + 1)*x(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*x(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, c, d, e, £, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d™2 - bxdxe + axe™2, 0] && 'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2xcxx)/Sqrtla + bxx + c*xx~2]]1, x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
*xaxe - bxd - (2*c*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
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d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rubi steps

Subst (f Va+bx2+cx

4
T2 dx, x, tan(d + ex))

f tan’(d + ex)Ja + btan?(d + ex) + c tan‘(d + ex) dx = -

Subst (f % dx, x, tan?(d + ex))

2e

(b —4c + 2ctan®(d + ex)) \/a +btan?(d + ex) + ctan*(d + e

8ce

(b —4c + 2ctan®(d + ex)) \/a + btan?(d + ex) + ctan*(d + e

8ce

(b —4c + 2ctan®(d + ex)) \/a + btan®(d + ex) + ctan*(d + e
8ce

_ _ 2
\/mtanh_l [ 2a—b+(b—2c) tan“(d+ex) ] (b2 n

2\/u—b+c\/a+b tanz(d+ex)+c tan4(d+ex)
2e

Mathematica [A] time = 1.49379, size = 208, normalized size = 1.

2 _ an2 _
- (—4c(a +20) + b + 4bc) tanh ™! b2 tan’(d+ex) +8c32+/a— b+ ctanh™ 2a+(b-20) tan"(d+er) b
2\/2\/u+b tanZ(d+ex)+c tan4(d+ex) 2Vu—b+c\/a+b tan® (d+ex)+c tan4(d

1632

Antiderivative was successfully verified.

[In] Integrate[Tan[d + exx]~3*Sqrtl[a + bxTan[d + e*x]~2 + cxTan[d + exx]~4],x]

[Out] (8%c™(3/2)*Sqrtla - b + cl*ArcTanh[(2%a - b + (b - 2*c)*Tan[d + e*xx]~2)/(2x%
Sqgrt[a - b + c]*Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d + e*xx]~4])] - (b"2 + 4x

bxc - 4*ckx(a + 2%c))*ArcTanh[(b + 2*c*Tan[d + exx]~2)/(2%Sqrt[cl*Sqrtla + b
xTan[d + exx]~2 + cxTan[d + exx]~4])] + 2*Sqrtlc]*(b - 4xc + 2xc*Tan[d + ex
x]72)*Sqrt[a + b*Tan[d + exx]~2 + cxTan[d + exx]~4])/(16*c™(3/2)*e)
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Maple [B] time = 0.179, size = 467, normalized size = 2.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*tan(e*x+d) "2+c*tan(e*x+d) ~4)~(1/2)*tan(exx+d)~3,x)

[Out] 1/4/ex(a+bxtan(exx+d) “2+c*tan(e*x+d) ~4)~(1/2)*tan(e*x+d) ~2+1/8/e/c*(a+b*tan
(exx+d) "2+c*tan(exx+d) ~4) " (1/2)*b+1/4/e/c”(1/2) *1n((1/2*b+c*xtan(exx+d) ~2) /c
~(1/2)+(a+b*tan(e*xx+d) “2+c*tan (e*xx+d) "4) ~(1/2))*a-1/16/e/c~(3/2) *1n((1/2*b+
cxtan(e*xx+d) "2) /c” (1/2) +(a+b*tan(exx+d) "2+c*tan(e*x+d) ~4) ~(1/2))*b~2-1/2/e*
((1+tan(e*x+d) ~2) "2*xc+(b-2*c) * (1+tan(exx+d) "2)+a-b+c) ~(1/2)-1/4/ex1n((1/2%b

—c+cx (1+tan(exx+d) ~2)) /c~(1/2)+((1+tan(e*xx+d) ~2) “2xc+(b-2*c) * (1+tan (e*xx+d) ~
2)+a-b+c) " (1/2))/c”(1/2)*b+1/2/e*x1n((1/2*¥b-c+cx (1+tan(exx+d) ~2) ) /c~ (1/2)+((

1+tan (exx+d) ~2) "2*c+(b-2*c) * (1+tan(exx+d) "2)+a-b+c) ~(1/2))*c~(1/2)+1/2/ex(a

-b+c) " (1/2) *1n((2*a-2%b+2xc+(b-2*c) * (1+tan (e*x+d) ~2) +2* (a-b+c) ~(1/2) *((1+ta
n(exx+d) ~2) “2xc+(b-2*c) * (1+tan(e*xx+d) “2)+a-b+c) ~(1/2) )/ (1+tan(e*xx+d) ~2))

Maxima [F] time = 0., size = 0, normalized size = 0.

f \/c tan (ex +d)* + btan (ex +d)? + atan (ex +d)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*x+d) "2+cxtan(exx+d)~4)~(1/2)*tan(e*xx+d)~3,x, algorithm
="maxima")

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)~2 + a)*tan(exx + d)73, x)

Fricas [A] time = 21.2282, size = 2952, normalized size = 14.12

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d) “2+c*tan(exx+d)~4)~(1/2)*tan(exx+d)”3,x, algorithm
="fricas")
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[Out] [1/32*%(8xsqrt(a - b + c)*c™2xLlog(((b"2 + 4*x(a - 2*b)*c + 8*c"2)*tan(exx + d
)74 + 2% (4*xaxb - 3*%b72 - 4x(a - b)*c)*tan(e*xx + d)72 + 4xsqrt(cktan(exx + d
)74 + bxtan(exx + d)72 + a)*((b - 2xc)*tan(e*x + d)~2 + 2%a - b)*sqrt(a - b
+ c) + 8%a”2 - 8xaxb + b72 + 4xaxc)/(tan(exx + d)"4 + 2%tan(e*x + d)72 + 1
)) - (072 - 4x(a - b)*c - 8*c”2)*sqrt(c)*log(8xc 2*tan(exx + d)~4 + 8*bxcxt
an(e*xx + d)72 + b72 + 4x*xsqrt(c*tan(exx + d)~"4 + bxtan(exx + d)72 + a)*(2*c*
tan(e*x + d)72 + b)*sqrt(c) + 4*axc) + 4*xsqrt(cxtan(exx + d)~4 + b*tan(e*x
+ d)72 + a)*x(2xc”2xtan(exx + d)72 + bxc - 4xc”2))/(c"2*xe), 1/16%(4x*sqrt(a -
b + c)*c”2*xlog(((b~2 + 4x(a - 2%b)*c + 8*c”2)xtan(exx + d)~4 + 2x(4*a*xb -
3*b72 - 4*(a - b)*c)*tan(e*xx + d)~2 + 4xsqrt(cxtan(exx + d)~4 + b*tan(exx +
d)"2 + a)*((b - 2%c)*tan(e*x + d)"2 + 2%a - b)*sqrt(a - b + c) + 8%¥a”2 - 8
*axb + b~2 + 4*axc)/(tan(exx + d)74 + 2+tan(e*xx + d)72 + 1)) + (b72 - 4x(a
- b)*c - 8xc”2)*sqrt(-c)*arctan(1/2*sqrt(c*tan(e*x + d)~4 + b*tan(exx + d)~
2 + a)*(2*cxtan(exx + d)~2 + b)*sqrt(-c)/(c"2*tan(e*x + d)~4 + b*cxtan(e*x
+ d)"2 + axc)) + 2*xsqrt(c*xtan(e*xx + d)~4 + bxtan(exx + d)72 + a)*(2xc”2*tan
(exx + d)72 + b*xc - 4xc”2))/(c"2*xe), 1/32x(16*sqrt(-a + b - c)*c 2xarctan(-
1/2xsqrt (cxtan(e*x + d)~4 + bxtan(exx + d)"2 + a)*x((b - 2*c)*tan(e*xx + d)~2
+ 2%a - b)*sqrt(-a + b - c)/(((a - b)*xc + c”2)*tan(e*x + d)"4 + (axb - b~2
+ b*c)*tan(e*xx + d)72 + a”2 - axb + axc)) - (b2 - 4*x(a - b)*xc - 8%c”2)*sq
rt(c)*log(8*xc~2*xtan(exx + d)~4 + 8xb*ckxtan(exx + d)"2 + b~2 + 4xsqrt(cxtan(
exx + d)74 + bxtan(exx + d)72 + a)*(2xcxtan(e*x + d)~2 + b)xsqrt(c) + 4xaxc
) + 4xsqrt(c*tan(e*x + d)74 + bxtan(e*xx + d)~2 + a)*x(2*c”2*tan(e*x + d)~2 +
bxc - 4%c”2))/(c"2xe), 1/16%(8*sqrt(-a + b - c)*c"2*xarctan(-1/2*sqrt(c*tan
(exx + d)74 + bxtan(e*x + d)72 + a)*((b - 2xc)*tan(exx + d)72 + 2%a - b)*sq
rt(-a + b - ¢)/(((a - b)*xc + c"2)*tan(e*x + d)~4 + (axb - b~2 + b*c)*tan(ex
X +d)72 +a”2 - axb + axc)) + (b72 - 4*x(a - b)*c - 8*c”2)*sqrt(-c)*arctan(
1/2*%sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72 + a)*(2kcxtan(e*x + d)72 + b)x*
sqrt(-c)/(c"2xtan(e*x + d)~4 + b*cxtan(exx + d)~2 + axc)) + 2*sqrt(cxtan(ex*
x + d)74 + bxtan(exx + d)72 + a)*(2xc”2*xtan(exx + d)72 + bxc - 4xc”2))/(c"2
*e) ]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + btan? (d + ex) + ctan* (d + ex) tan® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)**2+cktan(exx+d)**4)**(1/2)*tan(e*xx+d)**3,x)

[Out] Integral(sqrt(a + bxtan(d + exx)**2 + cxtan(d + exx)*x4)*tan(d + e*xx)**3, x

)
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Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d) “2+c*tan(exx+d)~4)~(1/2)*tan(exx+d)”3,x, algorithm
=n 1 n
="giac")

[Out] Timed out
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3.29 ftan(d+ex)\/a + btan®(d + ex) + ctan*(d + ex) dx

Optimal. Leaf size=179

— 2 —_
mmh—l[ 220 e ](b—Zc)tanh_l(

\/61 +b tanz(d + ex) +c tan4(d + BX) ZM\/a+btan2(d+ex)+c tan*(d-+ex) 2\/5\/;
- +
2e 2e 44/

[Out] -(Sqrtla - b + cl*ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]~2)/(2*Sqrt[a -
b + c]*Sqrtla + bxTan[d + exx]~2 + c*Tan[d + e*x]"4])])/(2xe) + ((b - 2%c)x*
ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2xSqrt[c]*Sqrt[a + b*Tan[d + e*xx]~2 + cxT
an[d + e*x]~4])])/(4xSqrtcl*e) + Sqrtl[a + b*Tan[d + e*x]~2 + c*Tan[d + ex*x

1741/ (2x%e)

Rubi [A] time = 0.224228, antiderivative size = 179, normalized size of antiderivative
number of rules

1., number of steps used = 8, number of rules used = 7, integrand size = 33,
0.212, Rules used = {3700, 1247, 734, 843, 621, 206, 724}

integrand size

_ 2 -
VI C iy [ 2 ey J(b—Zc)tanh_l(

\/a +b tanz(d +ex)+c tan4(d + ex) ZW\/a+btan2(d+ex)+c tan?(d+ex) 2\/5\/;
2e 2e 4/

Antiderivative was successfully verified.

[In] Int[Tan[d + exx]*Sqrtl[a + b*Tan[d + e*x]~2 + c*xTan[d + ex*xx]~4],x]

[Out] -(Sqrtla - b + cl*ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]~2)/(2*Sqrt[a -
b + c]*Sqrtla + bxTan[d + exx]”2 + c*Tan[d + e*x]"4])])/(2xe) + ((b - 2%c)x*
ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2xSqrt[c]*Sqrt[a + bxTan[d + e*xx]~2 + cxT
an[d + e*x]~4])])/(4xSqrtcl*e) + Sqrtl[a + b*Tan[d + e*x]”2 + c*Tan[d + ex*x

1741/ (2x%e)

Rule 3700

Int[tan[(d_.) + (e_)*(x )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x ) (@_.) + (c_)*x((f_)*tanl[(d_.) + (e_)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, X, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2*n] && NeQ[b~2 - 4xaxc, 0]
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Rule 1247

Int[(x_)*((d_) + (e_.)*(x_)"2)7(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + e*xx)"g*(a + b*x + c*x72)7p, x],
x, x72], x] /; FreeQ[{a, b, c, d, e, p, qf, x]

Rule 734

Int[((d_.) + (e_)*(x)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8
ymbol] :> Simp[((d + e*xx)"(m + 1)*(a + b*x + c*x72)"p)/(ex(m + 2%p + 1)), x
] - Dist[p/(ex(m + 2xp + 1)), Int[(d + e*xx) mxSimp[b*d - 2*a*xe + (2*cxd - b
xe)xx, x]*(a + bxx + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[2*c*d - bxe
, 0] && GtQ[p, 0] && NeQ[m + 2%p + 1, 0] && ( !'RationalQ[m] || LtQ[m, 1]) &
& 'ILtQ[m + 2%p, O] &% IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a_.) + (b_.)*x(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*x(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + e*x)"m*x(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, ¢, d, e, £, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d™2 - bxdxe + axe™2, 0] && 'IGtQ[m, O]

Rule 621

Int[1/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 211)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4xbxd*e + 4xa*xe™2 - x72), x], x, (2
xaxe — bxd - (2*c*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - bxe, 0]

Rubi steps
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Subst (f %ﬁmﬁ dx, x, tan(d + ex))
ftan(d + ex)\/a + btan®(d + ex) + ctan*(d + ex) dx = .
Subst ( f a+brred? dx, x, tanz(d + ex))
1+x
B 2e
—2a+b—(b-2c):
\/a + btan®(d + ex) + ctan*(d + ex) ) Subst (f (Ltn)Varbrre
B 2e 44
_ \/a + btan?(d + ex) + ctan*(d + ex) . (b - 2c) Subst (f Yoz
2e

1

4c—x

b —2c) Subst
\/u+btan2(d+ex)+ctan4(d+ex) ( ) Subs (f

= +
2e

_ _ 2
\/mmnh_l [ 2a—b+(b—2c) tan“(d+ex) ] (l’) _

2\/a—b+c\/a+b tan? (d+ex)+c tan4(d+ex)
2e

Mathematica [A] time = 0.278924, size = 180, normalized size = 1.01

— 2 —_ p—
2\/2\/51 +btan®(d + ex) + ctan*(d + ex) - 2y/cVa - b + ctanh™ 2a+{b-20) tan (Fex) b + (b - 2c) tanh !
2Vu—b+c\/a+b tanz(d+ex)+c tan4(d+ex)

4Jce

Antiderivative was successfully verified.

[In] Integrate[Tan[d + exx]*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + exx] 4] ,x]

[Out] (-2*Sqrt[cl*Sqrtl[a - b + c]*ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*x]~2)/(2
xSqrt[a - b + cl*Sqrtla + bxTan[d + exx]”2 + cxTan[d + exx]"4])] + (b - 2xc
)*¥ArcTanh[(b + 2%c*Tan[d + e*x]~2)/(2*Sqrt[c]l*Sqrt[a + bxTan[d + exx]"2 + c
xTan[d + exx]~4])] + 2*xSqrt[c]*Sqrt[a + b*Tan[d + exx]~2 + cxTan[d + exx]"4

1)/ (4xSqrt [c]*e)

Maple [A] time = 0.186, size = 289, normalized size = 1.6

%\/(l+(tan(ex+d))2)2c+(b—2c)(1+(tan(ex+d))2)+a—b+c+ﬁln((g—c+c(1+(tan(ex+d))2))% +
c
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((atbxtan(exx+d) "2+cxtan(exx+d)~4)~(1/2)*tan(e*x+d),x)

[Out] 1/2/ex((1+tan(exx+d) ~2) "2*c+(b-2*c)*(1+tan(e*xx+d) ~2)+a-b+c) " (1/2)+1/4/e*x1n(
(1/2%b-c+c* (1+tan(e*xx+d) ~2)) /c~(1/2)+((1+tan(e*x+d) ~2) "2*xc+(b-2*xc)* (1+tan (e

*x+d) "2)+a-b+c) " (1/2))/c”(1/2)*b-1/2/e*x1n((1/2*b-c+c*x (1+tan(exx+d) ~2)) /c~ (1
/2)+((1+tan(e*xx+d) ~2) “2xc+(b-2*c) * (1+tan (e*xx+d) "2) +a-b+c) ~(1/2) ) *c~(1/2)-1/
2/ex(a-b+c) ~(1/2) *1n((2*a-2xb+2*c+ (b-2*c) * (1+tan (exx+d) ~2)+2x (a-b+c) ~(1/2) *
((1+tan(e*xx+d) ~2) "2*xc+(b-2*c) * (1+tan(e*x+d) "2)+a-b+c) " (1/2) )/ (1+tan(e*x+d) "~

2))

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex + d)4 + btan (ex + d)2 + atan (ex + d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d) "2+c*tan(exx+d)~4)~(1/2)*tan(e*xx+d),x, algorithm="
maxima"

[Out] integrate(sqrt(c*tan(exx + d)~4 + b*tan(exx + d)~2 + a)*tan(exx + d), x)

Fricas [A] time = 16.1877, size = 2641, normalized size = 14.75

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d) “2+cxtan(exx+d)~4)~(1/2)*tan(exx+d) ,x, algorithm="
fricas")

[Out] [-1/8%((b - 2*c)*sqrt(c)*log(8*c™2xtan(e*x + d)~4 + 8xbkcxtan(e*x + d)72 +
b~2 - 4xsqrt(cxtan(e*x + d)~4 + bxtan(e*x + d)~2 + a)*(2*c*xtan(exx + d)72 +
b)*sqrt(c) + 4*axc) - 2*sqrt(a - b + c)*cxlog(((b™2 + 4x(a - 2%b)*c + 8*c~
2)*tan(e*xx + d)~4 + 2*x(4*xaxb - 3*%b”2 - 4x(a - b)*c)*tan(exx + d)~2 - 4*sqrt
(cxtan(e*x + d)~4 + b*tan(e*xx + d)72 + a)*((b - 2xc)*tan(e*x + d)~2 + 2%a -
b)xsqrt(a - b + c) + 8*a”2 - 8*a*b + b~2 + 4xa*xc)/(tan(e*xx + d)~4 + 2*tan(
exx + d)"2 + 1)) - 4xsqrt(c*tan(e*xx + d)7"4 + bxtan(e*x + d)~2 + a)*c)/(c*e)

+
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, —1/4%((b - 2xc)*sqrt(-c)*arctan(1l/2*sqrt(c*xtan(exx + d)~4 + bxtan(exx + d
)72 + a)*(2*c*tan(exx + d)72 + b)*sqrt(-c)/(c"2*xtan(e*x + d) "4 + bxcxtan(ex
x +d)72 + axc)) - sqrt(a - b + c)*xc*xlog(((b~2 + 4x(a - 2xb)*c + 8*c”2)*tan
(exx + d)~4 + 2% (4*axb - 3*b~2 - 4*(a - b)*c)*tan(e*x + d)~2 - 4*sqrt(c*tan
(exx + d)74 + bxtan(e*x + d)72 + a)*((b - 2*c)*tan(exx + d)72 + 2%a - b)*xsq
rt(a - b + c) + 8%a™2 - 8*xaxb + b72 + 4xaxc)/(tan(e*x + d)74 + 2xtan(e*x +
d)"2 + 1)) - 2xsqrt(cxtan(exx + d)"4 + bxtan(e*x + d)~2 + a)*c)/(cxe), -1/8
x(4xsqrt(-a + b - c)*c*arctan(-1/2*sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72
+ a)*((b - 2xc)*tan(exx + d)72 + 2%xa - b)*sqrt(-a + b - ¢)/(((a - b)*c + ¢
“2)*tan(e*x + d)74 + (a*b - b”2 + bxc)*tan(e*xx + d)72 + a”2 - axb + axc)) +
(b - 2%c)*sqrt(c)*log(8*c™2xtan(e*x + d)~4 + 8xbkcktan(exx + d)72 + b™2 -
4xsqrt(cxtan(exx + d)~4 + bxtan(exx + d)~2 + a)*(2xcxtan(exx + d)~2 + b)*sq
rt(c) + 4*axc) - 4xsqrt(ckxtan(exx + d)74 + bxtan(exx + d)72 + a)*c)/(cxe),
-1/4%(2xsqrt(-a + b - c)*c*arctan(-1/2*sqrt(c*tan(e*xx + d)~4 + b*tan(exx +
d)"2 + a)*((b - 2xc)*tan(e*x + d)~2 + 2%a - b)*sqrt(-a + b - ¢)/(((a - b)*c
+ c"2)*tan(e*x + d)74 + (axb - b72 + bxc)*tan(e*x + d)72 + a”2 - a*xb + axc
)) + (b - 2*%c)*sqrt(-c)*arctan(1/2*sqrt(cxtan(e*xx + d)~4 + bxtan(exx + d)~2
+ a)*x(2xcxtan(e*xx + d)~2 + b)*sqrt(-c)/(c"2xtan(e*x + d)~4 + bxckxtan(e*xx +
d)~"2 + axc)) - 2*sqrt(cxtan(e*x + d)~4 + b*xtan(e*xx + d)~2 + a)*c)/(c*e)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + btan? (d + ex) + ctan* (d + ex) tan (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*tan(e*xx+d)**2+c*xtan(e*xx+d)**4)x*(1/2)*tan(exx+d) ,x)

[Out] Integral(sqrt(a + b*tan(d + e*x)**2 + c*tan(d + e*x)**4)*tan(d + e*x), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d) “2+c*tan(exx+d)~4)~(1/2)*tan(exx+d) ,x, algorithm="
giac")
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[Out] Timed out
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3.30 fcot(d+ex)\/a + btan®(d + ex) + ctan*(d + ex) dx

Optimal. Leaf size=203

2 _ 2 _
\/Etanh_l ( 2a+b tan“(d+ex) ] ,—IZ b+ ctanh_l ( 2a+(b—2c) tan“(d+ex)-b ) \/Etanh_l [

foﬁ\/u+b tanz(d+ex)+c tan4(d+ex) 2\/a—b+c\/a+b tanz(d+ex)+c tan? (d+ex)
2e 2e

NN

[Out] -(Sqrtl[a]*ArcTanh[(2*a + b*Tan[d + exx]~2)/(2+Sqrt[al*Sqrt[a + b*Tan[d + ex
x]72 + cxTan[d + exx]~4])])/(2%e) + (Sqrtla - b + cl*ArcTanh[(2%¥a - b + (b

- 2xc)*Tan[d + exx]~2)/(2*Sqrt[a - b + cl*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan

[d + exx]~4])]1)/(2xe) + (Sqrtlc]*ArcTanh[(b + 2xc*Tan[d + exx]~2)/(2*Sqrt[c
1xSqrt[a + b*Tan[d + e*x]”2 + c*xTan[d + e*xx]~4])]1)/(2xe)

Rubi [A] time = 0.292469, antiderivative size = 203, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 7, integrand size = 33, number of rules _

0.212, Rules used = {3700, 1251, 895, 724, 206, 843, 621}

integrand size

2 _ 2 _ _
\/Etanh_l 2a+b tan“(d+ex) ] /—a b+ ctanh_l ( 2a+(b—2c) tan“(d+ex)—-b ) \/Etanh 1 [

2\/13\/a+b tanz(d+ex)+c tan4(d+ex) 2Vu—b+c\/a+b tanz(d+ex)+c tan* (d+ex)
2e 2e

2\/2\/;

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]*Sqrt[a + b*Tan[d + e*x]”2 + c*xTan[d + ex*xx]~4],x]

[Out] -(Sqrtl[al*ArcTanh[(2*a + b*Tan[d + e*x]~2)/(2*Sqrt[a]*Sqrt[a + b*Tan[d + ex
x]72 + cxTan[d + exx]~4])]1)/(2%e) + (Sqrtla - b + cl*ArcTanh[(2%¥a - b + (b

- 2xc)*Tan[d + exx]~2)/(2xSqrt[a - b + c]*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan

[d + exx]~4])])/(2*%e) + (Sqrtlcl*ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2*Sqrt[c
1*Sqrt[a + b*Tan[d + e*x]”2 + c*Tan[d + e*xx]~4])])/(2xe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.)*((a_.) + (b_.)*x((f_.)*tan[(d_.) + (e_.)*(
x ) (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1251
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Int[(x_)"(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)74)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx) g*(a +
b*x + c*x72)7p, x], x, x72], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 895

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_)/C((d_.) + (e_.)*x(x_))*x((f_.) +
(g_.)*(x_))), x_Symbol] :> Dist[(c*d™2 - bxd*e + axe”2)/(ex(exf - d*xg)), I
nt[(a + bxx + c*xx"2)"(p - 1)/(d + exx), x], x] - Dist[1/(ex(exf - dxg)), In
t[(Simp [cxd*f - bkxexf + akxexg - ck(exf - dxg)*x, x]*(a + bxx + cxx"2) " (p -

D)/ (£ + gxx), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - dxg,
0] && NeQ[b~™2 - 4xaxc, 0] && NeQ[c*xd~2 - b*d*e + axe”2, 0] && FractionQ[p]
&& GtQlp, O]

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe - bxd - (2*c*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a_.) + (b_)*(x_) + (c
_)*x(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*(a + b*x +
c*¥x"2)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + e*xx) m*x(a + b*x + c*x"2) p,
x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d™2 - bxdxe + axe”2, 0] && !'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xcxx)/Sqrtla + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps



212

Va+bx2+cxt
SUbSt (f W

e

Subst ( f a;:—i;;xz dx, x, tan?(d + ex))

dx, x, tan(d + ex))

fcot(d + ex)\/a + btan®(d + ex) + ctan*(d + ex) dx =

2e

a—b—cx 2
Subst (f —(Hx)m dx, x, tan“(d + ex)) a Subst (f ~

=- +
2e

1 2a+b tanz(d+ex)
aSubstLIZEEdeﬁ& J cSubst(

\/a+b tanz(d+ex)+c tan® (d+ex)

e

2

\/E tanh_l 2a+b tan“(d+ex) ¢ Subst f
2\/2\/a+b tanz(d+ex)+ctan4(d+ex)

=- +

2e

2
Vatanh™ 20tbtan @ +ex) Va—-b+ctanh

2\/5\/a+b tan?(d+ex)+c tan?(d-+ex)
= +
2e

4c-x2

Mathematica [A] time = 1.09965, size = 192, normalized size = 0.95

2 24— (h— 2 _
\/Etanh_l 2a+b tan“(d+ex) ] n ,—ll b+ ctanh_l ( 2a—(b—2c) tan“(d+ex)+b ) _ \/Etanh 1 (

2\/2\/;

2\/13\/a+b tanz(d+ex)+c tan4(d+ex) 2Va—b+c\/a+h tanz(d+ex)+c tan (d+ex)
2e

Antiderivative was successfully verified.

[In] Integrate[Cot[d + e*x]*Sqrt[a + b*Tan[d + e*x]~2 + cxTan[d + exx]~4],x]

[Out] -(Sqrt[al*ArcTanh[(2*a + b*Tan[d + e*x]~2)/(2*Sqrt[a]*Sqrt[a + bxTan[d + ex
x]72 + cxTan[d + exx]"4])] + Sqrtla - b + cl*ArcTanh[(-2*a + b - (b - 2*c)*
Tan[d + exx]~2)/(2xSqrtla - b + c]*Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d + ex
x]74]1)] - Sqrtlcl*ArcTanh[(b + 2xcxTan[d + exx]~2)/(2*Sqrt[c]l*Sqrt[a + b*Ta

nld + e*x]"2 + c*Tan[d + e*x]~4])])/(2%e)

Maple [F] time = 0.597, size = 0, normalized size = 0.

fcot (ex +d) \/a + b (tan (ex + d))2 + ¢ (tan (ex + d))4 dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d)*(a+tbxtan(exx+d) “2+c*tan(exx+d)~4)~(1/2),x)

[Out] int(cot(e*xx+d)* (atb*tan(e*x+d) " 2+c*tan(exx+d)~4)~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex + d)4 + btan (ex + d)z +acot (ex +d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atbxtan(e*x+d) "2+cxtan(e*xx+d)~4)~(1/2),x, algorithm="
maxima")

[Out] integrate(sqrt(c*tan(exx + d)~4 + b*tan(exx + d)~2 + a)*cot(exx + d), x)

Fricas [A] time = 5.38056, size = 5280, normalized size = 26.01

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atb*tan(e*x+d) "2+c*tan(exx+d)~4)~(1/2),x, algorithm="
fricas")

[Out] [1/4x(sqrt(c)*log(8xc~2*tan(exx + d)~4 + 8*bxcxtan(e*xx + d)~2 + b~2 + 4xsqr
t(cxtan(exx + d)~4 + bxtan(exx + d)72 + a)*(2xcxtan(exx + d)~2 + b)*sqrt(c)
+ 4xaxc) + sqrt(a - b + c)*log(((b72 + 4x(a - 2xb)*xc + 8*c~2)*tan(exx + d)
4 + 2x(4%axb - 3*b”2 - 4x(a - b)*c)xtan(exx + d)72 + 4xsqrt(cxtan(exx + d)
~4 + bxtan(e*x + d)72 + a)*((b - 2*c)*tan(exx + d)72 + 2xa - b)*sqrt(a - b
+ c) + 8%a”2 - 8xaxb + b72 + 4xaxc)/(tan(exx + d)~4 + 2xtan(exx + d)72 + 1)
) + sqrt(a)*log(((b~2 + 4*axc)*tan(exx + d)~4 + 8*xaxbxtan(e*xx + d)~2 - 4xsq
rt(cxtan(e*x + d)74 + bxtan(e*x + d)~2 + a)*(bxtan(e*x + d)~2 + 2%a)*sqrt(a
) + 8%a”2)/tan(exx + d)~4))/e, -1/4%(2xsqrt(-c)*arctan(2*xsqrt(cxtan(exx + d
)~4 + bxtan(exx + d)72 + a)*sqrt(-c)/(2xc*tan(e*x + d)~2 + b)) - sqrt(a - b
+ c)*log(((b™2 + 4x(a - 2xb)*c + 8*c~2)*tan(exx + d)~4 + 2% (4*a*xb - 3xb~2
- 4x(a - b)*c)*tan(exx + d)~2 + 4*xsqrt(c*tan(exx + d)~4 + b*tan(e*x + d)72
+ a)*x((b - 2*%c)*tan(exx + d)72 + 2%a - b)*sqrt(a - b + c) + 8%a”2 - 8*axb +
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b~2 + 4*axc)/(tan(exx + d)~4 + 2*tan(exx + d)~2 + 1)) - sqrt(a)*log(((b~2
+ 4xaxc)*tan(exx + d)"4 + 8xaxbxtan(exx + d)72 - 4xsqrt(cxtan(exx + d)74 +
bxtan(e*x + d)~2 + a)x(bxtan(e*x + d)~2 + 2%a)*sqrt(a) + 8*a~2)/tan(e*x + d
)"4)) /e, 1/4x(2xsqrt(-a)*arctan(2*xsqrt(cxtan(exx + d)~4 + bxtan(exx + d)72
+ a)*sqrt(-a)/(b*xtan(exx + d)~2 + 2*a)) + sqrt(c)*log(8xc™2xtan(e*xx + d)~4
+ 8*bkcxtan(e*x + d)72 + b2 + 4*sqrt(c*tan(e*xx + d)~4 + bkxtan(exx + d)72 +
a)*x(2*xcxtan(e*x + d)72 + b)*sqrt(c) + 4xaxc) + sqrt(a - b + c)*log(((b"2 +
4x(a - 2%b)*c + 8xc"2)*tan(e*xx + d)"4 + 2% (4*a*xb - 3*b”"2 - 4x(a - b)*c)*ta
n(e*xx + d)~2 + 4*xsqrt(c*xtan(e*xx + d)~4 + bxtan(exx + d)72 + a)*((b - 2xc)*t
an(e*xx + d)72 + 2%xa - b)*sqrt(a - b + c) + 8*a”2 - 8*xaxb + b~2 + 4xaxc)/(ta
n(exx + d)74 + 2xtan(exx + d)72 + 1)))/e, 1/4%x(2xsqrt(-a)*arctan(2*sqrt(c*t
an(exx + d)74 + bxtan(exx + d)"2 + a)*sqrt(-a)/(bxtan(e*x + d)~2 + 2%a)) -
2xsqrt (-c)*arctan(2*sqrt(cxtan(e*x + d)~4 + bxtan(e*x + d)~2 + a)*sqrt(-c)/
(2%c*xtan(exx + d)72 + b)) + sqrt(a - b + c)*xlog(((b~2 + 4*x(a - 2*b)*c + 8*c
“2)xtan(e*xx + d)~4 + 2x(4*axb - 3*b”2 - 4*(a - b)*c)*tan(e*x + d)~2 + 4*sqr
t(cxtan(exx + d)74 + bxtan(e*xx + d)72 + a)*x((b - 2%c)*tan(e*xx + d)72 + 2%a
- b)*sqrt(a - b + ¢c) + 8*%a”2 - 8*a*xb + b~2 + 4xaxc)/(tan(e*x + d)~4 + 2*tan
(exx + d)72 + 1))) /e, 1/4%(2%sqrt(-a + b - c)*arctan(-2*sqrt(cxtan(e*x + d)
4 + bxtan(e*x + d)72 + a)*sqrt(-a + b - ¢)/((b - 2*c)*tan(exx + d)72 + 2%a
- b)) + sqrt(c)*log(8xc~2*tan(e*xx + d)~4 + 8*bxc*tan(e*xx + d)72 + b™2 + 4x
sqrt(cxtan(e*x + d)~4 + bxtan(e*xx + d)~2 + a)*(2*cxtan(exx + d)~2 + b)*sqrt
(c) + 4xaxc) + sqrt(a)*log(((b”™2 + 4xaxc)*tan(e*xx + d)74 + 8*axbkxtan(e*x +
d)"2 - 4xsqrt(ckxtan(exx + d)"4 + bxtan(exx + d)72 + a)*(bxtan(exx + d)72 +
2*xa)*sqrt(a) + 8*a”2)/tan(exx + d)~4))/e, 1/4*%(2*sqrt(-a + b - c)*arctan(-2
xsqrt(cxtan(exx + d)74 + bxtan(e*x + d)72 + a)*sqrt(-a + b - ¢)/((b - 2%c)*
tan(exx + d)72 + 2xa - b)) - 2*sqrt(-c)*arctan(2*sqrt(cxtan(exx + d)"4 + bx
tan(exx + d)72 + a)*sqrt(-c)/(2xc*tan(e*x + d)~2 + b)) + sqrt(a)*log(((b~2
+ 4xaxc)*tan(e*xx + d)~4 + 8xaxbxtan(exx + d)~2 - 4*sqrt(cxtan(exx + d)~4 +
bxtan(e*x + d)~2 + a)x(bxtan(e*x + d)~2 + 2%a)*sqrt(a) + 8*a~2)/tan(e*x + d
)"4)) /e, 1/4x(2xsqrt(-a)*arctan(2*sqrt(cxtan(exx + d)~4 + bxtan(exx + d)72
+ a)xsqrt(-a)/(b*tan(e*x + d)~2 + 2*a)) + 2xsqrt(-a + b - c)*arctan(-2*sqrt
(cxtan(e*x + d)74 + bxtan(e*xx + d)~2 + a)*sqrt(-a + b - ¢)/((b - 2*xc)*tan(e
*x + d)72 + 2%xa - b)) + sqrt(c)*log(8xc~2*xtan(exx + d)~4 + 8xb*cktan(exx +
d)7"2 + b72 + 4xsqrt(cxtan(exx + d)74 + bxtan(e*x + d)72 + a)*(2xc*xtan(e*xx +
d)~"2 + b)*sqrt(c) + 4xaxc))/e, 1/2x(sqrt(-a)*arctan(2*sqrt(c*tan(e*x + d)~
4 + bxtan(exx + d)72 + a)*sqrt(-a)/(bxtan(e*x + d)~2 + 2*a)) + sqrt(-a + b
- c)*arctan(-2*sqrt(c*tan(exx + d)~"4 + bxtan(exx + d)72 + a)*sqrt(-a + b -
c)/((b - 2*c)*tan(exx + d)~2 + 2*a - b)) - sqrt(-c)*arctan(2*sqrt(c*tan(exx
+ d)74 + bxtan(e*x + d)72 + a)*sqrt(-c)/(2*c*xtan(exx + d)72 + b)))/e]

+
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Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + btan? (d + ex) + ctan® (d + ex) cot (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atbxtan(e*xx+d)**2+c*tan(e*xx+d)**4)**(1/2),x)

[Out] Integral(sqrt(a + bxtan(d + e*xx)**2 + ckxtan(d + e*x)**4)*cot(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex + d)4 + btan (ex + d)2 +acot (ex +d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atbxtan(e*x+d) 2+cxtan(e*xx+d)~4)~(1/2),x, algorithm="

giac")

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + b*xtan(exx + d)~2 + a)*cot(exx + d), x)
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3.31 f cot3(d+ex)\/a + btan®(d + ex) + ctan*(d + ex) dx

Optimal. Leaf size=435

2 2 _
b tanh_l ( 2a+b tan“(d+ex) ] \/Etanh_l ( 2a+b tan“(d+ex) ) \/mmnh_l ( 2a+(b

2\/1;\/a+b tanz(d+ex)+c tan4(d+ex) 2\/5\/a+b tanz(d+ex)+c tan4(d+ex) 2Va-b+cja+b

4rJae 2e 2e

[Out] (Sqrtl[al*ArcTanh[(2*a + b*Tan[d + e*xx]~2)/(2xSqrt[al*Sqrt[a + bxTan[d + exx
172 + c*Tan[d + e*x]74])]1)/(2%e) - (b*ArcTanh[(2*a + bxTan[d + exx]~2)/(2*S
grtlal*Sqrt[a + bxTan[d + exx]~2 + c*Tan[d + exx]~4])])/(4*Sqrt[al*e) - (Sq
rtla - b + cl*ArcTanh[(2*%a - b + (b - 2*c)*Tan[d + exx]~2)/(2+Sqrtla - b +
c]*Sqrt[a + b*Tan[d + e*x]”"2 + c*Tan[d + e*xx]~4])])/(2%e) - (b*ArcTanh[(b +
2xc*Tan[d + exx]~2)/(2*Sqrt[c]l*Sqrt[a + b*Tan[d + e*x]~2 + cxTan[d + exx]”
4]1)]1)/(4xSqrtlcl*e) + ((b - 2%c)*ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2*xSqrt[c
1xSqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*xx]~4])])/(4xSqrtlcl*e) + (Sqrtlc]
xArcTanh[(b + 2*cxTan[d + exx]~2)/(2+Sqrt[c]*Sqrt[a + b*Tan[d + e*x]"2 + cx
Tan[d + exx]74])]1)/(2xe) - (Cot[d + e*x]~2*Sqrt[a + b*Tan[d + e*x]~2 + cx*Ta
nld + exx]~4])/(2xe)

Rubi [A] time = 0.544183, antiderivative size = 435, normalized size of antiderivative =

1., number of steps used = 22, number of rules used = 9, integrand size = 35, number of rules_

integrand size
0.257, Rules used = {3700, 1251, 960, 732, 843, 621, 206, 724, 734}

anl a2 _
b tanh_l 2a+b tan“(d+ex) ] \/Etanh_l ( 2a+b tan“(d+ex) ] \/mmnh_l ( 2a+(b

2\/5\/u+b tan?(d-+ex)+c tan*(d-+ex) 2\/5\/11+b tan?(d+ex)+c tan*(d-+ex) 2Va—b+crja+l
4rJae 2e 2e

Antiderivative was successfully verified.

[In] Int[Cot[d + e*x]~3*Sqrt[a + b*Tan[d + e*x]”"2 + c*Tan[d + ex*xx]~4],x]

[Out] (Sqrtl[al*ArcTanh[(2*a + b*Tan[d + e*x]~2)/(2xSqrt[al*Sqrt[a + bxTan[d + e*x
172 + cxTan[d + exx]"4]1)])/(2%e) - (b*ArcTanh[(2*a + bxTan[d + exx]~2)/(2*S
qrt[al*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])])/(4xSqrt[al*e) - (Sq
rtla - b + c]*ArcTanh[(2%a - b + (b - 2*c)*Tan[d + e*x]~2)/(2*Sqrt[a - b +
c]*Sqrt[a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4])])/(2%e) - (bxArcTanh[(b +
2xcxTan[d + exx]~2)/(2*Sqrt[cl*Sqrt[a + b*Tan[d + e*x]~"2 + c*xTan[d + e*x]”
4]1)1)/ (4xSqrtcl*e) + ((b - 2*c)*ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2xSqrtl[c
1xSqgrt[a + b*Tan[d + exx]~2 + cxTan[d + exx]~4])])/(4*xSqrt[c]l*e) + (Sqrtlc]
xArcTanh[(b + 2*c*Tan[d + exx]~2)/(2xSqrt[c]l*Sqrtla + b*Tan[d + e*x]~2 + cx
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Tan[d + exx]~4])])/(2%e) - (Cot[d + exx]~2xSqrtla + bxTan[d + exx]~2 + cx*Ta
nld + exx]~4])/(2xe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.)*((a_.) + (b_.)*x((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1251

Int[(x_ )" (m_.)*((d_) + (e_)*(x_)"2)"(q_)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx)"g*(a +
bxx + c*x~2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 960

Int[((d_.) + (e_)*x(x_)) " (m_)*x((f_.) + (g_)*x(x_))"(m_)*((a_.) + (b_.)*(x_)
+ (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx(f + g
*xx) "n*(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g, x] && NeQ
[exf - d*xg, 0] && NeQ[b~2 - 4x*axc, 0] && NeQ[c*d~2 - bxdxe + a*e”2, 0] && (
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 01)) && !'(IGtQ[m, 0] || IGtQ[n, 01)

Rule 732

Int[((d_.) + (e_)*(x_)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8S
ymbol] :> Simp[((d + e*xx)"(m + 1)*(a + b*x + c*x72)"p)/(ex(m + 1)), x] - Di
stlp/(ex(m + 1)), Int[(d + e*x)"(m + 1)*x(b + 2xc*x)*(a + b*x + c*x"2)"(p -
1), x], x] /; FreeQl[{a, b, ¢, d, e, m}, x] && NeQ[b~2 - 4x*xaxc, 0] && NeQ[c*
d”2 - bxd*e + axe”2, 0] && NeQ[2*cxd - bxe, 0] && GtQ[p, 0] && (IntegerQ[p]
|l LtQ[m, -1]) && NeQ[m, -1] && !'ILtQ[m + 2%p + 1, 0] && IntQuadraticQla,
b, ¢, d, e, m, p, xJ

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a_.) + (b_.)*x(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)"(m + 1)*x(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*x(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4x*axc, 0] &&
NeQ[c*d™2 - bxdxe + axe™2, 0] && 'IGtQ[m, O]
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Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xcxx)/Sqrtla + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4*xbxdxe + 4*axe”2 - x72), xJ, x, (2
xaxe - bxd - (2%c*kd - bxe)*x)/Sqrtl[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~"2 - 4xaxc, 0] && NeQ[2*cxd - bxe, 0]

Rule 734

Int[((d_.) + (e_)*x(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_8
ymbol] :> Simp[((d + exx) " (m + 1)*(a + b*x + c*x"2)7p)/(ex(m + 2*p + 1)), x
] - Dist[p/(ex(m + 2%p + 1)), Int[(d + ex*x) m*Simp[b*d - 2%axe + (2*c*d - b
xe)xx, x]*(a + bxx + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, b, ¢, d, e, m}, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + a*e”2, 0] && NeQ[2*xc*d - bxe
, 0] && GtQ[p, 0] && NeQ[m + 2%p + 1, 0] &% ( !'RationalQ[m] || LtQ[m, 1]) &
& 'ILtQ[m + 2*p, 0] && IntQuadraticQ[a, b, ¢, d, e, m, p, x]

Rubi steps
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Subst ( f %ZZTL dx, x, tan(d + ex))
X X
fcots(d + ex)\/a + btan®(d + ex) + ctan4(d +ex)dx = .
Va+bx+cx?

Subst (f % dx, x, tan?(d + ex))
- 2e

Subst (f (‘/a+l:;+cx2 _ \/a+b;c+cx2 + \/a-l—llic;cxz) dx, x, tanz(d |
- 2e

Subst ( f %ﬂxz dx, x, tanz(d + ex)) Subst ( f u+b;+c'
- 2e -

cot?(d + ex)\/a + btan®(d + ex) + ctan*(d + ex)  Subsf
- +
2e

cot?(d + ex)\/a + btan®(d + ex) + ctan*(d + ex) aSub

2e
aSub
cot?(d + ex)\/a + btan?(d + ex) + c tan*(d + ex)
=- +
2e
2
\/Etanh_l 2a+b tan“(d+ex) b tanh_l
2\/5\/u+b tan?(d+ex)+c tan*(d-+ex) Zﬁ\ﬁ
B 2e
Mathematica [A] time = 1.15561, size = 187, normalized size = 0.43
2 _ 2 —
(261 B b) tanh_l 2a+b tan®(d+ex) _ 2\/5 ,—61 b+ ctanh_l 2a+(b-2c) tan“(d+ex)-b " COtz(d n
2\/5\/11+b tanz(d+ex)+c tan4(d+ex) 2\/u—b+c\/a+b tanz(d+ex)+c tan4(d+ex)

4rJae

Antiderivative was successfully verified.

[In] Integrate[Cot[d + exx] 3*Sqrtl[a + b*Tan[d + e*x]~2 + cxTan[d + ex*x]"4],x]

[Out] ((2*%a - b)*ArcTanh[(2*a + bxTan[d + exx]~2)/(2*Sqrt[al*Sqrt[a + b*Tan[d + e
*x] 72 + cxTan[d + exx]~4])] - 2#Sqrtlal*(Sqrtla - b + c]*ArcTanh[(2*a - b +

(b - 2*c)*Tan[d + exx]~2)/(2*Sqrt[a - b + cl*Sqrt[a + b*Tan[d + e*x]"2 + ¢
*Tan[d + exx]~4])] + Cot[d + exx] 2*Sqrt[a + b*Tan[d + e*x]”"2 + c*Tan[d + e
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*x]74]) )/ (4*Sqrt [a] *e)

Maple [F] time = 0.509, size = 0, normalized size = 0.

f (cot (ex + d))° \/a + b (tan (ex + d))* + ¢ (tan (ex + d))* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) "3*(a+bx*tan(e*x+d) "2+cxtan(exx+d)~4)~(1/2),x)

[Out] int(cot(e*xx+d) ~3*(a+b*tan(e*x+d) "2+c*xtan(exx+d)~4)~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/c tan (ex + d)4 + btan (ex + d)2 + acot (ex + d)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~3x(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm

="maxima"

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)~2 + a)*cot(exx + d)73, x)

Fricas [A] time = 19.0857, size = 2934, normalized size = 6.74

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~3x(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm

="fricas")

[Out] [1/8%(2xsqrt(a - b + c)*a*xlog(((b~2 + 4*x(a - 2*b)*c + 8*c~2)*tan(exx + d)74
+ 2% (4*axb - 3*b"2 - 4x(a - b)*c)xtan(e*x + d)~2 - 4xsqrt(cxtan(e*x + d)~4
+ bxtan(e*xx + d)72 + a)*((b - 2xc)*tan(e*x + d)~2 + 2%a - b)*sqrt(a - b +
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c) + 8xa”2 - 8%axb + b72 + 4*axc)/(tan(e*xx + d)74 + 2xtan(exx + d)72 + 1))x*
tan(exx + d)72 - (2*%a - b)*sqrt(a)*log(((b"2 + 4*axc)*tan(e*xx + d)~4 + 8*ax
bxtan(e*x + d)~2 - 4*sqrt(c*tan(e*x + d)~4 + b*tan(exx + d)~2 + a)*(b*tan(e
xx + d)72 + 2xa)xsqrt(a) + 8*a”~2)/tan(exx + d)~4)xtan(exx + d)~2 - 4xsqrt(c
*tan(e*x + d)74 + bxtan(exx + d)~2 + a)*a)/(axextan(exx + d)~2), -1/8*(4*ax
sqrt(-a + b - c)*arctan(-1/2*sqrt(c*tan(exx + d)~4 + b*tan(e*x + d)72 + a)*
((b - 2xc)*tan(e*x + d)72 + 2xa - b)*sqrt(-a + b - ¢)/(((a - b)*c + c"2)*ta
n(exx + d)74 + (axb - b™2 + b*c)*tan(exx + d)72 + a”2 - axb + axc))*tan(ex*x
+ d)72 + (2%xa - b)*sqrt(a)*log(((b~2 + 4xa*c)*tan(exx + d)~4 + 8*axbxtan(e
*x + d)72 - 4xsqrt(cxtan(exx + d)74 + bxtan(e*x + d)~2 + a)x(bxtan(e*x + d)
T2 + 2%a)*sqrt(a) + 8*%a~2)/tan(e*x + d)~4)*tan(e*xx + d)~2 + 4*xsqrt(c*tan(ex
X + d)74 + bxtan(exx + d)72 + a)*a)/(axextan(e*x + d)72), -1/4*(sqrt(-a)*(2
*a - b)*arctan(1/2*sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72 + a)*(b*tan(e*xx
+ d)"2 + 2%a)*sqrt(-a)/(axcxtan(e*x + d)~4 + axbxtan(exx + d)72 + a”2))x*ta
n(exx + d)~2 - sqrt(a - b + c)*a*xlog(((b~2 + 4x(a - 2%b)*c + 8*c~2)*tan(e*x
+ d)"4 + 2x(4xaxb - 3*b"2 - 4*(a - b)*c)xtan(e*xx + d)~2 - 4xsqrt(c*tan(exx
+ d)74 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(exx + d)~2 + 2*a - b)*sqrt(a
- b+ c) + 8ka”2 - 8xaxb + b72 + 4*axc)/(tan(exx + d)74 + 2*tan(e*xx + d)72
+ 1))*tan(exx + d)72 + 2xsqrt(cxtan(exx + d)74 + bxtan(exx + d)72 + a)*a)/
(axextan(exx + d)72), -1/4x(sqrt(-a)*(2*xa - b)*arctan(l/2*sqrt(c*tan(e*x +
d)~4 + bxtan(exx + d)72 + a)*(bxtan(exx + d)~2 + 2xa)*sqrt(-a)/(a*cxtan(ex*x
+ d)74 + axbxtan(e*xx + d)~2 + a”2))*tan(exx + d)72 + 2*axsqrt(-a + b - c)*
arctan(-1/2*sqrt(c*tan(exx + d)~4 + bxtan(exx + d)72 + a)*((b - 2%c)*tan(ex
X +d)72 + 2%xa - b)*sqrt(-a + b - ¢)/(((a - b)*c + c"2)*tan(exx + d)"4 + (a
*b - b~2 + b*c)*tan(e*xx + d)72 + a”2 - axb + axc))*tan(exx + d)~2 + 2xsqrt(
cxtan(e*xx + d)~4 + bxtan(exx + d)72 + a)*a)/(axextan(e*x + d)~2)]

Sympy [F] time = 0., size = 0, normalized size = 0.

Jn\/a4—btan?(d—+ex)4—ctan4(d—+ex)cot3(d—kex)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**3* (a+tb*tan(e*xx+d) **2+c*tan(exx+d)**4)**(1/2) ,x)

[Out] Integral(sqrt(a + b*tan(d + e*x)**2 + c*tan(d + e*x)**4)*cot(d + exx)**3, x

)
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Giac [F] time = 0., size = 0, normalized size = 0.

f\/c tan (ex + d)4 + btan (ex + d)2 + acot (ex + d)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~3*(atb*tan(e*xx+d) 2+cxtan(e*xx+d)~4)~(1/2),x, algorithm
="giac")

[Out] integrate(sqrt(c*tan(exx + d)~4 + b*tan(exx + d)~2 + a)*cot(exx + d)~3, x)
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3.32 ftanz(d+ex)\/a + btan®(d + ex) + ctan*(d + ex) dx
Optimal. Leaf size=1254

result too large to display

[Out] -(Sqrt[a - b + c]*ArcTan[(Sqrtla - b + cl*Tan[d + e*x])/Sqrt[a + b*Tan[d +
exx] "2 + cxTan[d + exx]~4]])/(2%e) + (Tan[d + exx]*Sqrt[a + bxTan[d + exx]~
2 + cxTan[d + e*x]~4])/(3%e) + (bxTan[d + exx]*Sqrt[a + b*Tan[d + e*x]~2 +
c¥Tan[d + exx]~4])/(3xSqrt[c]*ex(Sqrt[a]l] + Sqrtlcl*Tan[d + e*x]"2)) - (Sqrt
[c]*Tan[d + exx]*Sqrtl[a + b*Tan[d + e*x]"2 + c*Tanl[d + e*x]~4])/(e*x(Sqrt[al
+ Sqrtlcl*Tan[d + e*x]~2)) - (a~(1/4)*b*EllipticE[2*ArcTan[(c”~(1/4)*Tan[d
+ exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4]*(Sqrtlal + Sqrtlcl*Tan[d + e
*x]"2)*Sqrt[(a + b*Tan[d + e*x]"2 + c*xTan[d + e*xx]~4)/(Sqrt[a]l + Sqrtl[c]l*Ta
nld + exx]~2)72])/(3*%c”(3/4)*exSqrt[a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4
1) + (@~ (1/4)*c”(1/4)*EllipticE[2*ArcTan[(c~(1/4)*Tan[d + ex*x])/a~(1/4)], (
2 - b/(Sqrtlal*Sqrtlc]))/4]1*(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)*Sqrt[(a + bx
Tan[d + exx]~2 + c*Tan[d + e*x]74)/(Sqrtla]l + Sqrtlcl*Tanl[d + e*x]~2)72])/(
exSqrt[a + bxTan[d + exx]”2 + cxTan[d + exx]~4]) + (a~(1/4)*(b + 2xSqrt[a]l*
Sqrt[c])*EllipticF [2*ArcTan[(c~(1/4)*Tan[d + ex*x])/a~(1/4)], (2 - b/(Sqrtla
1xSqrtlc]))/41*(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~
2 + c*Tan[d + e*x]~4)/(Sqrtl[al + Sqrtlcl*Tan[d + e*xx]~2)72])/(6%c~(3/4)*ex*S
grtla + b*Tan[d + e*x]”2 + c*Tan[d + e*x]~4]) - ((b + Sqrtl[al*Sqrt[c] - c)*
EllipticF[2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrt[a]l*Sqrt[c]
))/4]1*(Sqrtlal + Sqrtlcl*Tan[d + e*x]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + cx*Tan
[d + exx]~4)/(Sqrt[al + Sqrtlcl*Tan[d + exx]~2)72])/(2xa~(1/4)*c”(1/4)*e*Sq
rt[a + bxTan[d + exx]”2 + cxTan[d + exx]"4]) + (c~(1/4)*(a - b + c)*Ellipti
cF[2*ArcTan[(c™(1/4)*Tan[d + ex*xx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrt[cl))/4]*(
Sqrt[a] + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + ex
x]174)/(Sqrt[a] + Sqrtlcl*Tan[d + e*x]~2)72])/(2%¥a~(1/4)*(Sqrtla] - Sqrtlc]l)
xexSqrt[a + bxTan[d + exx]~2 + cxTan[d + exx]~4]) - ((Sqrt[al + Sqrtlcl)*(a
- b + c)*EllipticPi[-(Sqrtla] - Sqrtlc])~2/(4*Sqrtl[al*Sqrtlc]), 2*ArcTan[(
c”(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtl[cl))/4]1*(Sqrtl[al + Sqr
t[c]*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + exx]"2 + c*Tan[d + e*x]~4)/(Sqrt[a
] + Sqrtlcl*Tan[d + exx]~2)72])/(4*a~(1/4)*(Sqrt[a] - Sqrtlc])*c”(1/4)*exSq
rt[a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4])

Rubi [A] time = 0.993253, antiderivative size = 1254, normalized size of antiderivative =

number of rules

1., number of steps used = 14, number of rules used = 9, integrand size = 35, — — =
integrand size
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0.257, Rules used = {3700, 1335, 1091, 1197, 1103, 1195, 1208, 1216, 1706}

\/m tan_l Va—b+c tan(d+ex)
\/C tan®(d+ex)+b tan(d+ex)+a tan(d + ex) ctan4(d +ex)+b tanz(d +ex)+a +Jctan(d + ex)\/;
—_ + p—

2e 3e 6(\/E

Antiderivative was successfully verified.

[In] Int[Tan[d + e*xx] 2xSqrt[a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4],x]

[Out] -(Sqrtla - b + cl*ArcTan[(Sqrt[a - b + c]*Tan[d + e*x])/Sqrt[a + b*Tan[d +
exx] "2 + cxTan[d + exx]~4]])/(2xe) + (Tan[d + exx]*Sqrtla + bxTan[d + exx]~
2 + c*xTan[d + e*xx]~4])/(3%e) + (bxTan[d + exx]*Sqrt[a + b*Tan[d + e*xx]~2 +
cxTan[d + e*x]~4])/(3*Sqrt[c]l*e*x(Sqrt[al + Sqrtl[cl*Tan[d + e*x]~2)) - (Sqrt
[c]*Tan[d + e*x]*Sqrt[a + bxTan[d + exx]~2 + c*Tan[d + exx]~4])/(ex(Sqrt[al
+ Sqrt[cl*Tan[d + e*xx]~2)) - (a~(1/4)*b*EllipticE[2*ArcTan[(c~(1/4)*Tan[d
+ exx])/a”~(1/4)], (2 - b/(Sqrt[al*Sqrtlcl))/4]1*(Sqrt[a]l + Sqrtl[cl*Tan[d + e
*xx]"2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*xx]~4)/(Sqrt[al + Sqrt[cl*Ta
nld + exx]~2)72])/(3*%c”~(3/4)*exSqrt[a + b*Tan[d + exx]"2 + cxTan[d + exx]~4
1) + (@~ (1/4)*c~(1/4)*EllipticE[2*ArcTan[(c~(1/4)*Tan[d + ex*x])/a~(1/4)], (
2 - b/(Sqrtlal*Sqrtlc]l))/4]1*(Sqrtla] + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + Dbx
Tan[d + e*xx]™2 + cxTan[d + exx]~4)/(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)72])/(
exSqrt[a + b*Tan[d + e*xx]~2 + cxTan[d + exx]~4]) + (a~(1/4)*(b + 2xSqrt[a]*
Sqrt[c])*EllipticF [2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtla
1xSqrtlc]))/41*(Sqrtla] + Sqrtlc]+*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~
2 + cxTan[d + exx]~4)/(Sqrtl[a]l + Sqrtlcl*Tan[d + e*x]~2)"2])/(6*c”(3/4)*e*S
grtla + b*Tan[d + e*x]”2 + c*Tan[d + e*x]~"4]) - ((b + Sqrtl[al*Sqrtlc] - c)*
EllipticF[2*ArcTan[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrt[al*Sqrt[c]
))/4]*(Sqrtlal + Sqrtlcl*Tan[d + e*x]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + cx*Tan
[d + exx]~4)/(Sqrt[a]l + Sqrtlcl*Tan[d + e*xx]~2)72])/(2xa~(1/4)*c~(1/4)*e*Sq
rt[a + b*Tan[d + e*x]”"2 + cxTan[d + exx]~4]) + (c~(1/4)*(a - b + c)*Ellipti
cF[2*ArcTan[(c™(1/4)*Tan[d + e*x])/a~(1/4)], (2 - b/(Sqrtlal*Sqrt[cl))/4]*(
Sqrtlal + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + ex
x]174)/(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)72])/(2*a~(1/4)*(Sqrtla] - Sqrtlcl)
xexSqrt[a + bxTan[d + exx]~2 + c*Tan[d + exx]~4]) - ((Sqrtl[al + Sqrtlcl)*(a
- b + c)*EllipticPi[-(Sqrt[a] - Sqrtlc])~2/(4*Sqrtl[al*Sqrtlc]), 2*ArcTan[(
c~(1/4)*Tan[d + ex*x])/a~(1/4)], (2 - b/(Sqrtlal*Sqrt[c]l))/4]1*(Sqrtl[al + Sqr
t[c]*Tan[d + e*xx] 2)*Sqrt[(a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]~4)/(Sqrtl[a
] + Sqgrtlcl*Tan[d + exx]~2)72])/(4xa~(1/4)*(Sqrt[al - Sqrtlcl)*c”™(1/4)*ex*Sq
rt[a + bxTan[d + e*xx]~2 + cxTan[d + exx]~4])

Rule 3700
Int[tan[(d_.) + (e_)*(x )] "(m_)*((a_.) + (b_.)*x((f_.)*tan[(d_.) + (e_.)*(
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x )" (_.) + (c_)x((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 1335

Int [C(£_D*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (
c_.)*(x_)74)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(f*x) m*(d + e*x~2) qg*
(a + b*x"2 + c*x74)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, m, p, q}, x] & N
eQ[b~2 - 4xaxc, 0] && (IGtQ[p, 0] || IGtQlq, 0] || IntegersQ[m, ql)

Rule 1091

Int[((a_) + (b_.)*(x )72 + (c_.)*x(x_)"4)"(p_), x_Symbol] :> Simp[(x*(a + bx
X"2 + c*xx74)"p)/(4xp + 1), x] + Dist[(2*p)/(4*xp + 1), Int[(2%a + b*x"2)*(a
+ b*xx"2 + c*xx"4)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4x*axc,
0] && GtQ[p, 0] && IntegerQ[2*p]

Rule 1197

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtl[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtla + b*x"2 + c*x"4
1, x], x] - Distle/q, Int[(1 - g*x72)/Sqrtla + bxx"2 + c*x~4], x], x] /; Ne
Qle + dxq, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g~ 2*xx"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)72)]*
EllipticF[2*ArcTan[q*x], 1/2 - (bxq~2)/(4*c)])/(2*xq*Sqrt[a + b*xx"2 + c*xx~4]
), x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

Rule 1195

Int[((d_) + (e_.)*(x_)~"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 4]}, -Simp[(d*x*Sqrt[a + b*x"2 + c*x~4])/(a*x(1 + g~
2xx72)), x] + Simp[(d*(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q72*x~
2)"2)]*EllipticE[2*ArcTan[qg*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*x"2 + ¢
*x~4]1), x] /; EqQle + d*q~2, 0]]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
4xaxc, 0] && PosQ[c/al

Rule 1208
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Int[((a_) + (b_.)*(x_)72 + (c_.)*x(x_)"4)"(p_)/((d_) + (e_.)*(x_)"2), x_Symb
0ol] :> -Dist[(e”2)7(-1), Int[(c*d - b*e - cxexx"2)*(a + b*x"2 + c*x"4) " (p -
1), x], x] + Dist[(c*d™2 - bxd*e + a*e”2)/e”2, Int[(a + b*x"2 + c*xx~4)"(p
- 1)/(d + exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0
] && NeQ[c*d™2 - bxdxe + axe”2, 0] && IGtQ[p + 1/2, 0]

Rule 1216

Int[1/(((d_ ) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4]), x_S
ymbol] :> With[{q = Rtlc/a, 2]}, Dist[(cxd + a*exq)/(c*d"2 - axe”2), Int[1/
Sqrt[a + b*x"2 + c*x~4], x], x] - Dist[(a*ex(e + dxq))/(c*d"2 - axe”2), Int
[(1 + g*x~2)/((d + exx~2)*Sqrt[a + b*x"2 + c*xx~4]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxd*e + axe”2, 0] && Ne
Qlcxd™2 - axe™2, 0] && PosQ[c/al

Rule 1706

Int [((A_) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +

(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - A*e)*Arc
Tan[(Rt[-b + (cxd)/e + (a*xe)/d, 2]*x)/Sqrtla + b*x"2 + c*x~4]])/(2*d*e*Rt[-
b + (c*xd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2*(a
+ b*x"2 + c*x74))/(ax(A + Bxx"2)"2)]*EllipticPi[Cancel [-((B*xd - Axe)~2/(4x
dxexA*B))], 2*ArcTan[q*x], 1/2 - (b*A)/(4*xaxB)])/(4*xd*exAxq*Sqrt[a + bxx"2
+ c*xx~4]), x]1] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4x*axc, 0] &&
NeQ[c*d™2 - b*d*xe + axe”2, 0] && NeQ[c*d~2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA™2 - axB~2, 0]

Rubi steps
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Subst (f W dx, x, tan(d + ex))
ftanz(d + ex)\/a + btan?(d + ex) + ctan*(d + ex) dx = .
Subst (f (Va + bx? + cxt - %ﬁ;sx‘l) dx, x, tan(d + ex))
- e
\/_
Subst (f Va + bx2 + cx* dx, x, tan(d + ex)) Subst (f =
= e J—

tan(d + ex)\/a + btan®(d + ex) + ctan*(d + ex)  Subst (
= +
3e

tan(d + ex)\/a + btan®(d + ex) + ctan*(d + ex) (\/E (Zw
= +
3e

\/mtan_l [ Va—b+c tan(d+ex)

\/a+b tanz(d+ex)+c tan4(d+ex)) tan(d +ex
+
2e

Mathematica [C] time = 29.3705, size = 639, normalized size = 0.51

4(b-3c) ta

\/4a cos(2(d+ex))+a cos(4(d+ex))+3a—b cos(4(d+ex))+b—4c cos(2(d+ex))+c cos(4(d+ex))+3¢c ( (b-3c) sin(2(d+ex))

1
4 cos(2(d+ex))+cos(4(d+ex))+3 6¢ + 3 tan(d + ex))

+

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]~2*Sqrtl[a + bxTan[d + e*x]~2 + cxTan[d + exx]~4],x]

[Out] (Sqrt[(3xa + b + 3xc + 4*xa*xCos[2*(d + exx)] - 4*c*Cos[2+(d + e*x)] + a*Cos[
4x(d + exx)] - b*Cos[4x(d + exx)] + c*Cos[4*(d + exx)])/(3 + 4*Cos[2x(d + e
xx)] + Cos[4*(d + exx)])]*(((b - 3*%c)*Sin[2x(d + exx)])/(6*c) + Tan[d + ex*xx
1/3))/e + ((IxSqrt[2]1*((b - 3*c)*(-b + Sqrt[b~2 - 4*axc])*EllipticE[I*ArcSi
nh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*Tan[d + e*x]], (b + Sqrt[b~2 - 4
xaxc])/(b - Sqrt[b”2 - 4*axc])] + (b72 - b*x(-3xc + Sqrt[b~2 - 4*axc]) + cx*(
—-4*a - 6%c + 3*%Sqrt[b”2 - 4xaxc]))*EllipticF[I*ArcSinh[Sqrt[2]*Sqrtlc/(b +
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Sqrt[b~2 - 4xaxc])]*Tan[d + e*x]], (b + Sqrt[b~2 - 4*a*xc])/(b - Sqrt[b”2 -
4xaxc])] + 6xcx(a - b + c)*EllipticPi[(b + Sqrt[b~2 - 4*axc])/(2xc), I*ArcS
inh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*Tan[d + e*xx]], (b + Sqrt[b~2 -
4xa*xc])/(b - Sqrt[b~2 - 4xaxc])])*Sqrt[(b + Sqrt[b~2 - 4xaxc] + 2*cxTan[d +
exx]"2) /(b + Sqrt[b~2 - 4xaxc])]*Sqrt[1 + (2xc*Tan[d + exx]~2)/(b - Sqrt[b
~2 - 4xaxc])])/Sqrtlc/(b + Sqrt[b~2 - 4xaxc])] - (4x(b - 3*c)*Tan[d + exx]*
(a + b*Tan[d + e*xx]~2 + cxTan[d + exx]"4))/(1 + Tan[d + e*xx]~2))/(12*c*e*Sq
rt[a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4])

Maple [A] time = 0.212, size = 1945, normalized size = 1.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*tan(ex*x+d) "2+cxtan(e*xx+d)~4) " (1/2)*tan(e*xx+d) ~2,x)

[Out] 1/e*x(1/3*(a+bxtan(exx+d) “2+c*tan(e*x+d) ~4)~ (1/2)*tan(exx+d)+1/6*a*2"(1/2)/(
(=b+(-4*a*xc+b”2)"(1/2))/a) " (1/2) * (4-2x (-b+(-4*axc+b~2) " (1/2) ) /axtan (e*xx+d) "~
2) 7 (1/2) % (4+2x (b+(-4*a*xc+b”~2) " (1/2) ) /axtan(e*x+d) ~2) " (1/2) / (a+b*tan (e*x+d)~
2+c*xtan(e*xx+d) ~4) " (1/2) *EllipticF(1/2*tan(e*xx+d)*2~ (1/2) * ((~b+(-4*a*xc+b~2)~
(1/2))/a)~(1/2) ,1/2%x (—4+2*xb*x (b+ (-4*a*xc+b~2) ~(1/2)) /a/c)~(1/2))-1/6%b*a*x2~ (1
/2)/ ((~b+(-4xaxc+b™2) "~ (1/2))/a) " (1/2) * (4-2* (-b+ (-4*a*xc+b~2) ~(1/2)) /a*xtan (ex*
x+d) "2) " (1/2) % (4+2* (b+ (—4*a*xc+b~2) " (1/2) ) /a*xtan(e*x+d) ~2) " (1/2) / (a+b*tan (e*
x+d) "2+cxtan(exx+d) "4) " (1/2) / (b+(-4*a*xc+b~2) ~(1/2) ) *(E1lipticF (1/2*tan (e*x+
d)*27(1/2) * ((-b+(-4*a*xc+b~2)~(1/2)) /a)~(1/2) ,1/2% (-4+2*xb* (b+ (-4*a*xc+b~2) ~ (1
/2))/a/c)”(1/2))-EllipticE(1/2*tan(e*x+d) *2~ (1/2) * ((-b+(-4*a*c+b~2)~(1/2))/
a)~(1/2) ,1/2% (-4+2%b* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2)))-1/4%x2~(1/2) / (-b/a+
1/ax(=4*xaxc+b~2)~(1/2)) " (1/2) *(4+2/axtan (e*xx+d) "2*¥b-2/a*tan (e*xx+d) ~2x (-4*a*
c+b”2)7(1/2)) " (1/2) *(4+2/a*xtan (e*xx+d) “2*b+2/a*tan (e*xx+d) ~2x (-4*xa*c+b~2) ~(1/
2))~(1/2) / (atb*tan(exx+d) ~2+c*tan(e*xx+d) “4) ~(1/2) *E1lipticF (1/2*tan (exx+d) *
27 (1/2)*((-b+(-4*a*xc+b~2)~(1/2)) /a) ~(1/2) ,1/2% (-4+2%b* (b+(-4*axc+b~2) " (1/2)
)/a/c)”(1/2))*b+1/4%2~(1/2)/ (-b/a+1/ax(=4*a*xc+b~2) " (1/2)) " (1/2) *(4+2/axtan(
exx+d) "2*b-2/a*xtan (exx+d) “2* (—4*a*xc+b~2) " (1/2)) " (1/2) *(4+2/a*tan (e*x+d) ~2*b
+2/axtan (exx+d) "2x (—4*a*xc+b~2) " (1/2)) " (1/2) / (a+bxtan (e*xx+d) "2+c*tan(e*xx+d) "~
4)~(1/2)*E1llipticF (1/2*tan(exx+d)*2~ (1/2)* ((~b+(-4*axc+b™2)~(1/2))/a)~(1/2)
, 1/2% (=4+2xb* (b+ (-4xaxc+b™2) " (1/2))/a/c)~(1/2) ) *xc+1/2*xc*xax2~(1/2) /(-b/a+1/a
* (=4xaxc+b~2) " (1/2)) " (1/2) *(4+2/a*tan (e*xx+d) "2*¥b-2/a*tan (exx+d) ~2* (-4*axc+b
“2)7(1/2)) " (1/2) *(4+2/axtan (e*xx+d) ~2*b+2/a*tan (exx+d) “2x (—4*a*xc+b~2) ~(1/2))
~(1/2)/ (atb*tan(exx+d) ~2+cxtan(e*xx+d) "4) " (1/2) / (b+(-4*a*xc+b~2) ~(1/2))*Ellip
ticF(1/2*tan(exx+d) *2~ (1/2) * ((-b+(-4*a*xc+b~2) " (1/2))/a)~(1/2) ,1/2%x (-4+2%bx*(
b+ (=4*xaxc+b~2)~(1/2))/a/c)~(1/2))-1/2*xc*xax2~(1/2) /(-b/a+1/a*x(-4d*xa*xc+b~2) " (1
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/2)) " (1/2) * (4+2/axtan (e*xx+d) ~"2xb-2/a*tan (exx+d) ~2x (=4*a*xc+b~2) " (1/2)) " (1/2)
* (4+2/axtan (exx+d) ~2xb+2/axtan (e*xx+d) ~2* (-4*a*xc+b~2) " (1/2))~(1/2)/ (a+b*tan(
exx+d) “2+cxtan (e*x+d) ~4) " (1/2) / (b+(-4*axc+b~2) ~(1/2) ) *E11lipticE(1/2*tan (e*x
+d)*27(1/2) * ((-b+(-4*axc+b™2) " (1/2))/a) ~(1/2) ,1/2% (-4+2*b* (b+ (-4*a*xc+b™2) ~(
1/2))/a/c)~(1/2))-ax2~(1/2)/ (-b/a+1/a*x(-4*axc+b~2) ~(1/2))~(1/2)*(1+1/2/a*ta
n(exx+d) “2%b-1/2/a*tan (exx+d) 2% (-4*a*xc+b~2) ~(1/2)) "~ (1/2) *(1+1/2/a*tan (e*xx+
d) “2xb+1/2/axtan(exx+d) ~2* (-4*a*xc+b~2) " (1/2))~(1/2) / (atb*tan(e*x+d) “2+c*xtan
(e*x+d)~4) " (1/2) *EllipticPi(1/2*tan(exx+d) *27 (1/2)* ((~b+(-4*a*xc+b~2)~(1/2))
/a)~(1/2),-2/ (-b+(-4*xaxc+b~2) ~(1/2) ) *a, (-1/2% (b+(-4*axc+b™2) ~(1/2))/a)~(1/2
)x27(1/2) / ((~b+(=4*xa*xc+b™2)~(1/2))/a)~(1/2) ) +bx27(1/2) / (-b/a+1/a* (-4*a*c+b™
2)7(1/2))7(1/2)* (1+1/2/a*tan (exx+d) "2%b-1/2/axtan (exx+d) "2 (-4*akc+b™2) ~ (1/
2))7(1/2)*(1+1/2/a*tan(e*x+d) "2+b+1/2/a*tan (e*xx+d) “2% (-4*a*xc+b~2) " (1/2))~ (1
/2)/ (atb*tan(exx+d) “2+cxtan(e*xx+d) "4) " (1/2)*E1llipticPi(1/2*tan (e*xx+d)*2~(1/
2) * ((~b+(-4*axc+b™2)"(1/2))/a)~(1/2) ,-2/ (-b+(-4*axc+b~2) " (1/2)) *a, (-1/2* (b+
(=4*axc+b™2)"(1/2))/a)~ (1/2)*27(1/2) / ((~b+(-4*a*c+b~2)~(1/2))/a) ~(1/2))-c*2
~(1/2)/(-b/a+1/a*(-4*xa*xc+b~2) " (1/2)) "~ (1/2)*(1+1/2/axtan(e*x+d) "2%b-1/2/a*ta
n(exx+d) ~2% (—4xa*xc+b™2)~(1/2))~(1/2) * (1+1/2/axtan (exx+d) ~2%b+1/2/a*xtan (e*xx+
d) 2% (—4*xa*xc+b~2)~(1/2))~(1/2)/ (atb*tan (e*xx+d) ~2+c*xtan (e*xx+d) ~4) ~(1/2)*E11li
ptich_(]_/Q*tan(e*x+d) *27(1/2) * ((-b+(=4*xa*xc+b~2)~(1/2))/a)~(1/2) ,-2/ (-b+(-4x*
axc+b~2) 7 (1/2))*a, (-1/2x (b+(-4*a*xc+b™2)~(1/2))/a) ~(1/2)*27(1/2) / ((-b+(-4*ax
c+b~2)~(1/2))/a)~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

f \/c tan (ex + d)4 + btan (ex + d)2 + atan (ex + d)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*tan(e*xx+d) “2+cxtan(exx+d)~4)~(1/2)*tan(exx+d) 2,x, algorithm
="maxima"

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + b*xtan(exx + d)~2 + a)*tan(exx + d)72, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (\/c tan (ex + d)4 + btan (ex + d)2 + atan (ex + d)2 , x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*tan(exx+d) “2+c*tan(exx+d)~4)~(1/2)*tan(e*xx+d)~2,x, algorithm

="fricas")

[Out] integral(sqrt(ckxtan(e*x + d)~4 + bxtan(e*xx + d)~2 + a)*tan(e*x + d)72, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + btan® (d + ex) + ctan* (d + ex) tan® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*tan(e*x+d)**2+c*tan (e*xx+d)**4)**(1/2)*tan (e*xx+d)**2,x)

[Out] Integral(sqrt(a + b*tan(d + e*x)**2 + c*tan(d + e*x)**4)*tan(d + exx)**2, x

)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d) "2+c*tan(exx+d)~4)~(1/2)*tan(exx+d)~2,x, algorithm

="giac")

[Out] Timed out
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3.33 f \/a + btan®(d + ex) + ctan*(d + ex) dx

Optimal. Leaf size=829

\/mmn_l [ Va—b+c tan(d+ex)

\/C tan4(d+ex)+btan2(d+ex)+a) \/Etan(d + ex)\/ctan4(d + ex) +b tanz(d + ex) +a
+ —

2e e (\/Etanz(d +ex) + \/E)

Va+/cE (2 tan~

[Out] (Sgrtla - b + c]*ArcTan[(Sqrt[a - b + c]*Tan[d + e*x])/Sqrtl[a + b*Tan[d + e
xx] 72 + cxTan[d + exx]~4]])/(2xe) + (Sqrtl[c]*Tan[d + e*x]*Sqrt[a + b*Tanl[d
+ exx] "2 + c*Tan[d + e*xx]~4])/(ex(Sqrt[a]l + Sqrtlcl*Tan[d + exx]~2)) - (a~(
1/4)*c”(1/4)*EllipticE[2*ArcTan[(c~(1/4)*Tan[d + ex*x])/a~(1/4)], (2 - b/(Sq
rt[al*Sqrtlc]l))/4]1*(Sqrtla]l + Sqrtlc]*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e
*x]72 + cxTan[d + exx]~4)/(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)"2])/(e*xSqrt[a
+ b*Tan[d + e*xx]~2 + cxTan[d + exx]~4]) + ((b + Sqrtlal*Sqrtl[c] - c)*Ellipt
icF[2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4]*
(Sqgrtla] + Sqrtlc]#Tan[d + e*x]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + cxTan[d + e
xx]~4)/(Sqrtlal + Sqrtlc]*Tan[d + exx]~2)72])/(2*a”~(1/4)*c~(1/4)*exSqrt[a +
b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4]) - (c~(1/4)x(a - b + c)*EllipticF[2*A
rcTan[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrt[c]l))/4]1*(Sqrt[a
] + Sqgrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]"4)/
(Sqgrtla] + Sqrtlcl*Tan[d + e*x]~2)72])/(2*a~(1/4)*(Sqrtla] - Sqrtlc])*e*Sqr
tla + bxTan[d + e*x]"2 + c*Tan[d + e*x]~4]) + ((Sqrtl[al + Sqrtlcl)*(a - b +
c)*EllipticPi[-(Sqrt[al - Sqrtlcl)~2/(4xSqrt[al*Sqrtlcl), 2*xArcTan[(c~(1/4
)*Tan[d + exx])/a~(1/4)]1, (2 - b/(Sqrtl[al*Sqrt[c]l))/41*(Sqrtla] + Sqrt[c]*T
an[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4)/(Sqrtl[a]l + Sq
rt[c]*Tan[d + e*xx]~2)72])/(4*xa~(1/4)*(Sqrt[al - Sqrtlcl)*c~(1/4)*exSqrtla +
bxTan[d + exx]”~2 + c*Tan[d + e*x]~4])

Rubi [A] time = 0.551654, antiderivative size = 829, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 26, e .

integrand size
0.231, Rules used = {1208, 1197, 1103, 1195, 1216, 1706}

\/mmn_l Va—b+c tan(d+ex)
\/c tan4(d+ex)+b tanz(d+ex)+a \/Etan(d + ex)\/Ctan4(d + EX) +b tanz(d + ex) t+a
+

2e e (\/Etanz(d +ex) + \/E)

Va+/cE (2 tan~

Antiderivative was successfully verified.
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[In] Int[Sqrtl[a + b*Tan[d + e*x]~2 + c*Tan[d + exx]~4],x]

[Out] (Sqrtla - b + cl*ArcTan[(Sqrt[a - b + c]*Tan[d + ex*x])/Sqrt[a + b*Tan[d + e
*x] 72 + cxTan[d + exx]~4]])/(2xe) + (Sqrtlcl*Tan[d + e*x]*Sqrt[a + bxTan[d
+ exx] "2 + c*Tan[d + e*x]~4])/(ex(Sqrtl[al + Sqgrtlcl*Tan[d + e*x]~2)) - (a~(
1/4)*c”(1/4)*E1lipticE[2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)]1, (2 - b/(Sq
rt[al*Sqrtc]))/4]1*(Sqrtla] + Sqrtlcl*Tan[d + exx] 2)*Sqrt[(a + b*Tan[d + e
*x] 72 + cxTan[d + exx]~4)/(Sqrtl[al + Sqrtlcl*Tan[d + e*x]~2)72])/(e*Sqrt[a
+ b*Tan[d + exx]~2 + c*Tan[d + e*x]~4]) + ((b + Sqrt[al*Sqrtl[c] - c)*Ellipt
icF[2*ArcTan[(c~(1/4)*Tan[d + e*x])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4]*
(Sqrt[a] + Sqgrtlc]*Tan[d + e*x]~2)*Sqrt[(a + b*Tan[d + exx]~2 + cxTan[d + e
xx]~4)/(Sqrtlal + Sqrtlc]*Tan[d + exx]~2)72])/(2*a”~(1/4)*c”(1/4)*exSqrt[a +
b*Tan[d + e*x]~2 + c*Tan[d + e*x]”4]) - (c”(1/4)*(a - b + c)*EllipticF[2*A
rcTan[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4]1*(Sqrt[a
] + Sgrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)/
(Sqgrtlal + Sqrtlcl*Tan[d + e*x]~2)72])/(2*%a~(1/4)*(Sqrtla]l - Sqrtlc])*e*Sqr
tla + bxTan[d + exx]”2 + c*Tan[d + e*x]~4]) + ((Sqrt[al + Sqrtlcl)*(a - b +
c)*EllipticPi[-(Sqrt[a]l - Sqrtlcl)~2/(4xSqrtlal*Sqrtlc]), 2xArcTan[(c~(1/4
)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]l))/4]*(Sqrtlal + Sqrt[c]*T
an[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]~4)/(Sqrtl[a] + Sq
rt[c]*Tan[d + exx]72)72])/(4*a~(1/4)*(Sqrtla]l - Sqrtlcl)*c~(1/4)*exSqrt[a +
b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])

Rule 1208

Int[((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4)"(p_)/((d.) + (e_.)*x(x_)"2), x_Symb
0l] :> -Dist[(e”2)"(-1), Int[(c*d - bxe - c*xe*xx"2)*(a + b*x"2 + c*x74)"(p -
1), x], x] + Dist[(c*d™2 - bxd*e + a*e”2)/e”2, Int[(a + b*x"2 + c*x~4)"(p
- 1)/(d + exx”2), x], x] /; FreeQ[{a, b, ¢, d, e}, x] && NeQ[b~2 - 4*axc, 0

] && NeQ[c*d™2 - bxdxe + axe”2, 0] && IGtQ[p + 1/2, 0]

Rule 1197

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtl[a + b*x"2 + c*x"4
1, x], x] - Distle/q, Int[(1 - g*x~2)/Sqrtla + b*x"2 + c*xx"4], x], x] /; Ne
Qle + dxq, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xa*c, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g 2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)"2)]*
EllipticF[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*xc)])/(2*g*Sqrtla + b*x"2 + cxx"4]
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), x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

Rule 1195

Int[((d_) + (e_.)*(x_)~"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, -Simp[(d*x*Sqrtla + b*x"2 + c*x74])/(ax(1 + q~
2%x72)), x] + Simp[(d*(1 + g~ 2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(a*x(1 + q 2*x"
2)"2)]*EllipticE[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*x"2 + ¢
*x~4]1), x] /; EqQle + dxq~2, 0]]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
4xaxc, 0] && PosQ[c/al

Rule 1216

Int[1/(((d_ ) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4]), x_S
ymbol] :> With[{q = Rtlc/a, 2]}, Dist[(c*d + a*exq)/(cxd"2 - a*e~2), Int[1/
Sqrt[a + b*x"2 + c*x~4], x], x] - Dist[(a*xex(e + dxq))/(c*d"2 - axe”2), Int
[(1 + g*x~2)/((d + exx~2)*Sqrt[a + b*x"2 + c*xx~4]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxd*e + axe”2, 0] && Ne
Qlcxd™2 - axe™2, 0] && PosQ[c/al

Rule 1706

Int[((A_) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - A*e)*Arc
Tan[(Rt[-b + (cxd)/e + (axe)/d, 2]*x)/Sqrtla + b*x~2 + c*x~4]])/(2*d*e*Rt[-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2*(a
+ b*x72 + c*xx74))/(ax(A + Bxx"2)"2)]*EllipticPi[Cancel [-((B*d - Axe)~2/(4x
dxexA*B))], 2*xArcTan[q*x], 1/2 - (b*A)/(4%a*xB)])/(4*dxexAxq*Sqrt[a + b*x"2
+ c*xx~4]), x]1] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4x*axc, 0] &&
NeQ[c*d~2 - bxd*xe + axe”2, 0] && NeQ[cxd~2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA™2 - axB~2, 0]

Rubi steps
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Subst ( f % dx, x, tan(d + ex))
f\/a + btan®(d + ex) + ctan*(d + ex) dx = .
hie—cx? 1
Subst (f ‘/% dx, x, tan(d + ex)) (a = b+ c) Subst (f (1+22) Var
T e " e
a+/c) Subst
(b ++/farfc - c) Subst (f \/ﬁ dx, x, tan(d + ex)) (\/—\/_) e [
= , _
\/mtal’l_l Va—b+c tan(d+ex) ‘
\/a+b tanz(d+ex)+c tan4(d+ex) \/Etan(d + €X)V a+ btan
= +
2e e (\/E +4/ct:

Mathematica [C] time = 1.79924, size = 428, normalized size = 0.52

Vh2— 2 2 _
i\/ b2—4ac+b+2c tan®(d-+ex) 1— 2c tan”(d+ex) (_ (,/bz —dac+b-— ZC) EllipticF (i sinh_l (\/E / c tan(d + ex)) , E
Vb2-4ac+b

Vbh2—4ac+b Vbh2—4ac-b bV

2\/56 ﬁ

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + ex*xx]~4],x]

[Out] ((I/2)*((-b + Sqrt[b~2 - 4xa*xc])*EllipticE[I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sq
rt[b72 - 4xaxc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4x
axc])] - (b - 2xc + Sqrt[b™2 - 4xaxc])*EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(
b + Sqrt[b~2 - 4*axc])]*Tan[d + e*x]], (b + Sqrt[b~2 - 4x*axc])/(b - Sqrt[b~

2 - 4xaxc])] - 2x(a - b + c)*EllipticPi[(b + Sqrt([b~2 - 4*axc])/(2xc), IxAr
cSinh[Sqrt [2]*Sqrt[c/(b + Sqrt[b~2 - 4xa*xc])]*Tan[d + exx]], (b + Sqrt[b~2

- 4xaxc])/(b - Sqrt[b~2 - 4xaxc])])*Sqrt[(b + Sqrt[b~2 - 4xa*xc] + 2*c*Tan[d

+ exx]"2) /(b + Sqrt[b”™2 - 4xaxc])]*Sqrt[1l - (2xc*Tan[d + e*x]~2)/(-b + Sqr
t[b~2 - 4xaxc])])/(Sqrt[2]1*Sqrtlc/(b + Sqrt[b~2 - 4*axc])]*exSqrt[a + b*Tan

[d + e*xx]"2 + c*Tan[d + e*x]~4])

Maple [A] time = 0.153, size = 1497, normalized size = 1.8

result too large to display



235

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atbxtan(exx+d) “2+c*tan(exx+d)~4)~(1/2),x)

[Out] 1/ex(1/4*2"(1/2)/(-b/a+1/a*x(-4*a*xc+b”2)"(1/2)) " (1/2)*(4+2/a*tan(e*xx+d) ~2*b-
2/axtan (e*xx+d) ~2*x (—-4d*xaxc+b~2) " (1/2))~(1/2) *(4+2/a*tan (exx+d) “2*b+2/a*tan (e*
x+d) "2x (=4*xa*xc+b~2) " (1/2)) " (1/2)/ (a+b*tan (exx+d) "2+c*tan(e*x+d) ~4) ~(1/2) *E1
lipticF(1/2*%tan(exx+d)*27 (1/2) * ((~b+(-4*a*xc+b™2)~(1/2))/a)~(1/2) ,1/2% (-4+2%
b* (b+(—4*axc+b~2)~(1/2))/a/c) " (1/2))*b-1/4x2"(1/2) / (-b/a+1/a*x(-4d*xa*xc+b~2) ~(
1/2)) " (1/2)*(4+2/a*tan(e*x+d) ~2*b-2/a*tan (exx+d) ~2* (—4*a*c+b™2) " (1/2))~(1/2
)% (4+2/a*tan (exx+d) ~2*b+2/a*xtan (e*xx+d) ~2x (-4*axc+b~2) ~(1/2))~(1/2)/(a+b*tan
(e*xx+d) "2+c*xtan(exx+d) "4) ~(1/2)*EllipticF (1/2*tan(exx+d) *2~ (1/2) * ((-b+(-4x*a
*xc+b™2) 7 (1/2))/a) " (1/2) ,1/2% (—4+2%b* (b+ (-4*axc+b™2) ~(1/2)) /a/c) ~(1/2) ) *c-1/
2xc*xa*x2”(1/2)/ (-b/a+1/ax(-4*xa*xc+b~2) " (1/2)) " (1/2) *(4+2/a*xtan (exx+d) "2*¥b-2/a
*tan (e*x+d) "2*x (-4*axc+b~2) ~(1/2)) " (1/2) *(4+2/a*tan (e*xx+d) "2xb+2/a*tan (e*x+d
) "2% (—4xaxc+b~2)"(1/2)) " (1/2) / (a+b*tan (exx+d) “2+c*tan(e*x+d) ~4) ~(1/2) / (b+(-
4xaxc+b~2) " (1/2))*E1lipticF(1/2*tan (e*xx+d) *2~ (1/2) * ((-b+(-4*a*xc+b~2)~(1/2))
/a)”(1/2) ,1/2%(-4+2xb* (b+(-4*a*xc+b~2) " (1/2)) /a/c)~(1/2))+1/2*c*xax2~(1/2) /(-
b/a+1/ax(-4*xaxc+b~2) " (1/2)) " (1/2) *(4+2/axtan (exx+d) "2xb-2/axtan (e*xx+d) ~2* (-
dxaxc+b”~2) " (1/2))"(1/2) *(4+2/a*xtan (exx+d) ~2xb+2/a*tan (e*x+d) ~2* (-4*a*xc+b~2)
~(1/2))"(1/2)/ (a+b*tan(exx+d) “2+c*tan(e*xx+d) ~4) " (1/2) / (b+(-4*a*xc+b™2) ~(1/2)
)*¥E1lipticE(1/2*tan(e*x+d) *2~ (1/2) * ((-b+(-4*a*xc+b™2) " (1/2))/a) "~ (1/2) ,1/2* (-
4+2xb* (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2))+ax2~(1/2) /(-b/a+1/a*x(-4d*xa*xc+b~2) ~(
1/2))"(1/2)*(1+1/2/a*xtan(exx+d) "2*xb-1/2/a*xtan (exx+d) ~2x (-4*xaxc+b™2) ~(1/2))"~
(1/2)*(1+1/2/a*tan(e*xx+d) "2xb+1/2/a*tan (e*xx+d) ~2* (-4*xa*xc+b~2)~(1/2))~(1/2)/
(atb*tan(exx+d) "2+c*tan(e*x+d) ~4) " (1/2)*EllipticPi(1/2*tan (e*xx+d)*2~ (1/2)*(
(-b+(-4*axc+b™2)"(1/2))/a)~(1/2) ,-2/ (-b+(-4*a*xc+b”2) " (1/2) ) *a, (-1/2* (b+ (-4
axc+b™2) " (1/2))/a) " (1/2)*2~(1/2) / ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2))-b*x2~(1/
2)/(-b/a+1/ax(-4d*xaxc+b”2) " (1/2))~(1/2)*(1+1/2/a*tan(e*xx+d) “2x¥b-1/2/a*tan (e*
x+d) 2% (=4*xaxc+b"2) " (1/2)) " (1/2) *(1+1/2/a*xtan (e*xx+d) "2*b+1/2/a*tan (e*xx+d) "2
x (—4*xaxc+b~2)~(1/2))~(1/2)/ (atb*tan(e*xx+d) “2+cxtan(exx+d) ~4) " (1/2)*Elliptic
Pi(1/2*tan(e*xx+d)*2~(1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2),-2/ (-b+(-4*a*xc+
b~2)~(1/2))*a, (-1/2% (b+(-4*axc+b™2) " (1/2))/a)~(1/2)*27(1/2) / ((-b+(-4*a*c+b™
2)7(1/2))/a)~(1/2))+c*27(1/2) / (-b/a+1/ax(—4*a*xc+b™2) " (1/2)) " (1/2) *(1+1/2/ax
tan(exx+d) "2xb-1/2/axtan (exx+d) "2*x (—4*axc+b™2) " (1/2))~(1/2)*(1+1/2/a*tan(e*
x+d) "2*xb+1/2/a*tan (e*x+d) "2*x (-4*a*xc+b~2) ~(1/2))~(1/2) / (a+b*tan (e*xx+d) “2+c*t
an(e*xx+d) ~4)~(1/2)*EllipticPi(1/2*xtan(e*x+d) *27(1/2)*((~b+(-4*a*xc+b~2)~(1/2
))/a)~(1/2) ,-2/ (-b+(-4*a*xc+b~2) ~(1/2)) *a, (-1/2% (b+(-4*axc+b™2) " (1/2))/a) " (1
/2)*27(1/2) / ((=b+(=4*a*xc+b~2) " (1/2))/a)~(1/2)))
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Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ctan(ex+d)4 +btan(ex+d)2 +adx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d) 2+cxtan(exx+d)~4)~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(c*tan(exx + d)~4 + b*tan(exx + d)"2 + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d) "2+c*tan(e*xx+d)~4)~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + btan® (d + ex) + ctan® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d)**2+ckxtan(e*xx+d)**4)**(1/2),x)

[Out] Integral(sqrt(a + b*xtan(d + e*x)**2 + c*tan(d + e*x)**4), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex +d)* + btan (ex + d)? + adx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*tan(exx+d) "2+c*tan(exx+d)~4)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + b*xtan(exx + d)”"2 + a), x)
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3.34 f cotz(d+ex)\/a + btan®(d + ex) + ctan*(d + ex) dx

Optimal. Leaf size=861

Mtan_l [ Va—b+c tan(d+ex)

\/Ctan4(d+ex)+b tanz(d+gx)+a] cot(d + ex)\/ C tan4(d +ex)+b tanz(d +ex)+a AJctan(d +ex) /ct

2e e ’ e(\/t_:‘

[Out] -(Sqrtla - b + cl*ArcTan[(Sqrt[a - b + c]*Tan[d + exx])/Sqrt[a + b*Tan[d +
exx] "2 + cxTan[d + exx]~4]])/(2xe) - (Cot[d + exx]*Sqrtla + bxTan[d + exx]~
2 + c*Tan[d + e*x]"4])/e + (Sqrtlc]*Tan[d + e*x]*Sqrt[a + bxTan[d + exx]~2
+ cxTan[d + exx]~4])/(ex(Sqrt[a]l + Sqrtlcl*Tan[d + e*x]~2)) - (a~(1/4)*xc~ (1
/4)*E1lipticE[2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrt[a]l*Sqr
t[c]))/41*(Sqrt[a] + Sqrtlcl*Tan[d + exx]~2)xSqrt[(a + b*Tan[d + e*x]"2 + ¢
xTan[d + exx]~4)/(Sqrtlal + Sqrtlc]*Tan[d + e*x]~2)72])/(exSqrt[a + bxTan[d
+ exx] "2 + c*Tan[d + e*x]~4]) + ((Sqrtl[al + Sqrtlcl)*c™(1/4)*EllipticF[2%A
rcTan[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtl[al*Sqrtlc]))/4]1*(Sqrtla
] + Sgrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)/
(Sqrt[al + Sqrtlcl*Tanl[d + e*x]~2)72])/(2xa~(1/4)*exSqrt[a + b*Tan[d + ex*x]
2 + cxTan[d + exx]74]) + (c™(1/4)*(a - b + c)*EllipticF[2*ArcTan[(c™(1/4)*
Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4]1*(Sqrtla]l + Sqrtlc]l*Tan
[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4)/(Sqrt[a] + Sqrt
[c]*Tan[d + e*x]~2)72])/(2%a~(1/4)*(Sqrtla] - Sqrt([c])*exSqrt[a + bxTan[d +
exx]"2 + cxTan[d + exx]~4]) - ((Sqrtla] + Sqrtlcl)*(a - b + c)*EllipticPil
-(Sqrt[a] - Sqrtlc])~2/(4xSqrtlal*Sqrtlc]l), 2*ArcTan[(c~(1/4)*Tan[d + exx])
/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]l))/4]*(Sqrtlal + Sqrtlcl*Tan[d + e*x]~2)*
Sqrt[(a + b*Tan[d + e*xx]”2 + cxTan[d + exx]~4)/(Sqrtlal + Sqrt[c]*Tan[d + e
xx]72)72])/(4xa~ (1/4)*(Sqrt[a]l - Sqrtlcl)*c”(1/4)*e*Sqrt[a + bxTan[d + exx]
"2 + c*Tan[d + e*x]~4])

Rubi [A] time = 0.585023, antiderivative size = 861, normalized size of antiderivative

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 35, e -

integrand size
0.229, Rules used = {3700, 1311, 1281, 1197, 1103, 1195, 1216, 1706}

m tan_l Va—b+c tan(d+ex)
\/ctan4(d+ex)+btanz(d+ex)+a cot(d + ex)\/c tan*(d + ex) + btan?(d + ex) +a  Jctan(d + ex){Jct

+
2¢ e e(\/E‘

Antiderivative was successfully verified.
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[In] Int[Cot[d + e*x] 2*Sqrt[a + b*Tan[d + e*x]”"2 + c*Tan[d + ex*xx]~4],x]

[Out] -(Sqrt[a - b + c]*ArcTan[(Sqrtla - b + cl*Tan[d + e*x])/Sqrt[a + b*Tan[d +
exx] "2 + cxTan[d + exx]~4]])/(2*e) - (Cot[d + exx]*Sqrtl[a + b*Tan[d + e*x]~
2 + cxTan[d + exx]~4])/e + (Sqrt[cl*Tan[d + e*x]*Sqrt[a + b*Tan[d + e*xx]~2
+ c*Tan[d + e*x]~4])/(ex(Sqrtl[a] + Sqrtlc]*Tanl[d + exx]~2)) - (a~(1/4)*c” (1
/4)*E1lipticE[2*ArcTan[(c™(1/4)*Tan[d + e*x])/a"(1/4)], (2 - b/(Sqrt[a]l*Sqr
tlc]))/41*(Sqrtla]l + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + ¢
xTan[d + exx]~4)/(Sqrtlal + Sqrtlc]*Tan[d + e*x]~2)72])/(e*Sqrt[a + bxTan[d
+ exx]”2 + c*Tan[d + exx]~4]) + ((Sqrtl[al + Sqrtlcl)*c~(1/4)*EllipticF[2*A
rcTan[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrt[c]l))/4]1*(Sqrt[a
] + Sqrtlcl*Tan[d + exx]"2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]"4)/
(Sqgrtla] + Sqrtlcl*Tan[d + e*x]~2)72])/(2*a”~(1/4)*e*xSqrt[a + bxTan[d + exx]
2 + cxTan[d + exx]"4]) + (c™(1/4)*(a - b + c)*EllipticF[2*ArcTan[(c~(1/4)*
Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4]1*(Sqrtlal + Sqrtlcl*Tan
[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)/(Sqrtl[a] + Sqrt
[c]*Tan[d + e*xx]~2)72])/(2*xa~(1/4)*(Sqrtl[a] - Sqrtlc])*exSqrt[a + bxTan[d +
exx]"2 + cxTan[d + exx]~4]) - ((Sqrtla] + Sqrtlc])*(a - b + c)*EllipticPil
-(Sqrtla] - Sqrtlc])~2/(4xSqrtlal*Sqrtlcl), 2*ArcTan[(c~(1/4)*Tan[d + ex*x])
/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]l))/4]*(Sqrtlal + Sqrtlcl*Tan[d + e*x]~2)*
Sqrt[(a + b*Tan[d + e*x]~2 + cxTan[d + exx]~4)/(Sqrt[a] + Sqrt[cl*Tan[d + e
xx]72)72])/(4*a~(1/4)*(Sqrt[a] - Sqrtlcl)*c”™(1/4)*exSqrt[a + b*Tan[d + ex*x]
"2 + cxTan[d + ex*x]~4])

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )" (@_.) + (c_)*x((f_.)*xtanl[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1311

Int [CCCE_D*(x_ D))" )*((a_.) + (b_)*(x_)72 + (c_.)*(x_)"4)"(p_.))/((d_.)

+ (e_.)*(x_)"2), x_Symbol] :> Dist[1/(d*e), Int[(f*x) m*(a*e + c*xd*x~2)*(a

+ b*x"2 + cxx74)"(p - 1), x], x] - Dist[(c*xd™2 - b*dxe + axe”2)/(dxexf~2),

Int[((£*x)"(m + 2)*(a + b*x"2 + c*x"4)"(p - 1))/(d + e*x"2), x], x] /; Free
Ql{a, b, c, d, e, £}, x] && NeQ[b~2 - 4*axc, 0] && GtQ[p, 0] && LtQ[m, 0]

Rule 1281

Int [((E_D*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)*x((a_) + (b_.)*(x_)"2 + (c_.)*(
x_)"4)"(p_), x_Symbol] :> Simp[(d*(f*x)"(m + 1)*(a + b*x"2 + c*x~4)"(p + 1)
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)/(a*xfx(m + 1)), x] + Dist[1/(axf™2x(m + 1)), Int[(f*x)"(m + 2)*(a + b*x"2

+ c*x74) pxSimp[axex(m + 1) - bxd*(m + 2%p + 3) - cxd*(m + 4*p + B5)*x"2, x]
, x], x] /; FreeQ[{a, b, c, d, e, f, p}, x] && NeQ[b~™2 - 4xaxc, 0] && LtQ[m
, —1] && IntegerQ[2*p] && (IntegerQ[p] || IntegerQ[m])

Rule 1197

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtl[a + b*x"2 + c*x"4
1, x], x] - Distle/q, Int[(1 - g*x~2)/Sqrtla + b*x"2 + c*xx"4], x], x] /; Ne
Qle + d*q, 0]1 /; FreeQ[{a, b, ¢, d, e}, x] && NeQ[b~2 - 4*axc, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g 2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)72)]*
EllipticF[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*xc)])/(2*g*Sqrtla + b*x"2 + cxx"4]
), x11 /; FreeQ[{a, b, c}, x] && NeQ[b"2 - 4xaxc, 0] && PosQ[c/a]

Rule 1195

Int[((d)) + (e_.)*x(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, -Simp[(d*x*Sqrt[a + b*x~2 + c*x74])/(ax(1 + q~
2xx72)), x] + Simp[(d*(1 + g~ 2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2*x"
2)72)]1*EllipticE[2*ArcTan[qg*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*x"2 + c
*x74]1), x] /; EqQle + d*q~2, 0]]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
4xaxc, 0] && PosQ[c/al

Rule 1216

Int[1/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4]), x_S
ymbol] :> With[{q = Rtlc/a, 2]}, Dist[(cxd + a*exq)/(c*d"2 - axe”2), Int[1/
Sqrtla + b*x"2 + c*x~4], x], x] - Dist[(a*xex(e + dxq))/(cxd”2 - a*e”2), Int
[(1 + g*x~2)/((d + exx"2)*Sqrt[a + b*x"2 + c*x74]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*xd~2 - bxdxe + a*e”2, 0] && Ne
Qlc*xd™2 - axe”™2, 0] && PosQ[c/al

Rule 1706

Int [((A) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((Bxd - A*e)*Arc
Tan[(Rt[-b + (c*d)/e + (axe)/d, 2]*x)/Sqrtla + b*xx"2 + c*x~4]])/(2*xd*e*xRt[-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2x*(a
+ b*x72 + cxx74))/(ax(A + B*xx72)72)]*EllipticPi[Cancel [-((B*d - Axe)~2/(4x



241

dxexA*B))], 2*xArcTan[q*x], 1/2 - (b*A)/(4*a*xB)])/(4*dxexAxq*xSqrt[a + b*x"2
+ cxx~4]), x1] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~2 - b*d*xe + axe”2, 0] && NeQ[cxd~2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA™2 - axB~2, 0]

Rubi steps

Va+bx2+cxt
SU.bSt (f W

e

dx, x, tan(d + ex))

fcotz(d + ex)\/a + btan?(d + ex) + ctan*(d + ex) dx =

2
B Subst (f a@\/% dx, x, tan(d + ex)) (a—b+c)Subs

e

cot(d +ex)yJa+Db tanz(d + ex) + ctan4(d + ex) Subst

e

Mtan‘l ( Va—b+c tan(d+ex)

\/a+b tanz(d+ex)+c tan4(d+ex)] COt(d + ex)
2e -

\/mtal’l_l ( Va—b+c tan(d+ex)

\/a+b tanz(d+ex)+c tan4(d+€x)] COt(d + ex)
2e -

Mathematica [C] time = 26.9031, size = 1258, normalized size = 1.46

(% Sin(2(d + ex)) — cot(d + ex)) ix/i( -
+

4 cos(2(d+ex))a+cos(4(d+ex))a+3a+b+3c—4c cos(2(d+ex))—b cos(4(d+ex))+c cos(4(d+ex))
4 cos(2(d+ex))+cos(4(d+ex))+3

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx] 2*Sqrtl[a + b*Tan[d + e*x]~2 + c*Tan[d + ex*x]"4],x]

[Out] (Sqrt[(3*a + b + 3*c + 4xa*Cos[2x(d + e*x)] - 4xc*Cos[2x(d + e*xx)] + axCos[
4x(d + exx)] - b*Cos[4*(d + ex*x)] + c*Cos[4*(d + exx)])/(3 + 4xCos[2x(d + e
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*x)] + Cos[4*(d + exx)])I*(-Cot[d + e*x] + Sin[2x(d + e*x)]/2))/e + (I*Sqrt
[2]*(-b + Sqrt[b~2 - 4*axc])*(EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrtl
b~2 - 4xaxc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4xa*xc])/(b - Sqrt[b~2 - 4*axc
1)] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4*axc])]*Tan[d + e
*x]], (b + Sqrt[b~2 - 4x*axc])/(b - Sqrt[b~2 - 4*axc])])*(1 + Tan[d + e*x]"2
)*¥Sqrt[(b + Sqrt[b~2 - 4*axc] + 2*xcxTanl[d + exx]~2)/(b + Sqrt[b™2 - 4xaxc])
1%Sqrt[1 + (2xcxTan[d + exx]”2)/(b - Sqrt[b”™2 - 4xaxc])] - (2%I)*Sqrt[2]*cx
EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*Tan[d + ex*x]],

(b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4*axc])]*(1 + Tan[d + e*xx]~2)*Sqrt[
(b + Sqrt[b~2 - 4*axc] + 2xc*Tan[d + e*x]~2)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[
1 + (2%cxTan[d + exx]"2)/(b - Sqrt[b~2 - 4*axc])] + (2xI)*Sqrt[2]*axEllipti
cPi[(b + Sqrt[b~2 - 4xa*xc])/(2*c), I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 -
4xaxc])]*Tan[d + exx]], (b + Sqrt[b”™2 - 4xaxc])/(b - Sqrt[b~2 - 4*xaxc])]*(
1 + Tan[d + e*xx]~2)*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2xc*Tan[d + exx]"2)/(b +

Sqrt[b™2 - 4xa*xc])]*Sqrt[1 + (2*c*Tan[d + e*x]~2)/(b - Sqrt[b~2 - 4*axc])]

- (2%I)*Sqrt[2]*bxEllipticPi[(b + Sqrt[b~2 - 4xaxc])/(2*c), IxArcSinh[Sqrtl[
2]*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4xaxc])/(
b - Sqrt[b~2 - 4*axc])]*(1 + Tan[d + exx]"2)*Sqrt[(b + Sqrt[b™2 - 4xax*xc] +

2xcxTan[d + exx]~2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt[l + (2xc*Tan[d + exx]"2)/
(b = Sqrt[b~2 - 4*axc])] + (2xI)*Sqrt[2]*cxEllipticPi[(b + Sqrt[b~2 - 4xax*c
1)/(2xc), I*xArcSinh([Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]*Tan[d + exx]],

(b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4xa*c])]*(1 + Tan[d + e*x]~2)*Sqrt[
(b + Sqrt[b~2 - 4xaxc] + 2%c*Tanl[d + e*x]~2)/(b + Sqrt[b~2 - 4*axc])]*Sqrtl[
1 + (2%cxTan[d + exx]~2)/(b - Sqrt[b~2 - 4xaxc])] - 4*Sqrtlc/(b + Sqrt[b~2

- 4xaxc])]*Tan[d + exx]*(a + b*Tan[d + e*xx]”2 + cxTan[d + exx]~4))/(4xSqrt[
c/(b + Sqrt[b~2 - 4xaxc])]xex(1 + Tan[d + exx]~2)*Sqrtl[a + bxTan[d + exx]~2
+ c*Tan[d + e*x]~4])

Maple [F] time = 0.497, size = 0, normalized size = 0.

‘f@dwx+®fJa+an@x+mf+c@muw+dWWx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) 2% (a+bxtan(e*x+d) "2+cxtan(exx+d)~4)~(1/2),x)

[Out] int(cot(e*xx+d) "2*(atb*tan(e*x+d) 2+c*xtan(exx+d) ~4)~(1/2),x)
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Maxima [F] time = 0., size = 0, normalized size = 0.

f\/c tan (ex + d)4 + btan (ex + d)2 + acot (ex + d)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~2*(atb*tan(e*xx+d) 2+cxtan(e*xx+d)~4)~(1/2),x, algorithm

="maxima")

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)~2 + a)*cot(exx + d)72, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~2x(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm

="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f \/a + btan? (d + ex) + ctan* (d + ex) cot? (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**2*(atb*tan(e*x+d)**2+c*tan(e*xx+d)**4)**(1/2) ,x)

[Out] Integral(sqrt(a + b*tan(d + e*x)**2 + c*tan(d + e*x)**4)*cot(d + e*xx)**2, x

)

Giac [F] time = 0., size = 0, normalized size = 0.

f \/c tan (ex + d)4 + btan (ex + d)2 + acot (ex + d)2 dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 2x(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="giac")

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + bkxtan(exx + d)~2 + a)*cot(exx + d)72, x)
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3.35 f cot4(d+ex)\/a + btan®(d + ex) + ctan*(d + ex) dx
Optimal. Leaf size=943

result too large to display

[Out] (Sgrtl[a - b + cl*ArcTan[(Sqrt[a - b + c]*Tan[d + e*x])/Sqrt[a + b*Tan[d + e
xx] 72 + cxTan[d + e*x]74]])/(2xe) + ((3*a - b)*Cot[d + exx]*Sqrt[a + b*Tan[
d + exx]"2 + cxTan[d + exx]~4])/(3*%axe) - (Cot[d + e*x]~3*Sqrt[a + b*Tan[d
+ exx] "2 + c*Tan[d + e*x]~4])/(3*e) - ((3*%a - b)*Sqrt[c]*Tan[d + exx]*Sqrt[
a + bxTan[d + exx]~2 + cxTan[d + exx]~4])/(3xaxex(Sqrt[a]l + Sqrt[cl*Tan[d +
exx]"2)) + ((3*%a - b)*c~(1/4)*EllipticE[2*ArcTan[(c~(1/4)*Tan[d + exx])/a”
(1/4)]1, (2 - b/(Sqgrtlal*Sqrtlc]l))/4]1*(Sqrt[a] + Sqrtlc]*Tan[d + exx]~2)*Sqr
t[(a + bxTan[d + exx]"2 + cxTan[d + exx]~4)/(Sqrt[al + Sqrtlcl*Tan[d + ex*x]
~2)72])/(3*xa~(3/4) *exSqrt[a + b*Tan[d + e*x]~2 + cxTan[d + exx]~4]) - ((3*a
- b + Sqrtlal*Sqrtlc])*c”(1/4)*EllipticF[2*ArcTan[(c~(1/4)*Tan[d + e*x])/a
~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/41*(Sqrtla]l + Sqrtlcl*Tan[d + e*x]~2)*Sq
rt[(a + b*Tan[d + e*x]”2 + c*xTan[d + e*xx]~4)/(Sqrtla] + Sqrtlc]*Tan[d + e*x
172)72])/(6%a~(3/4) *exSqrt[a + b*Tan[d + e*x]”2 + c*xTan[d + exx]~"4]) - (c~(
1/4)*(a - b + c)*EllipticF[2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b
/(Sqrt[a]*Sqrt[c]l))/4]*(Sqrt[al + Sqrtlcl*Tan[d + e*x]~2)*Sqrt[(a + bxTan[d
+ e*xx] "2 + cxTan[d + exx]"4)/(Sqrt[al + Sqrtlcl*Tan[d + ex*x]~2)72])/(2*a"(
1/4)*(Sqrt[al - Sqrtlcl)*exSqrtla + b*Tan[d + e*x]~2 + c*Tan[d + e*xx]"4]) +
((Sgrtla] + Sqrtlcl)*(a - b + c)*EllipticPi[-(Sqrt[a]l - Sqrtlcl)~2/(4*Sqrt
[a]*Sqrt[c]), 2*ArcTan[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtl[al*Sqr
tlc]))/41*(Sqrtla]l + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + ¢
*Tan[d + exx]~4)/(Sqrt[a]l + Sqrtlcl*Tan[d + e*xx]~2)~2])/(4*a~(1/4)*(Sqrt[al
- Sqrt[c])*c~(1/4)*exSqrt[a + b*Tan[d + e*x]~2 + cxTan[d + e*xx]~4])

Rubi [A] time = 0.7171, antiderivative size = 943, normalized size of antiderivative = 1.,

. . ber of rul
number of steps used = 10, number of rules used = 8, integrand size = 35, U o ™ =

0.229, Rules used = {3700, 1309, 1281, 1197, 1103, 1195, 1216, 1706}

integrand size

\/c tan(d + ex) + btan?(d + ex) + acot®(d + ex)  (3a — b)rJctan*(d + ex) + btan?(d + ex) + a cot(d + ex)
3e 3ae

Antiderivative was successfully verified.

[In] Int[Cot[d + e*x] 4*Sqrt[a + b*Tan[d + e*x]”"2 + c*Tan[d + ex*xx]~4],x]
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[Out] (Sqrt[a - b + cl*ArcTan[(Sqrt[a - b + c]*Tan[d + e*x])/Sqrt[a + b*Tan[d + e
*x] 72 + cxTan[d + exx]~4]])/(2xe) + ((3*a - b)*Cot[d + exx]*Sqrt[a + b*Tan[
d + exx]"2 + cxTan[d + exx]~4])/(3*axe) - (Cot[d + e*x]~3*Sqrt[a + b*Tan[d
+ exx] "2 + c*Tan[d + e*x]~4])/(3*e) - ((3*%a - b)*Sqrt[c]*Tan[d + exx]*Sqrt[
a + b*Tan[d + e*x]”2 + c*Tan[d + e*x]~4])/(3*a*xex(Sqrt[a] + Sqrt[c]*Tanl[d +
exx]72)) + ((3%a - b)*c~(1/4)*EllipticE[2*ArcTan[(c™(1/4)*Tan[d + ex*xx])/a”
(1/4)]1, (2 - b/(Sqgrtlal*Sqrtlc]))/4]1*(Sqrt[a]l + Sqrtlc]*Tan[d + exx]~2)*Sqr
t[(a + bxTan[d + exx]"2 + cxTan[d + exx]~4)/(Sqrtl[al + Sqrtlcl*Tan[d + ex*x]
~2)72])/(3*xa~(3/4)*exSqrt[a + b*Tan[d + e*x]~2 + cxTan[d + exx]~4]) - ((3*a
- b + Sqrt[al*Sqrtlcl)*c~(1/4)*EllipticF[2*xArcTan[(c~(1/4)*Tan[d + ex*x])/a
~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/41*(Sqrt[a]l + Sqrtlcl*Tan[d + e*x]~2)*Sq
rt[(a + b*Tan[d + e*x]”2 + c*Tan[d + e*xx]~4)/(Sqrtla] + Sqrtlc]*Tan[d + ex*x
172)72])/(6%a~(3/4) *exSqrt[a + b*Tan[d + e*x]”2 + c*xTan[d + exx]~4]) - (c~(
1/4)*(a - b + c)*EllipticF[2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b
/(Sqrt[al*Sqrtc]))/4]1*(Sqrt[a]l + Sqrtlc]*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d
+ e*xx] "2 + cxTan[d + exx]"4)/(Sqrt[al + Sqrtlcl*Tan[d + ex*x]~2)72])/(2*a"(
1/4)*(Sqrt[a]l - Sqrtlcl)*e*xSqrt[a + b*Tan[d + e*x]”~2 + c*Tan[d + e*xx]~4]) +
((Sqrt[a] + Sqrtlcl)*(a - b + c)*EllipticPi[-(Sqrt[al - Sqrtlc])~2/(4*Sqrt
[a]*Sqrt[c]l), 2*ArcTan[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtl[al*Sqr
tlc]))/41*(Sqrt[a]l + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + ¢
*Tan[d + exx]~4)/(Sqrt[al + Sqrtlcl*Tan[d + e*xx]~2)~2])/(4*a~(1/4)*(Sqrt[al
- Sqrtlc])*c”(1/4)*exSqrt[a + bxTan[d + exx]~2 + c*Tan[d + e*x]~4])

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )17 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) m*(a + b*x™n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 1309

Int [(CCE_D*(x_)) " (m_)*x((a_.) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.))/((d_.)
+ (e_.)*(x_)"2), x_Symbol] :> Dist[1/d"2, Int[(f*x) mx(axd + (bxd - axe)*x"
2)*(a + b*x”"2 + c*x"4)"(p - 1), x], x] + Dist[(c*d™2 - bxd*e + a*xe”2)/(d~2x
£74), Int[((f*x)"(m + 4)*x(a + b*x"2 + c*x"4)"(p - 1))/(d + exx"2), x], x] /
; FreeQ[{a, b, ¢, d, e, £}, x] && NeQ[b~™2 - 4xaxc, 0] && GtQ[p, 0] && LtQ[m
, —2]

Rule 1281

Int [((£_D*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)*x((a_) + (b_.)*(x_)72 + (c_.)*(
x_)"4)"(p_), x_Symbol] :> Simp[(d*(f*x)"(m + 1)*(a + b*x"2 + c*x~4)"(p + 1)
Y/ (axfx(m + 1)), x] + Dist[1/(a*xf"2%(m + 1)), Int[(f*x)"(m + 2)*(a + b*x"2
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+ c*x74) p*Simp[axex(m + 1) - bxdx(m + 2*p + 3) - c*dx(m + 4*p + 5)*x72, x]
, xJ, x] /; FreeQ[{a, b, c, d, e, f, p}, x] && NeQ[b™2 - 4xa*xc, 0] && LtQ[m
, —1] && IntegerQ[2*p] && (IntegerQ[p] || IntegerQ[m])

Rule 1197

Int[((d)) + (e_.)*x(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtla + b*x"2 + c*x"4
1, x], x] - Distle/q, Int[(1 - g*x"2)/Sqrtla + b*x"2 + c*x"4], x], x] /; Ne
Qle + d*q, 011 /; FreeQ[{a, b, ¢, d, e}, x] && NeQ[b~2 - 4x*axc, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)"2)]*
EllipticF[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*c)])/(2*%q*Sqrt[a + b*x"2 + cxx"4]
), x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

Rule 1195

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 41}, -Simp[(d*x*Sqrtl[a + b*x"2 + c*x74])/(ax(1 + q~
2xx72)), x] + Simp[(d*(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2*x"
2)"2)]*EllipticE[2*ArcTan[qg*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*x"2 + ¢
*x~4]1), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b"2 -
4xaxc, 0] && PosQ[c/al

Rule 1216

Int[1/(((d_ ) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4]), x_S
ymbol] :> With[{q = Rtlc/a, 2]}, Dist[(cxd + a*exq)/(c*d"2 - axe”2), Int[1/
Sqrtla + bxx"2 + cxx"4], x], x] - Dist[(axex(e + d*xq))/(c*d”2 - axe”2), Int
[(1 + g*x"2)/((d + e*xx"2)*Sqrt[a + b*x"2 + c*x~4]), x], x]]1 /; FreeQ[{a, b,
c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2 - bxdxe + a*e”2, 0] && Ne
Qlcxd™2 - axe”2, 0] && PosQ[c/al

Rule 1706

Int [((A) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - A*e)*Arc
Tan[(Rt[-b + (cxd)/e + (axe)/d, 2]*x)/Sqrtla + b*x~2 + c*x”4]1])/(2*d*e*xRt [~
b + (cxd)/e + (axe)/d, 2]), x] + Simp[((B*d + Axe)*(A + B*xx"2)*Sqrt[(A"2x(a
+ b*x"2 + c*x74))/(ax(A + Bxx"2)"2)]*EllipticPi[Cancel [-((Bxd - Axe) 2/ (4%
dxexA*B))], 2*ArcTan[q*x], 1/2 - (b*A)/(4*xaxB)])/(4*xd*xexAxq*Sqrt[a + bxx"2
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+ c*xx~4]), x]1] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d™2 - b*d*xe + axe”2, 0] && NeQ[cxd™2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA"2 - axB~2, 0]

Rubi steps

Subst (f Va+bx2+cx

4
(i) dx, x, tan(d + ex))

fcot4(d + ex)\/a + btan®(d + ex) + ctan*(d + ex) dx = .

—a x2
B Subst (f ﬂ% dx, x, tan(d + ex)) (a—b+c)Subst

= +
e

cot>(d + ex)\/a + btan?(d + ex) + ctan*(d + ex) Subst (
T 3e B
Mtan‘l ( Va—b+ctan(d+ex)

\/a+b tanz(d+ex)+c tan4(d+ex)] (3‘1 - b) COt(d
+
2e

m tan_l ( Va—b+ctan(d+ex)

\/a+b tanz(d+ex)+c tan4(d+ex)] (3a - b) COt(d
+
2e

m tan_l ( Va-b+c tan(d+ex)

\/a+b tanz(d+ex)+c tan4(d+ex)] (311 - b) COt(d
+
2e

Mathematica [C] time = 32.1672, size = 1590, normalized size = 1.69

(4a cos(d+ex)—b cos(d-
3a

4 cos(2(d+ex))a+cos(4(d+ex))a+3a+b+3c—4c cos(2(d+ex))—b cos(4(d+ex))+c cos(4(d+ex)) 1 2
\/ 4 cos(2(d+ex))+cos(4(d+ex))+3 ( 3 COt(d + ex) ese (d + ex) +

e

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx] 4*Sqrtl[a + bxTan[d + exx]"2 + cxTan[d + exx]~4],x]
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[Out] (Sqrt[(3*a + b + 3*c + 4xaxCos[2x(d + exx)] - 4*xcxCos[2*(d + e*x)] + axCos[
4x(d + e*x)] - b*Cos[4x(d + e*x)] + cxCos[4*(d + exx)])/(3 + 4*xCos[2+(d + e
xx)] + Cos[4*(d + exx)])]*(((4xaxCos[d + exx] - bxCos[d + exx])*Csc[d + ex*xx
1)/(3*%a) - (Cot[d + exx]*Cscl[d + exx]~2)/3 - ((3*%a - b)*Sin[2*(d + e*xx)])/(
6*a)))/e + ((3*I)*Sqrt[2]*a*x(b - Sqrt[b~2 - 4xa*xc])*(EllipticE[I*ArcSinh[Sq
rt[2]1*Sqrt[c/(b + Sqrt[b™2 - 4xa*xc])]*Tanl[d + exx]], (b + Sqrt[b™2 - 4xaxc]
)/(b - Sqrt[b~2 - 4xaxc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b
"2 - 4xaxc])]xTan[d + exx]], (b + Sqrt[b™2 - 4xaxc])/(b - Sqrt[b~2 - 4*axc]
)I)*x(1 + Tan[d + e*xx]~2)*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2*xcxTan[d + exx]~2)/
(b + Sqrt[b~2 - 4*axc])]*Sqrt[l + (2*cxTan[d + exx]~2)/(b - Sqrt[b~2 - 4*ax
c])] + I*Sqrt[2]*b*(-b + Sqrt[b~2 - 4*axc])*(EllipticE[I*ArcSinh[Sqrt[2]*Sq
rt[c/(b + Sqrt[b~2 - 4xaxc])]*Tan[d + e*x]], (b + Sqrt[b™2 - 4x*axc])/(b - S
qrt[b™2 - 4xaxc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*a
xc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4x*axc])/(b - Sqrt[b~2 - 4xa*xc])])*(1 +
Tan[d + e*xx]~2)*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2*c*Tan[d + e*x]"2)/(b + Sqr
t[b~2 - 4xaxc])]*Sqrt[l + (2xcxTan[d + exx]~2)/(b - Sqrt[b~2 - 4xa*xc])] + (
2xI1)*Sqrt [2] xa*xcxE1lipticF [I*ArcSinh[Sqrt [2] *Sqrt[c/(b + Sqrt[b~2 - 4x*axc])
1*Tan[d + exx]], (b + Sqrt[b~2 - 4xaxc])/(b - Sqrt[b~2 - 4*axc])]*(1 + Tan[
d + exx]"2)*Sqrt[(b + Sqrt[b~2 - 4xaxc] + 2xc*Tan[d + e*x]~2)/(b + Sqrt[b~2
- 4xaxc])]*Sqrt[1 + (2*c*Tan[d + e*xx]~2)/(b - Sqrt[b~2 - 4*axc])] - (6%xI)x*
Sqrt[2]*a~2*E1lipticPi[(b + Sqrt[b~2 - 4*axc])/(2xc), I*ArcSinh[Sqrt[2]*Sqr
t[c/(b + Sqrt[b™2 - 4*axc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4x*axc])/(b - Sq
rt[b72 - 4xaxc])]*(1 + Tan[d + e*x]~2)*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2*cx*Ta
nld + exx]"2)/(b + Sqrt[b™2 - 4xa*xc])]*Sqrt[1 + (2*c*Tan[d + e*xx]"2)/(b - S
qrt[b”™2 - 4xaxc])] + (6%I)*Sqrt[2]*a*xb*E1llipticPil[(b + Sqrt[b~2 - 4xaxc])/(
2%c), IxArcSinh[Sqrt[2]*Sqrtl[c/(b + Sqrt[b~2 - 4*a*xc])]*Tan[d + e*x]], (b +
Sqrt[b~2 - 4*axc])/(b - Sqrt[b™2 - 4xa*xc])]*(1 + Tan[d + e*x]~2)*Sqrt[(b +
Sqrt[b~2 - 4*axc] + 2*xcxTan[d + exx]~2)/(b + Sqrt[b”™2 - 4*axc])]*Sqrt[1l +
(2%c*Tan[d + e*xx]~2)/(b - Sqrt[b~2 - 4xaxc])] - (6%I)*Sqrt[2]*a*c*EllipticP
i[(b + Sqrt[b~2 - 4xaxc])/(2%c), I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4
xaxc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4*axc])]*(1
+ Tan[d + e*xx]~2)*Sqrt[(b + Sqrt[b~2 - 4xaxc] + 2*c*Tan[d + e*x]~2)/(b + Sq
rt[b72 - 4xaxc])]*Sqrt[1 + (2*c*Tan[d + e*x]~2)/(b - Sqrt[b~2 - 4*axc])] -
4x(-3*a + b)*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]*Tan[d + exx]*(a + bxTan[d + ex
x]72 + cxTan[d + exx]~4))/(12*xaxSqrt[c/(b + Sqrt[b~2 - 4*axc])]*ex(1l + Tan[
d + exx]"2)*Sqrt[a + bxTan[d + exx]”"2 + c*Tan[d + exx]~4])

Maple [F] time = 0.498, size = 0, normalized size = 0.

‘f@m@x+®fJa+an@x+mf+c@muw+dWWx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cot(exx+d) "4*(at+bx*tan(e*x+d) "2+cxtan(e*xx+d)~4)~(1/2),x)

[Out] int(cot(exx+d) "4x*(atbxtan(e*x+d) "2+cxtan(exx+d) "4)~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f \/c tan (ex + d)* + btan (ex + d)? + a cot (ex + d)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~4x(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm

="maxima"

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + bkxtan(exx + d)~2 + a)*cot(exx + d)74, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) “4*(atb*tan(e*xx+d) 2+cxtan(e*xx+d)~4)~(1/2),x, algorithm

="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + btan® (d + ex) + ctan® (d + ex) cot* (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)**4*(atb*tan(e*xx+d)**2+c*tan(e*xx+d)**4)**(1/2) ,x)
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[Out] Integral(sqrt(a + b*tan(d + e*x)**2 + ckxtan(d + e*x)**4)*cot(d + e*x)**x4, x

)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/c tan (ex + d)4 + btan (ex + d)2 + acot (ex + d)4 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) "4*(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
=||giac|l)

[Out] integrate(sqrt(c*tan(exx + d)~4 + b*tan(exx + d)~2 + a)*cot(exx + d)~4, x)
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5
tan” (d+ex
( ) dx

3.36

\/ a+b tanz(d+ex)+c tan4(d+ex)
Optimal. Leaf size=182

b+2c tan?(d+ex) tanh_l 2a+(b-2c) tan?(d-

-1
(b + 2c) tanh
2\/2\/11+b tanz(d+ex)+c tan4(d+ex) \/‘1 +b tanz(d + ex) + Ctan4(d + ex) 2Va-b+cja+b tanz(d+exj
—_ + —_
4c32e 2ce 2eNa-b+c

[Out] -ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]~2)/(2+Sqrt[a - b + cl*Sqrt[a + b
xTan[d + exx]"2 + cxTan[d + exx]~4])]/(2*Sqrtla - b + clxe) - ((b + 2xc)*Ar
cTanh[(b + 2*c*Tan[d + e*x]~2)/(2*Sqrt[c]*Sqrt[a + b*Tan[d + exx]"2 + cx*Tan
[d + exx]~4])])/(4xc~(3/2)*e) + Sqrtla + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~

4]/ (2xcxe)

Rubi [A] time = 0.353049, antiderivative size = 182, normalized size of antiderivative =
number of rules

1., number of steps used = 8, number of rules used = 7, integrand size = 35, “ntegrand size ~
0.2, Rules used = {3700, 1251, 1653, 843, 621, 206, 724}

b+2c tanz(d+ex) tanh_l 2a+(b-2c) tan?(d-

-1
(b + 2c) tanh
2\/2\/a+b tan?(d+ex)+c tan*(d+ex) \/‘1 +b tanz(d + ex) + Ctan4(d + ex) ZM\MHI tan®(d+ex
— + —
4c¥2e 2ce 2eNa-b+c

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]~5/Sqrt[a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4],x]

[Out] -ArcTanh[(2%a - b + (b - 2*c)*Tan[d + exx]~2)/(2+Sqrt[a - b + cl*Sqrt[a + b
*Tan[d + exx]”2 + cxTan[d + exx]"4])]/(2*Sqrtla - b + c]J*e) - ((b + 2%c)*Ar
cTanh[(b + 2*cxTan[d + exx]~2)/(2%Sqrt[c]l*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan

[d + exx]~4])])/(4xc~(3/2)*e) + Sqrtla + b*Tan[d + e*x]”2 + c*Tan[d + e*x]~

4]/ (2xcxe)

Rule 3700

Int[tan[(d_.) + (e_D)*x )1 "(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x ) (@_.) + (c_)*x((f_D)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4xaxc, 0]
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Rule 1251

Int[(x_ )" (m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx)"g*(a +
b*x + c*x”2)7p, x], x, x72], x] /; FreeQ[{a, b, c, d, e, p, 9}, x] && Inte
gerQ[(m - 1)/2]

Rule 1653

Int [(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, S
imp[(fx(d + exx)"(m + g - 1)*(a + bxx + c*xx"2)"(p + 1))/(c*xe”(q - 1)*(m + q
+ 2%p + 1)), x] + Dist[1/(cxe"gqx(m + q + 2%p + 1)), Int[(d + e*x)"mx(a + b
*x + c*x”2) pxExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - cxf*(m + q + 2%xp + 1
)*(d + exx)”q - £*x(d + exx)”"(q - 2)*(bxd*ex(p + 1) + a*xe™2x(m + q - 1) - c*
d™2x(m + q + 2%p + 1) - e*x(2%cxd - bxe)*x(m + q + p)*x), x], xJ, x] /; GtQlq
, 11 && NeQ[m + q + 2*xp + 1, 0]] /; FreeQ[{a, b, c, d, e, m, p}, x] & Poly
Q[Pq, x] && NeQ[b~2 - 4x*axc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && !'(IGtQ
[m, O] &% RationalQ[a, b, c, d, e] && (IntegerQ[p] || ILtQ[p + 1/2, 0]))

Rule 843

Int[((d_.) + (e_.)*(x_))"(m_)*((£f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)"(m + 1)*x(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d™2 - bxd*e + a*e”2, 0] && 'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xcxx)/Sqrtla + bxx + cxx~2]]1, x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 724

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d”2 - 4xbxd*e + 4*a*xe™2 - x72), x], x, (2
*xaxe — bxd - (2%cxd - bk*e)*x)/Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a, b, c,
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d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*cxd - bxe, 0]

Rubi steps

x5
tans(d + ex) Subst (f (— dx, x, tan(d + ex))

1+x2)\/u+bx2+cx4

e

dx =

\/a + btan?(d + ex) + c tan*(d + ex)

x2 2 )
) Subst ( f —(1+x) —— dx, x, tan“(d + ex)

B 2e

b 1
373 (b+2C)X

\/a + btan®(d + ex) + ctan’(d + ex)  Oubst (f T e tal
+

2ce 2ce

1
\Ja+ btand(d + ex) + ctan*(d + ex) . Subst (f v (e tar

2ce 2e
1 2a-b
Subst| | ————dx, x, ——
\/a + btan®(d + ex) + ctan*(d + ex) [f da-db+dc-x2 lasbts
- 2ce - e
tanh_l 2a-b+(b-2c) tan?(d+ex) (b " 2C) tanh—l b+2
2\/a—b+c\/a+b tanz(d+ex)+c tan4(d+ex) 2+/cyJa+bta;

2Va—-b +ce 4c%2e

Mathematica [A] time = 2.16206, size = 173, normalized size = 0.95

an2 _20) tan? .
(b+2c) tanh™! b+2c tan” (d+ex) . y 2tanh~! 2a+(b-2c) tan®(d+ex)-b
Zﬁ\/a+btan2(d+ex)+ctan4(d+ex) 2\/”+b tan®(d+ex)+c tan™(d+ex) + ZW\/zﬁbtanz(d+ex)+ctan4(d+ex)
ki ¢ Va-b+c

4e
Antiderivative was successfully verified.

[In] Integrate[Tan[d + e*x]~5/Sqrtla + b*Tan[d + e*xx]~2 + cxTan[d + exx]~4],x]

[Out] -((2%ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*x]~2)/(2*Sqrt[a - b + c]l*Sqrtla
+ b*Tan[d + e*x]”2 + c*Tan[d + e*xx]~4])])/Sqrtla - b + c] + ((b + 2xc)*Arc
Tanh[(b + 2xc*Tan[d + e*x]~2)/(2*Sqrt[c]*Sqrt[a + bxTan[d + exx]~2 + cx*Tan[

d + exx]74]1)1)/c~(3/2) - (2xSqrtla + b*Tan[d + e*xx]~2 + cxTan[d + exx]~4])/
c)/(4xe)
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Maple [A] time = 0.19, size = 240, normalized size = 1.3

L\/a + b (tan (ex + d))2 + ¢ (tan (ex + d))4 - ﬂ In ((E + ¢ (tan (ex + d))2 \/a + b (tan (ex + d))2 + ¢ (tan (e
2ce 4e

2

v
Ve
Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d) 5/ (a+b*tan(e*x+d) "2+cxtan(exx+d)~4)~(1/2),x)

[Out] 1/2*(a+b*tan(e*x+d) "2+c*tan(e*x+d)~4)~(1/2)/c/e-1/4/e*b/c”(3/2)*1n((1/2*b+c
*tan(e*xx+d) ~2)/c”(1/2)+(atb*tan(e*x+d) “2+c*xtan (exx+d) ~4)~(1/2))-1/2/ex1n((1
/2¥b+c*tan(e*xx+d) ~2) /c”(1/2)+(a+b*tan(exx+d) "2+c*tan(e*xx+d) ~4) ~(1/2))/c~(1/
2)-1/2/e/(a-b+c) " (1/2) *1n((2*xa-2*b+2*c+(b-2*c) * (1+tan (exx+d) ~2) +2* (a-b+c) ~(
1/2)*((1+tan(e*x+d) ~2) "2*c+(b-2*c) * (1+tan(e*xx+d) "2)+a-b+c) " (1/2) )/ (1+tan(e*
x+d)~2))

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~5/(atb*tan(e*xx+d) 2+cxtan(e*xx+d)~4)~(1/2),x, algorithm
="maxima"

[Out] Timed out

Fricas [A] time = 18.1183, size = 2962, normalized size = 16.27
result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 5/ (atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="fricas")

[Out] [1/8%(2*sqrt(a - b + c)*c™2%log(((b72 + 4x(a - 2xb)*c + 8*c”2)*tan(exx + d)
4 + 2x(4%axb - 3*b"2 - 4x(a - b)*c)xtan(exx + d)72 - 4xsqrt(cxtan(e*xx + d)
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4 + bxtan(exx + d)72 + a)*x((b - 2*c)*tan(e*xx + d)~2 + 2%¥a - b)*sqrt(a - b
+ c) + 8%a”2 - 8%axb + b72 + 4xakxc)/(tan(exx + d)74 + 2xtan(e*xx + d)72 + 1)
) + (axb - b72 + (2%xa - b)*c + 2xc”2)*sqrt(c)*log(8*c™2xtan(e*x + d)~4 + 8%
bxc*tan(exx + d)72 + b72 - 4xsqrt(cxtan(exx + d)74 + bxtan(exx + d)72 + a)x*
(2%c*xtan(exx + d)72 + b)*sqrt(c) + 4xaxc) + 4xsqrt(cxtan(exx + d)~4 + bxtan
(exx + d)72 + a)*x((a - b)*c + c72))/(((a - b)*c™2 + c"3)*e), 1/4*x(sqrt(a -
b + c)*xc”2xlog(((b~2 + 4*(a - 2*¥b)*c + 8xc~2)xtan(e*x + d)~4 + 2x(4xaxb - 3
*b"2 - 4*x(a - b)*c)*tan(e*x + d)~2 - 4*sqrt(c*tan(e*xx + d)~4 + bkxtan(exx +
d)"2 + a)*((b - 2xc)*tan(e*x + d)~2 + 2%a - b)*sqrt(a - b + c) + 8xa”™2 - 8%
axb + b72 + 4xaxc)/(tan(exx + d)74 + 2xtan(e*x + d)72 + 1)) + (a*xb - b™2 +
(2*%a - b)*c + 2xc”2)*sqrt(-c)*arctan(1/2xsqrt(cxtan(e*x + d)~4 + bxtan(e*x
+ d)72 + a)*x(2xcktan(e*x + d)~2 + b)*sqrt(-c)/(c"2xtan(e*x + d)~4 + b*c*tan
(exx + d)72 + axc)) + 2xsqrt(cxtan(exx + d)74 + bxtan(exx + d)72 + a)*x((a -
b)xc + ¢c72))/(((a - b)*c™2 + c~3)*e), -1/8x(4xsqrt(-a + b - c)*c”2*arctan(
-1/2*xsqrt(cxtan(exx + d)"4 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(e*xx + d)~
2 + 2*%a - b)*sqrt(-a + b - c)/(((a - b)*c + c"2)*tan(e*x + d)~"4 + (a*xb - b~
2 + bxc)*tan(exx + d)72 + a”2 - a*b + axc)) - (axb - b2 + (2%a - b)*c + 2%
c"2)*sqrt(c)*log(8*c™2xtan(e*x + d)~4 + 8xbkcxtan(e*x + d)72 + b™2 - 4x*sqrt
(cxtan(e*x + d)~4 + b*tan(exx + d)72 + a)*(2*xcxtan(exx + d)~2 + b)*sqrt(c)
+ 4xaxc) - 4d*xsqrt(cxtan(e*xx + d)~4 + bxtan(exx + d)72 + a)*((a - b)*c + c72
))/(((a - b)*c™2 + c™3)*e), -1/4*%(2*sqrt(-a + b - c)*c 2*xarctan(-1/2*sqrt(c
*xtan(e*xx + d)74 + b¥tan(e*xx + d)72 + a)*((b - 2*c)*tan(exx + d)72 + 2%xa - b
Y*¥sqrt(-a + b - ¢)/(((a - b)*c + c"2)*tan(e*x + d)"4 + (a*b - ™2 + b*c)*ta
n(exx + d)72 + a”2 - axb + axc)) - (a*xb - b™2 + (2%a - b)*c + 2*c”~2)*sqrt(-
c)*arctan(1/2*xsqrt(cxtan(exx + d)"4 + bxtan(exx + d)72 + a)*(2xc*tan(e*x +
d)"2 + b)*sqrt(-c)/(c"2+tan(e*x + d)~4 + b*cxtan(exx + d)~2 + axc)) - 2*sqr
t(cxtan(exx + d)74 + bxtan(exx + d)72 + a)*x((a - b)*xc + ¢c~2))/(((a - b)*c™2
+ c73)*e)]

Sympy [F] time = 0., size = 0, normalized size = 0.

tan® (d + ex)

f Va + btan? (d + ex) + ctan* (d + ex)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**5/(atb*tan(e*xx+d)**2+c*xtan(e*xx+d)**4)**(1/2) ,x)

[Out] Integral(tan(d + exx)**5/sqrt(a + b*tan(d + e*x)**2 + c*xtan(d + e*x)**4), x
)
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Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)5 i

\/ctan (ex + d)4 + btan (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~5/(atb*tan(e*xx+d) 2+cxtan(e*xx+d)~4)~(1/2),x, algorithm
="giac")

[Out] integrate(tan(e*x + d)~5/sqrt(c*tan(e*x + d)"4 + bxtan(exx + d)72 + a), x)
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tan>(d+ex)

3.37 dx

\/ a+b tanz(d+ex)+c tan4(d+ex)

Optimal. Leaf size=141

- 2a+(b—2¢) tan?(d-+ex)—b - b+2c tan®(d+ex
tanh™? (b—2c) tan”(d+ex) tanh™! an’(d+ex)
2Va—b+c\/a+b tan2(d+ex)+c tan4(d+ex) 2\/5\/a+b tanz(d+ex)+c tan4(d+ex)

+
2eNa-b+c 2+/ce

[Out] ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*x]~2)/(2*Sqrt[a - b + c]*Sqrt[a + bx
Tan[d + e*xx]~2 + cxTan[d + exx]~4])]/(2*Sqrt[a - b + cl*e) + ArcTanh[(b + 2
xc*xTan[d + exx]~2)/(2*%Sqrt[c]*Sqrt[a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4]

)1/ (2xSqrt [c]*e)

Rubi [A] time = 0.21029, antiderivative size = 141, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 35, e e .

0.171, Rules used = {3700, 1251, 843, 621, 206, 724}

integrand size

tanh™"

2a+(b-2c) tan?(d+ex)-b tanh b+2c tan?(d+ex)
2\/a—b+c\/u+b tan2(d+ex)+c tan4(d+ex) 2\/E\/(l+b tanz(d+ex)+c tan? (d+ex)

+
2eNa-b+c 2+/ce

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]~3/Sqrt[a + b*Tan[d + e*x]”~2 + c*Tan[d + ex*xx]~4],x]

[Out] ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*x]~2)/(2xSqrt[a - b + c]*Sqrt[a + bx*
Tan[d + e*xx]~2 + cxTan[d + exx]~4]1)]/(2*Sqrt[a - b + cl*e) + ArcTanh[(b + 2
xcxTan[d + e*xx]~2)/(2xSqrt[c]*Sqrtla + b*Tan[d + exx]”2 + c*Tan[d + e*x] 4]

)1/ (2%8qrt [c]*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.)*((a_.) + (b_.)*x((f_.)*tan[(d_.) + (e_.)*(
x ) (_.) + (c_)*x((f_)*tanl[(d_.) + (e_.)*x(x_)])"(m2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1251



259

Int[(x_)"(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)74)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx) g*(a +
b*x + c*x72)7p, x], x, x72], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a_.) + (b_.)*x(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*x(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + e*x)"m*x(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, c, d, e, £, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d™2 - bxdxe + axe”2, 0] && 'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
xaxe — bxd - (2*c*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - bxe, 0]

Rubi steps
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X3
Subst (f W dx, x, tan(d + EX))

e

tan®(d + ex)

dx =

\/a + btan?(d + ex) + ctan*(d + ex)

Subst dx, x, tan(d + ex))

x
(f (1+x)Va+bx+cx?
2e

L 2 Sub t( S
_ Subst (f mdx, x, tan“(d + ex)) . ubs f P pryae; X, X,
2e 2e

2
Subst [ f 4;(2 dx, x, b+2c tan?(d+ex) ) Subst [ f 1

——
- )
\/11+btan2(d+ex)+ctan4(d+ex) 4a—4b+dc—x

.

e
tanh_l 2a—-b+(b-2c) tanz(d+ex) tanh_l b+2c tan?(d+ex
2\/a—b+c\/¢z+b tanz(d+ex)+c tan? (d+ex) 2+/cyJa+b tanz(d+ex)+c t

+
2Va—-b+ce 2+/ce

Mathematica [A] time = 0.236429, size = 136, normalized size = 0.96

tanh~! 20+(b-20) tan’(d+ex)-b tanh! b+2c tan?(d+ex)
2\/a—b+cx/a+b tanz(d+ex)+c tan4(d+ex) " Z\ﬁ\/aer tanz(d+ex)+c tan4(d+ex)
Va-b+c \/E
2e

Antiderivative was successfully verified.

[In] Integrate[Tan[d + exx]~3/Sqrtl[a + bxTan[d + e*x]"2 + cxTan[d + exx]~4],x]

[Out] (ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]~2)/(2+Sqrt[a - b + cl*Sqrt[a + b
xTan[d + exx]"2 + cxTan[d + e*x]~4])]/Sqrtla - b + c] + ArcTanh[(b + 2*c*Ta

n[d + exx]"2)/(2*xSqrt[c]*Sqrt[a + bxTan[d + exx]"2 + c*Tan[d + e*x]~4])]1/Sq
rt[c])/(2xe)

Maple [A] time = 0.189, size = 155, normalized size = 1.1

% In ((g + ¢ (tan (ex + d))z) % + \/a + b (tan (ex + d))* + ¢ (tan (ex + d))4) % + % In (1 " (tantex 7 [2a )

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(tan(ex*x+d) "3/ (at+b*tan(e*x+d) "2+cxtan(e*xx+d)~4)~(1/2),x)

[Out] 1/2/ex1n((1/2*b+cxtan(exx+d) "2)/c”(1/2)+(a+bxtan(exx+d) "2+c*tan(e*xx+d) ~4) ~(
1/2))/c”(1/2)+1/2/e/(a-b+c) " (1/2) *1n ((2*xa-2xb+2*c+ (b-2*c) * (1+tan(e*xx+d) "2) +

2% (a-b+c) " (1/2) *((1+tan(exx+d) ~2) "2*c+(b-2*c) * (1+tan(exx+d) ~2)+a-b+c) ~(1/2)

)/ (1+tan(e*xx+d) ~2))

Maxima [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)° ;
X

\/ctan (ex + d)4 + btan (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) ~3/(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="maxima")

[Out] integrate(tan(e*xx + d)~3/sqrt(c*tan(exx + d)~4 + b*tan(exx + d)72 + a), x)

Fricas [A] time = 13.274, size = 2450, normalized size = 17.38

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 3/ (atbxtan(e*xx+d) 2+c*tan(e*x+d)~4)~(1/2),x, algorithm
="fricas")

[Out] [1/4x((a - b + c)*sqrt(c)*log(8xc~2xtan(exx + d)~4 + 8xb*cxtan(exx + d)~2 +
b~2 + 4xsqrt(c*tan(e*x + d)~4 + b*xtan(exx + d)72 + a)*(2*xcxtan(exx + d)~2

+ b)*sqrt(c) + 4xaxc) + sqrt(a - b + c)*c*xlog(((b™2 + 4x(a - 2*¥b)*c + 8xc~2
)*tan(e*xx + d)~4 + 2x(4*axb - 3*b”2 - 4x(a - b)*c)*tan(exx + d)~2 + 4x*sqrt(
cxtan(e*xx + d)~4 + bxtan(exx + d)72 + a)*((b - 2xc)*tan(e*x + d)~2 + 2%a -
b)*sqrt(a - b + c) + 8%a”2 - 8*axb + b~2 + 4xax*c)/(tan(e*x + d)~4 + 2*tan(e

xx + d)72 + 1)))/(((a - b)*xc + c"2)*e), -1/4x(2x(a - b + c)*sqrt(-c)*arctan
(1/2*sqrt(cxtan(e*xx + d)~4 + bxtan(exx + d)72 + a)*x(2*cxtan(exx + d)”2 + b)
xsqrt(-c)/(c™2xtan(exx + d)"4 + bxcxtan(e*x + d)”2 + a*c)) - sqrt(a - b + ¢
Y*kcxlog(((b™2 + 4*x(a - 2*b)*c + 8*kc”2)*tan(e*xx + d)~4 + 2%(4*axb - 3*xb~2 -
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4x(a - b)*c)*tan(exx + d)~2 + 4*sqrt(cxtan(exx + d)~4 + bxtan(exx + d)72 +

a)*((b - 2xc)*tan(e*xx + d)72 + 2%a - b)*sqrt(a - b + c) + 8%xa”2 - 8*axb + b
"2 + 4xaxc)/(tan(e*xx + d)~4 + 2*tan(exx + d)72 + 1)))/(((a - b)*c + c"2)*e)
, 1/4x(2xsqrt(-a + b - c)x*c*arctan(-1/2*sqrt(c*xtan(exx + d)~4 + bxtan(exx +
d)"2 + a)*((b - 2*c)*tan(e*x + d)~2 + 2*a - b)*sqrt(-a + b - c)/(((a - b)*
c + c”2)*tan(exx + d)74 + (a*b - b™2 + b*c)*tan(exx + d)72 + a”2 - axb + ax
c)) + (a - b + c)*sqrt(c)*log(8*c™2xtan(e*x + d)~4 + 8*bkcxtan(e*x + d)72 +
b~2 + 4*sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72 + a)*(2*xcxtan(e*xx + d)~2

+ b)xsqrt(c) + 4xaxc))/(((a - b)*c + c"2)*e), 1/2+(sqrt(-a + b - c)*c*arcta
n(-1/2*sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(e*x + d
)72 + 2%a - b)xsqrt(-a + b - ¢)/(((a - b)*c + c"2)*tan(exx + d)~4 + (axb -

b~2 + b*c)*tan(exx + d)72 + a”2 - a*b + a*c)) - (a - b + c)*sqrt(-c)*arctan
(1/2*%sqrt(c*xtan(exx + d)~4 + bxtan(exx + d)72 + a)*(2xcxtan(e*x + d)~2 + b)
xsqrt(-c)/(c"2xtan(exx + d)"4 + bxcxtan(e*xx + d)~2 + a*c)))/(((a - b)*c + ¢
"2)*e)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f tan® (d + ex)
\/a + btan® (d + ex) + ctan? (d + ex)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**3/(atb*tan(e*x+d)**2+c*tan(e*xx+d)**4)**(1/2) ,x)

[Out] Integral(tan(d + e*x)**3/sqrt(a + b*tan(d + e*xx)**2 + cxtan(d + exx)**4), x
)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)3 P
X

\/c tan (ex + d)* + btan (ex + d)* + a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) ~3/(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="giac")

[Out] integrate(tan(e*xx + d)~3/sqrt(c*tan(e*xx + d)~4 + b*tan(exx + d)~2 + a), x)
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3 38 tan(d-+ex) dx

\/ a+b tanz(d+ex)+c tan4(d+ex)

Optimal. Leaf size=79

tanh_l 2a+(b-2c) tanz(d+ex)—b
2Va—b+c\/a+b tan? (d+ex)+c tan4(d+ex)

2eNa-b+c

[Out] -ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*x]~2)/(2xSqrt[a - b + c]*Sqrt[a + b
xTan[d + exx]"2 + cxTan[d + exx]~4])]/(2xSqrtla - b + clxe)

Rubi [A] time = 0.113837, antiderivative size = 79, normalized size of antiderivative

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 33, o e

0.121, Rules used = {3700, 1247, 724, 206}

integrand size

2a+(b-2c¢) tanz(d+ex)—b
2\/a—b+c\/a+b tanz(d+ex)+c tan4(d+ex)

2eNVa-b+c

Antiderivative was successfully verified.

tanh ™

[In] Int[Tan[d + e*x]/Sqrtla + b*Tan[d + e*x]~2 + c*Tan[d + e*xx]~4],x]

[Out] -ArcTanh[(2*a - b + (b - 2xc)*Tan[d + e*x]~2)/(2*Sqrt[a - b + cl*Sqrt[a + b
xTan[d + exx]"2 + cxTan[d + exx]~4])]/(2xSqrtla - b + clxe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )" (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1247

Int[(x_)*((d_) + (e_.)*(x_)72)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + exx)”g*(a + bxx + c*x"2)7p, x],
x, x°2], x] /; FreeQ[{a, b, c, d, e, p, g}, x]
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Rule 724

Int[1/(C(d_.) + (e_.)x(x_))*Sqrtl[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol]l :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe — bxd - (2*c*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - b*e, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps

Subst (f m dx, X, tan(d + BX))

e

tan(d + ex) dy =

\/a + btan?(d + ex) + ctan*(d + ex)

1 2
Subst (f v dx, x, tan“(d + ex))

2e
—b—(- 2
Subst [ f U gy, 2o (b2 tanT(dtex) ]

_ _ 2 4 4
da—db+ic—x \/a+btanz(d+ex)+ctan4(d+ex)

e

- 2a-b+(b-2c) tan®(d-+ex
tanh™ (b—2c) tan”(d+ex)
2Vu—b+c\/a+btanz(d+ex)+ctan4(d+ex)

2Va—-b +ce

Mathematica [A] time = 0.111007, size = 79, normalized size = 1.

tanh ! 2a+(b-2c) tan®(d+ex)-b
2\/a—b+c\/a+b tanz(d+ex)+c tan*(d+ex)

2eNa-b+c

Antiderivative was successfully verified.

[In] Integrate[Tan[d + e*x]/Sqrt[a + b*Tan[d + e*x]~2 + cxTan[d + exx]~4],x]
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[Out] -ArcTanh[(2*a - b + (b - 2xc)*Tan[d + e*x]~2)/(2*Sqrt[a - b + cl*Sqrt[a + b
xTan[d + exx]"2 + cxTan[d + exx]~4])]/(2xSqrtla - b + clxe)

Maple [A] time = 0.19, size = 102, normalized size = 1.3

-%m[l N (tantex+d))2 [2u—2b+20+ (b=20) (1 + (tan (ex + d))*) +2\/a—b+c\/(l + (tan(ex+d))2)2c+(

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d)/(a+bxtan(exx+d) "2+c*tan(e*x+d)~4)"(1/2),x)

[Out] -1/2/e/(a-b+c)~(1/2)*1n((2*a-2*b+2*c+(b-2%c)* (1+tan(exx+d) ~2)+2*x(a-b+c) ~(1/
2)*((1+tan(e*xx+d) ~2) "2*c+(b-2%c) * (1+tan(e*xx+d) "2)+a-b+c) ~(1/2) )/ (1+tan(e*xx+
d)~2))

Maxima [F] time = 0., size = 0, normalized size = 0.

tan (ex + d) i

\/ctan (ex + d)4 + btan (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxtan(e*x+d) 2+c*xtan(e*xx+d)~4)~(1/2),x, algorithm="
maxima"

[Out] integrate(tan(e*xx + d)/sqrt(cxtan(e*x + d)~4 + bxtan(e*xx + d)72 + a), x)

Fricas [A] time = 3.86014, size = 733, normalized size = 9.28

(b2+4 (a—2b)c+8 cz) tan(ex+d)4+2 (4 ab-3b%-4 (a—b)c) tan(ex+d)2—4 c tan(ex+d)4+h tan(ex+d)2+a((b—2 c) tan(ex+d)2+2 a—b)\/a—h+c+8 a?-8al

lo
& tan(ex+d)4+2 tan(ex+d)2+1

4+Va—-b+ce

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(tan(exx+d)/(atbxtan(e*x+d) 2+c*xtan(e*x+d)~4)~(1/2),x, algorithm="
fricas")

[Out] [1/4%1og(((b~2 + 4*(a - 2*b)*c + 8xc~2)*tan(e*x + d)~4 + 2x(4*xaxb - 3*b~2 -
4x(a - b)*c)*tan(exx + d)72 - 4xsqrt(cxtan(exx + d)74 + bxtan(exx + d)72 +
a)*((b - 2xc)*tan(e*x + d)72 + 2%xa - b)*sqrt(a - b + c) + 8*%a”2 - 8xaxb +

b~2 + 4xaxc)/(tan(e*xx + d)~4 + 2*xtan(exx + d)72 + 1))/(sqrt(a - b + c)xe),
-1/2*%sqrt(-a + b - c)*arctan(-1/2xsqrt(cxtan(exx + d)~4 + bxtan(e*x + d)~2

+ a)*x((b - 2*c)*tan(exx + d)~"2 + 2*%a - b)*sqrt(-a + b - ¢)/(((a - b)*c + ¢~
2)*tan(e*x + d)~4 + (axb - b2 + b*c)*tan(exx + d)72 + a”2 - axb + axc))/((
a-b+ c)xe)]

Sympy [F] time = 0., size = 0, normalized size = 0.

tan (d + ex)

dx
f \/a + btan? (d + ex) + ctan* (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atb*tan(e*x+d)**2+c*tan(e*xx+d)**4)**(1/2),x)

[Out] Integral(tan(d + e*x)/sqrt(a + bxtan(d + e*xx)*x2 + ckxtan(d + e*x)**x4), x)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d) i

\/ctan (ex + d)4 + btan (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxtan(e*x+d) 2+cxtan(e*x+d)~4)~(1/2),x, algorithm="
giac")

[Out] integrate(tan(e*xx + d)/sqrt(cxtan(e*x + d)~4 + bxtan(e*xx + d)"2 + a), x)
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3 39 cot(d+ex) dx

\/ a+b tanz(d+ex)+c tan4(d+ex)

Optimal. Leaf size=142

tanh 2a+(b-2c) tan®(d-+ex)-b tanh~! 2a+btan?(d+ex)
2\/u—b+c\/a+b tan® (d+ex)+c tan4(d+ex) 2\/5\/11+b tan® (d+ex)+c tan4(d+ex)

2eNVa-b+c 2+/ae

[Out] -ArcTanh[(2*a + b*Tan[d + exx]~2)/(2*Sqrt[al*Sqrt[a + b*Tan[d + e*x]~"2 + cx*
Tan[d + exx]~4])]/(2%Sqrt[al*e) + ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*x]
~2)/(2*%Sqrt[a - b + cl*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*xx]~4])]1/(2x%S
grtla - b + clxe)

Rubi [A] time = 0.227565, antiderivative size = 142, normalized size of antiderivative

. . ber of rul
1., number of steps used = 8, number of rules used = 5, integrand size = 33, e =

0.152, Rules used = {3700, 1251, 960, 724, 206}

integrand size

tanh ™

2a+(b-2c) tanz(d+ex)—b tanh_l 2a+b tanz(d+ex)
2\/a—b+c\/a+b tan? (d+ex)+c tan4(d+ex) 2\/5\/a+b tan? (d+ex)+c tan4(d+ex)

2eNa-b+c 2+/ae

Antiderivative was successfully verified.

[In] Int[Cot[d + e*x]/Sqrtla + b*Tan[d + exx]~2 + cxTan[d + exx]~4],x]

[Out] -ArcTanh[(2*a + b*Tan[d + exx]~2)/(2*Sqrt[al*Sqrt[a + b*Tan[d + e*x]~2 + cx*
Tan[d + exx]~4])]/(2+Sqrtlal*e) + ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]
~2)/(2xSqrt[a - b + cl*Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4])]/(2*S
grtla - b + clx*e)

Rule 3700

Int[tan[(d_.) + (e_)*&x )] (m_.)*((a_.) + (b_.)*x((f_.)*tan[(d_.) + (e_.)*(
x )" (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1251
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Int[(x_)"(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)"4)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx)"g*(a +
b*x + c*x72)7p, x], x, x7°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 960

Int[((d_.) + (e_)*(x_))"(m_)*x((f_.) + (g_.)*x(x_))"(m_)*((a_.) + (b_.)*(x_)
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx(f + g
*x) "n*(a + b*x + c*x”2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ
[exf - dxg, 0] &% NeQ[b~2 - 4xa*c, 0] && NeQ[c*d™2 - bxdxe + axe”2, 0] && (
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 01)) && !(IGtQ[m, 0] || IGtQ[n, 01)

Rule 724

Int[1/C((d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d”2 - 4xbxd*e + 4*a*xe™2 - x72), x], x, (2
xaxe - bxd - (2%cxd - bxe)*x)/Sqrtl[a + b*xx + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps
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1
Subst| | —————=dx, x, tan(d + ex
cot(d + ex) ] (f x(1+x2)Vu+bx2+cx4 ( ))
x =
\/a + btan®(d + ex) + c tan*(d + ex) ¢
1
Sub t( — —  dx,xtan® d+ex)
_ s f x(1+x)Va+bx+cx? an ( )
2e
1 1
Subst( ( + ) dx, x, tan’(d + ex )
_ f (~1-0)Vat+bx+cx®2  xVa+bx+cx® ( )
2e
1 1
Subst ( ——  dx,x, tan’(d + ex ) ( -
— f (—1-x)Va+bx+cx? ( ) + Subst f xVa+bx+cx? dx
2e 2e
1 2a+b tanz(d+ex) 1
Subst| | — dx, x, Subst| | ————
(f 4a-x2 \/ a+b tanz(d+ex)+c tan4(d+ex)] [f da—db+ie—x
B e
tanh_l 2a+btan? (d+ex) tanh_l 2a—-b+(b—-2c) tan?
2\/5\/11+b tanz(d+ex)+c tan4(d+ex) 2Va-b+cqJa+b tanz(d+ex)

+
2+/ae 2Va—-b+ce

Mathematica [A] time = 0.569794, size = 136, normalized size = 0.96

2 o (b 2
tanh_l 2a+b tan“(d+ex) tanh_l 2a—(b—2c) tan“(d+ex)+b
2\/17\/a+b tanz(d+ex)+c tan4(d+ex) 2\/a—b+C\/a+b tanz(d+ex)+c tan4(d+ex)
+
B Vi Vibie
2e

Antiderivative was successfully verified.

[In] Integrate[Cot[d + e*x]/Sqrtla + b*Tan[d + e*x]~2 + cxTan[d + exx]~4],x]

[Out] -(ArcTanh[(2*a + b*Tan[d + exx]~2)/(2xSqrt[al*Sqrtla + b*Tan[d + e*x]"2 + ¢
xTan[d + exx]~4])]/Sqrt[a] + ArcTanh[(-2*%a + b - (b - 2*c)*Tan[d + exx]"2)/
(2«%Sgrtla - b + c]*Sqrt[a + bxTan[d + exx]~2 + c*Tan[d + exx]~4])]/Sqrtla -

b + c])/(2xe)

Maple [F] time = 0.559, size = 0, normalized size = 0.

f cot (ex + d) ! dx

\/a + b (tan (ex + d))* + ¢ (tan (ex + d))*
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d)/(atbxtan(exx+d) “2+c*tan(exx+d)~4)~(1/2),x)

[Out] int(cot(e*x+d)/(atb*tan(e*x+d) " 2+c*tan(exx+d)~4)~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

cot (ex + d) p
X

\/ctan (ex + d)4 + btan (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(at+b*tan(e*x+d) " 2+c*tan(e*xx+d)~4)~(1/2),x, algorithm="
maxima")

[Out] integrate(cot(exx + d)/sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)"2 + a), x)

Fricas [A] time = 11.7805, size = 2500, normalized size = 17.61

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*tan(e*x+d) "2+c*tan(exx+d)~4)~(1/2),x, algorithm="
fricas")

[Out] [1/4x(sqrt(a - b + c)*a*xlog(((b~2 + 4x(a - 2xb)*c + 8*c 2)*tan(exx + d)~4 +
2% (4xaxb - 3*%b72 - 4x(a - b)*c)*tan(exx + d)~2 + 4xsqrt(cxtan(exx + d)74 +
bxtan(e*x + d)~2 + a)*((b - 2*xc)*tan(exx + d)72 + 2xa - b)*sqrt(a - b + ¢)
+ 8%a”2 - 8%axb + b72 + 4*axc)/(tan(e*x + d)74 + 2xtan(exx + d)72 + 1)) +
(a - b + c)*sqrt(a)*log(((b~2 + 4*a*xc)*tan(exx + d)~4 + 8*axbxtan(e*xx + d)~
2 - 4xsqrt(cxtan(e*xx + d)74 + bxtan(exx + d)~2 + a)x(b*tan(e*xx + d)72 + 2x*a
)*sqrt(a) + 8*%a~2)/tan(exx + d)~4))/((a”2 - axb + axc)*e), 1/4x(2xsqrt(-a)x*
(a = b + c)*arctan(l/2*sqrt(cxtan(e*x + d)~4 + bxtan(e*x + d)~2 + a)*(bxtan
(exx + d)~2 + 2%a)*sqrt(-a)/(axcxtan(e*x + d)~4 + axb*xtan(exx + d)72 + a”~2)
) + sqrt(a - b + c)*axlog(((b~2 + 4x(a - 2*b)*c + 8*c”2)*tan(e*xx + d)74 + 2
x(4*axb - 3*b”2 - 4x(a - b)*c)*tan(exx + d)~2 + 4xsqrt(cxtan(exx + d)"4 + b
xtan(exx + d)72 + a)*((b - 2*c)*tan(exx + d)72 + 2*%a - b)*sqrt(a - b + ¢c) +
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8xa”"2 - 8*axb + b2 + 4*axc)/(tan(exx + d)74 + 2xtan(e*xx + d)"2 + 1)))/((a
T2 - axb + axc)*e), 1/4x(2xa*xsqrt(-a + b - c)*arctan(-1/2*sqrt(c*xtan(e*xx +
d)"4 + bxtan(exx + d)72 + a)*x((b - 2*c)*tan(e*xx + d)~2 + 2%a - b)*sqrt(-a +

b - c)/(((a - b)xc + c"2)*tan(exx + d)74 + (a*xb - b~2 + bxc)*tan(e*x + d)~
2 +a"2 - axb + axc)) + (a - b + c)*sqrt(a)*log(((b~2 + 4*axc)xtan(exx + d)
~4 + 8xaxbxtan(exx + d)72 - 4xsqrt(cxtan(e*x + d)74 + b¥tan(e*x + d)72 + a)
*x(bxtan(e*x + d)~2 + 2*a)*sqrt(a) + 8+a~2)/tan(e*xx + d)~4))/((a”2 - a*b + a
xc)xe), 1/2x(sqrt(-a)*(a - b + c)*arctan(1/2*sqrt(c*tan(e*xx + d)~4 + b*xtan(
exx + d)72 + a)*(b*tan(exx + d)~2 + 2*a)*sqrt(-a)/(a*xc*tan(exx + d)~4 + a*b
xtan(exx + d)72 + a”2)) + axsqrt(-a + b - c)*arctan(-1/2xsqrt(cxtan(exx + d
)74 + bxtan(exx + d)72 + a)*((b - 2xc)*tan(exx + d)~2 + 2%a - b)*sqrt(-a +
b - c)/(((a - b)*c + c"2)*tan(exx + d)"4 + (axb - b~2 + b*c)*tan(e*x + d)~2

+ a2 - axb + a*xc)))/((a”2 - axb + axc)xe)]

Sympy [F] time = 0., size = 0, normalized size = 0.

cot (d + ex)

dx
f Va + btan? (d + ex) + ctan* (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(a+tbxtan(e*x+d)**2+c*tan(e*xx+d)**4)**(1/2),x)

[Out] Integral(cot(d + exx)/sqrt(a + bxtan(d + e*xx)**2 + cktan(d + e*xx)**4), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*tan(e*x+d) "2+c*tan(exx+d)~4)~(1/2),x, algorithm="
giac")

[Out] Timed out
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cot3(d+ex)

3.40 dx

\/ a+b tanz(d+ex)+c tan4(d+ex)

Optimal. Leaf size=249

- 2a+btan?(d+ex - 2a+btan?(d+ex - 2a+(b—2c) tan?(d-+ex)—b
btanh™ an-(dren) tanh ™ am dex) tanh™ (bZc) tom (der)
2\/5\/a+b tanz(d+ex)+c tan4(d+ex) 2\/5\/a+b tanz(d+ex)+c tan4(d+ex) 2\/a—b+c\/a+b tanz(d+ex)+c tan4(¢

+
4a’2e 2+/ae 2eVa-b+c

[Out] ArcTanh[(2*a + bxTan[d + exx]~2)/(2*Sqrt[al*Sqrt[a + b*Tan[d + e*x]~2 + c*T
an[d + e*x]~4])]/(2+Sqrt[al*e) + (bxArcTanh[(2*a + b*Tan[d + e*xx]~2)/(2xSqr
t[a]*Sqrt[a + b*Tan[d + e*xx]”2 + cxTan[d + exx]~4])])/(4*a~(3/2)*e) - ArcTa
nh[(2*xa - b + (b - 2*c)*Tan[d + e*x]~2)/(2*Sqrtla - b + cl*Sqrt[a + b*Tan[d

+ exx] "2 + c*xTan[d + e*xx]~4])]/(2+Sqrtla - b + cl*e) - (Cot[d + e*x] 2xSqr

tla + bxTan[d + e*x]~2 + c*Tan[d + e*xx]~4])/(2*axe)

Rubi [A] time = 0.317719, antiderivative size = 249, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 6, integrand size = 35, number of rules_

0.171, Rules used = {3700, 1251, 960, 730, 724, 206}

integrand size

b tanh_l 2a+b tanz(d+ex) tanh_l 2a+b tanz(d+ex) tanh_l 2a+(b—-2c) tanz(d+ex)—b
2\/1;\/a+b tanz(d+ex)+c tan4(d+ex) 2\/5\/a+b tanz(d+ex)+c tan4(d+ex) 2\/11—b+c\/a+b tanz(d+ex)+c tan4(t

+
4a3/2¢ 2+/ae 2eNa-b+c

Antiderivative was successfully verified.

[In] Int[Cot[d + e*xx]~3/Sqrtl[a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4],x]

[Out] ArcTanh[(2*a + b*Tan[d + exx]~2)/(2xSqrt[al*Sqrt[a + b*Tan[d + e*x]~2 + cx*T
an[d + exx]~4])]/(2+Sqrt[al*e) + (b*ArcTanh[(2*a + bxTan[d + exx]~2)/(2*Sqr
t[a]*Sqrt[a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4])])/(4*a~(3/2)*e) - ArcTa
nh[(2*xa - b + (b - 2*c)*Tan[d + e*x]~2)/(2*Sqrtla - b + cl*Sqrt[a + b*Tan[d

+ exx]”2 + c*Tan[d + exx]~4])]/(2xSqrtla - b + cl*e) - (Cot[d + exx] 2*xSqr

tla + b*Tan[d + e*xx]~2 + c*Tan[d + exx]~4])/(2xaxe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )17 (_.) + (c_)*x((f_.)*tanl[(d_.) + (e_.)*x(x_)])"(m2_.))"(p_), x_Symboll
:> Dist[f/e, Subst[Int[((x/f) m*(a + b*x™n + c*x~(2*n)) p)/(f72 + x72), x]
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, X, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2*n] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

Int[(x_)"(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)74)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx)"g*(a +
b*x + c*x72)7p, x], x, x7°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 960

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*x(x_))"(m_)*((a_.) + (b_.)*(x_)
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx(f + g
*x) "n*(a + b*x + c*x”2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ
[exf - dxg, 0] &% NeQ[b~2 - 4xa*xc, 0] && NeQ[c*d™2 - bxdxe + axe”2, 0] && (
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 01)) && !(IGtQ[m, 0] || IGtQ[n, 01)

Rule 730

Int[((d_.) + (e_)*(x D))" (m)*x((a_.) + (b_)*(x) + (c_)*x)D)"2)"(p_), x_8S
ymbol] :> Simp[(e*x(d + e*xx)”"(m + 1)*(a + b*x + c*xx"2)7(p + 1))/((m + 1)*(c*
d”"2 - bxd*e + axe”2)), x] + Dist[(2*c*d - bxe)/(2*x(c*xd”2 - bxd*e + a*e”2)),
Int[(d + exx)"(m + 1)*x(a + b*x + cxx"2)7p, x], x] /; FreeQ[{a, b, c, d, e,
m, p}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - b*xdxe + axe”2, 0] && NeQ[2
xcxd - bxe, 0] && EqQ[m + 2%p + 3, 0]

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4*xbxdxe + 4*axe”2 - x72), xJ, x, (2
xakxe - b¥d - (2%cxd - bke)*x)/Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, O]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps
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1
Subst (f x3(1+x2)\/a+bx2+cx4

e

dx, x, tan(d
cot(d + ex) . X, x, tan(d + ex))

\/a + btan®(d + ex) + c tan*(d + ex)

1 2
Sbt( ——dx,x,t d+ex)
_ s fx2(1+x)\/a+bx+cx2 an( )
2e
Subst ( f ( ! - ! + ! ) dx, x, tanz(d + ex))
_ 2Va+bx+cx®  xVa+tbx+ex®  (1+x)Va+bx+ex?
2e
1 1
Sbt( ——dx,x,t 2(d + ) Sbt( ——dx,x,t
:us fxzmxxan( ex)_us fxmxxal
2e 2e
1
Subst| | — dx, .
cot?(d + ex)\/a + btan®(d + ex) + ctan*(d + ex) {f da—x?
T 2ae
tanh_l 2a+b tanz(d+ex) tanh_l 2a—b+(b-2c) tan? (d+e
2\/1;\/a+btanz(d+ex)+ctan4(d+ex) 2Vu—b+c\lu+btanz(d+ex)+ct

B 2+/ae 2Va—b+ce

2a+b tanz(d+ex) b tanh_l 2a+b tan? (d+ex)
2\/;1\/a+b tanz(d+ex)+c tan4(d+€x) 2\/5\/51+b tanz(d+ex)+c tan
2+/ae 4a3/2¢

tanh ™ (

Mathematica [A] time = 4.13599, size = 188, normalized size = 0.76

2
(2a +b) tanh ™ Zztbtan (dter) + 2+/a| cot?(d + ex) (—\/a + btan®(d + ex) + ctan*(d + ex)) -
2\/5\/a+b tanz(d+ex)+c tan4(d+ex)

a tanh_l[—

4a%2e
Antiderivative was successfully verified.

[In] Integrate[Cot[d + e*x]~3/Sqrtla + b*Tan[d + e*xx]~2 + cxTan[d + exx]~4],x]

[Out] ((2*a + b)*ArcTanh[(2*a + b*Tan[d + exx]"2)/(2*Sqrt[a]l*Sqrt[a + b*Tan[d + e
*x]72 + cxTan[d + exx]~4])] + 2xSqrt[al*(-((a*ArcTanh[(2*xa - b + (b - 2%c)*
Tan[d + e*xx]~2)/(2xSqrtl[a - b + c]*Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d + ex
x]74]1)1)/Sqrtla - b + c]) - Cot[d + e*x] 2xSqrt[a + b*Tan[d + e*x]”"2 + c*Ta

nld + e*x]~4]))/(4xa~(3/2)*e)
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Maple [F] time = 0.545, size = 0, normalized size = 0.

f (cot (ex + d))? ! dx

a+b(tan (ex + d))2 + c(tan (ex + d))4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) "3/ (a+bx*tan(e*x+d) "2+cxtan(e*xx+d)~4)~(1/2),x)

[Out] int(cot(exx+d) "3/ (at+b*tan(e*x+d) "2+c*tan(exx+d)~4)~(1/2),x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~3/(atb*tan(e*xx+d) 2+cxtan(e*xx+d)~4)~(1/2),x, algorithm
="maxima")

[Out] Timed out

Fricas [A] time =16.0172, size = 3267, normalized size = 13.12

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3/ (atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="fricas")

[Out] [1/8%(2*sqrt(a - b + c)*a"2*log(((b"2 + 4x(a - 2xb)*c + 8*c”2)*tan(exx + d)
4 + 2x(4%axb - 3*b”2 - 4x(a - b)*c)xtan(exx + d)72 - 4xsqrt(cxtan(exx + d)
~4 + bxtan(e*x + d)72 + a)*((b - 2*c)*tan(exx + d)72 + 2xa - b)*sqrt(a - b
+ c) + 8%a”2 - 8*axb + b2 + 4xaxc)/(tan(exx + d)~4 + 2xtan(e*xx + d)72 + 1)
)*tan(exx + d)72 + (2%¥a”2 - axb - b™2 + (2*a + b)*c)*sqrt(a)*log(((b~2 + 4x
axc)*tan(exx + d)"4 + 8xaxbxtan(exx + d)~2 + 4xsqrt(cxtan(e*x + d)74 + bxta
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n(exx + d)72 + a)*x(bxtan(e*x + d)~2 + 2*a)*sqrt(a) + 8*a~2)/tan(exx + d)~4)
xtan(e*xx + d)72 - 4xsqrt(cxtan(e*x + d)~4 + bxtan(e*xx + d)~2 + a)*(a”2 - ax
b + axc))/((a"3 - a"2xb + a"2*c)*extan(e*x + d)~2), 1/4*x(sqrt(a - b + c)*a”
2x1og(((b~2 + 4*(a - 2%b)*c + 8*c~2)xtan(e*x + d)~4 + 2% (4*axb - 3xb™2 - 4x
(a - b)*c)*tan(exx + d)72 - 4xsqrt(cxtan(exx + d)~4 + bxtan(e*x + d)72 + a)
*((b - 2*c)*tan(exx + d)72 + 2*%a - b)*sqrt(a - b + c) + 8*%a”2 - 8xa*xb + b~2
+ 4xaxc)/(tan(exx + d)74 + 2xtan(e*x + d)72 + 1))*tan(exx + d)72 - (2*a™2

- axb - b™2 + (2%a + b)*c)*sqrt(-a)*arctan(l/2xsqrt(cxtan(e*x + d)~4 + bxta
n(e*xx + d)~2 + a)*(b*tan(e*x + d)~2 + 2*a)*sqrt(-a)/(axc*xtan(e*xx + d)"4 + a
xbxtan(e*xx + d)~2 + a”2))*tan(e*x + d)~2 - 2*sqrt(c*tan(e*xx + d)~4 + b*xtan(
exx + d)72 + a)*x(a”2 - axb + axc))/((a”3 - a”2xb + a”"2*c)*extan(exx + d)72)
, —1/8*%(4xa"2xsqrt(-a + b - c)*arctan(-1/2*sqrt(c*tan(exx + d)~4 + b*tan(ex
x + d)72 + a)*((b - 2xc)*tan(e*x + d)72 + 2%a - b)*sqrt(-a + b - ¢c)/(((a -
b)*c + c”2)xtan(e*xx + d)74 + (axb - b~2 + b*c)*tan(e*x + d)~2 + a”2 - a*xb +
axc))*tan(exx + d)72 - (2%a”2 - a*b - b™2 + (2%a + b)*c)*sqrt(a)*log(((b~2
+ 4xaxc)*tan(exx + d)~4 + 8xaxbkxtan(exx + d)~2 + 4xsqrt(cxtan(e*xx + d)"4 +
b*xtan(e*x + d)~2 + a)*(bxtan(e*xx + d)~2 + 2xa)*sqrt(a) + 8*a~2)/tan(exx +

d)"4)*tan(exx + d)~2 + 4xsqrt(cxtan(exx + d)74 + bxtan(exx + d)72 + a)*x(a”2
- axb + axc))/((a”3 - a”2*b + a"2xc)*extan(exx + d)72), -1/4x(2xa"2*xsqrt(-
a + b - c)xarctan(-1/2*sqrt(c*tan(e*x + d)~4 + bxtan(e*xx + d)~2 + a)*((b -

2xc)*tan(exx + d)72 + 2xa - b)*sqrt(-a + b - ¢)/(((a - b)*c + c"2)*tan(e*x
+d)74 + (a*b - b™2 + b*c)*tan(e*x + d)72 + a”2 - a*b + a*c))*tan(e*xx + d)~
2 + (2%¥a”2 - axb - b72 + (2*a + b)*c)*sqrt(-a)*arctan(1/2*xsqrt(cxtan(e*xx +
d)"4 + bxtan(exx + d)72 + a)*(bxtan(exx + d)~2 + 2xa)*sqrt(-a)/(a*cxtan(ex*x
+ d)74 + axbxtan(exx + d)72 + a”2))*tan(exx + d)~2 + 2*xsqrt(cxtan(exx + d)
“4 + bxtan(e*x + d)72 + a)x(a”2 - axb + a*c))/((a”3 - a”2*b + a~2xc)*extan(
exx + d)72)]

Sympy [F] time = 0., size = 0, normalized size = 0.

cot® (d + ex)

f \/a + btan? (d + ex) + ctan* (d + ex)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**3/(a+b*tan(e*xx+d)**2+c*tan(exx+d)**4)**(1/2),x)

[Out] Integral(cot(d + exx)**3/sqrt(a + bxtan(d + e*x)**2 + c*xtan(d + e*x)**4), x
)
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Giac [F] time = 0., size = 0, normalized size = 0.

cot (ex + d)3 i

\/ctan (ex + d)4 + btan (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 3/ (atb*tan(e*xx+d) “2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="giac")

[Out] integrate(cot(e*x + d)~3/sqrt(c*tan(e*x + d)~4 + bxtan(exx + d)72 + a), x)
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tan4(d+ex)

3.41 dx

\/a+b tan?(d+ex)+c tan*(d+ex)

Optimal. Leaf size=662

2 4 4
Ja (v/a - 2+/c 4 +/ctan?(d + ex a+btan’(d+ex)tetan (d vex) EllipticF (2 tan~! (M) , ! (2 - L)) Ja
\/_ (\/— \/_) (\/_ \/_ ( )) \/ (\/E+\/Etan2(d+ex))2 P % 4 Vayfe \/—‘

2c3/4e (\/_ -~ \/E) \/a + btan®(d + ex) + c tan*(d + ex)

[Out] ArcTan[(Sqrt[a - b + cl*Tan[d + e*x])/Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d +
exx]~4]]1/(2xSqrtla - b + cl*e) + (Tan[d + exx]*Sqrt[a + b*Tan[d + e*xx]~2 +
cxTan[d + exx]~4])/(Sqrtlcl*ex(Sqrtla] + Sqrtlc]*Tan[d + exx]"2)) - (a~(1/
4)*EllipticE[2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrt[a]*Sqrt
[c]))/41*(Sqrt[a] + Sqrtlcl*Tan[d + exx]~2)xSqrt[(a + b*Tan[d + e*x]~2 + cx
Tan[d + e*x]~4)/(Sqrt[a] + Sqrt[c]*Tan[d + exx]~2)72])/(c~(3/4)*e*xSqrt[a +
b*Tan[d + exx]~2 + c*Tan[d + exx]~4]) + (a~(1/4)*(Sqrtla] - 2*Sqrt[c])=*Elli
pticF[2*ArcTan[(c~(1/4)*Tanld + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4
1x(Sqrtla] + Sqrtlc]+#Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + cxTan[d +
exx]~4)/(Sqrt[a]l + Sqrtlcl*Tan[d + e*x]~2)7"2])/(2*(Sqrtl[al - Sqrtlcl)*c~(3
/4)*exSqrt[a + b*Tan[d + exx]~2 + cxTan[d + exx]~4]) + ((Sqrtl[a] + Sqrtlc])
xE1lipticPi[-(Sqrt[al - Sqrtlc])~2/(4*Sqrtl[al*Sqrtlcl), 2*ArcTan[(c~(1/4)*T
an[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]l))/4]*(Sqrt[al + Sqrt[cl*Tan[
d + exx]"2)*Sqrt[(a + bxTan[d + exx]~2 + c*Tan[d + e*x]~4)/(Sqrtl[al + Sqrtl
cl*Tan[d + exx]~2)72])/(4*a~(1/4)*(Sqrt[al - Sqrtlcl)*c~(1/4)*exSqrt[a + Dbx
Tan[d + e*x]”2 + c*xTan[d + e*x]~4])

Rubi [A] time = 0.438926, antiderivative size = 662, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 35, e =

integrand size
0.143, Rules used = {3700, 1325, 1103, 1195, 1706}

L el . L R

2c34e (\/— —~ \/E) \/a + btan®(d + ex) + c tan*(d + ex)

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]~4/Sqrtl[a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4],x]

[Out] ArcTan[(Sqrtla - b + c]*Tan[d + e*x])/Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d +
exx]~4]]1/(2xSqrtla - b + cl*e) + (Tan[d + exx]*Sqrt[a + b*Tan[d + e*xx]”2 +
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cxTan[d + e*x]74])/(Sqrtlcl*ex(Sqrtla]l + Sqrtlc]l*Tan[d + e*x]~"2)) - (a~(1/
4)*EllipticE[2%ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrt[a]l*Sqrt
[c]))/41*(Sqrt[a] + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + cx
Tan[d + e*xx]~4)/(Sqrt[a] + Sqrtlc]*Tan[d + exx]~2)~2])/(c~(3/4)*e*xSqrt[a +
bxTan[d + exx]~2 + cxTan[d + exx]74]) + (a~(1/4)*(Sqrtla]l - 2*Sqrt[c])*Elli
pticF[2%ArcTan[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtl[al*Sqrtlcl))/4
1x(Sqrt[a] + Sqrtlc]*Tan[d + e*x]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + cxTan[d +
exx]~4)/(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)~2])/(2%(Sqrtl[a]l - Sqrtlcl)*c~(3
/4)*exSqrt[a + bxTan[d + exx]~2 + c*Tan[d + exx]~4]) + ((Sqrtlal + Sqrt([c]l)
*E1lipticPi[-(Sqrt[al - Sqrtlcl)~2/(4*Sqrt[al*Sqrtlcl), 2xArcTan[(c™(1/4)*T
an[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtl[c]l))/4]1*(Sqrt[a]l + Sqrt[cl*Tan[
d + exx]"2)*Sqrt[(a + bxTan[d + e*x]~2 + c*Tan[d + e*x]~4)/(Sqrtl[al + Sqrtl
c]*Tan[d + exx]~2)72])/(4*a~(1/4)*(Sqrtla]l - Sqrtlcl)*c~(1/4)*e*xSqrt[a + b*
Tan[d + e*xx]~2 + cxTan[d + exx]~4])

Rule 3700

Int[tan[(d_.) + (e_)*(x )] "(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tanl[(d_.) + (e_)*(x_)])"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f)"m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 1325

Int[(x_)~4/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4])
, x_Symbol] :> With[{q = Rtlc/a, 2]}, -Dist[(2%cxd - axe*xq)/(c*xex(e - dxq))
, Int[1/Sqrtla + b*x"2 + c*x~4], x], x] + (-Dist[1/(exq), Int[(1 - g*x~2)/S
grtla + b*x™2 + cxx"4], x], x] + Dist[d"2/(ex(e - d*q)), Int[(1 + g*x~2)/((
d + exx"2)*Sqrt[a + b*x"2 + c*x74]), x], x]1)] /; FreeQ[{a, b, c, d, e}, x]
&& NeQ[b~2 - 4xaxc, 0] && PosQ[c/al && NeQ[c*d~2 - axe”2, 0]

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)"2)]*
EllipticF[2*ArcTan[q*x], 1/2 - (bxq~2)/(4*c)])/(2*q*Sqrt[a + b*xx"2 + c*xx"4]
), x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

Rule 1195

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, -Simp[(d*x*Sqrt[a + b*x"2 + c*x~4])/(a*x(1 + g~
2xx72)), x] + Simp[(d*(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q72*x~
2)"2)]*EllipticE[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*x"2 + ¢
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*x~4]), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
4xaxc, 0] && PosQ[c/al

Rule 1706

Int[(C(AL) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)xSqrtl[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - Axe)*Arc
Tan[(Rt[-b + (cxd)/e + (axe)/d, 2]*x)/Sqrtla + b*x"2 + c*x~4]])/(2*d*e*Rt[-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2x*(a
+ bxx"2 + c*xx74))/(ax(A + B*x"2)"2)]*EllipticPi[Cancel [-((B*d - Axe)~2/(4x
dxexAxB))], 2xArcTan[q*x], 1/2 - (bxA)/(4*a*B)])/(4d*d*exAxq*Sqrt[a + b*x~2
+ c*xx~4]), x]] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~2 - bxd*xe + axe”2, 0] && NeQ[cxd~2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA™2 - axB~2, 0]

Rubi steps

x4
Subst (f W dx, x, tan(d + EX))

e

tan*(d + ex)
dx =

\/a + btan?(d + ex) + c tan*(d + ex)
Vor?

1+

Subst [ f (1”2)‘/% dx, x, tan(d + ex)J \/a Subst [ f

Ver?
I )
Va+bx2+cxt

_ [1-3%)¢

Va—b+c tan(d+ex)

‘e

tan™!
(\/u+b tan2(d+ex)+ctan4(d+ex)] tan(d + ex)\/a +b tanz(d +ex) +ct

Mathematica [C] time = 22.5769, size = 533, normalized size = 0.81

—4 sin(d-+ex) cos(d+ex) (u+b tanz(d+ex)+c tan4(d+ex))+

sin(2(d+ex))ysect(d-+ex)((a—b+c) cos(4(d+ex))+4(a—c) cos(2(d+ex))+3a+b+3c) "

+
2Va—b+ce e (\/E+ Vetan?(d + ex

Vb2—4ac+b+2

2 NS

V2

Antiderivative was successfully verified.
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[In] Integrate[Tan[d + exx]~4/Sqrtl[a + bxTan[d + exx]"2 + cxTan[d + exx]~4],x]

[Out] ((Sqrt[(3*a + b + 3*%c + 4*x(a - c)*Cos[2*%(d + e*x)] + (a - b + c)*Cos[4x(d +
exx)])*Sec[d + exx] 4]*Sin[2*(d + e*x)])/Sqrt[2] + ((I*Sqrt[2]*((-b + Sqrt
[b"2 - 4xaxc])*EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]x*
Tan[d + exx]], (b + Sqrt[b™2 - 4xa*xc])/(b - Sqrt[b™2 - 4*axc])] + (b + 2%c
- Sqrt[b”2 - 4*axc])*EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*a
xc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4x*axc])/(b - Sqrt[b~2 - 4xa*xc])] - 2x*c
*E1lipticPi[(b + Sqrt[b~2 - 4xaxc])/(2*c), I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sq
rt[b72 - 4xaxc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4x
axc])])*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2xc*Tan[d + e*x]~2)/(b + Sqrt[b~2 - 4
*xaxc])]*Sqrt[1 + (2%c*Tanl[d + e*x]~2)/(b - Sqrt[b~2 - 4*axc])])/Sqrtlc/(b +
Sqrt[b~2 - 4*axc])] - 4xCos[d + exx]*Sin[d + exx]*(a + bxTan[d + exx]"2 +
cxTan[d + e*x]~4))/Sqrtla + bxTan[d + exx]~2 + cxTan[d + exx]~4])/(4xcx*e)

Maple [A] time = 0.184, size = 646, normalized size = 1.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d) "4/ (at+bx*tan(e*x+d) "2+cxtan(e*xx+d) ~4)~(1/2),x)

[Out] 1/ex(-1/2%a*27(1/2)/((-b+(-4*a*c+b~2)7(1/2))/a)~(1/2)*(4-2% (-b+(-4*a*c+b~2)
~(1/2)) /a*xtan(exx+d) ~2) " (1/2) * (4+2% (b+(-4xa*xc+b~2) ~(1/2)) /axtan (e*xx+d) ~2) ~(
1/2)/ (at+bxtan (exx+d) “2+c*tan(e*x+d) ~4) ~(1/2) / (b+(-4*a*xc+b~2) ~(1/2))*(E1lipt
icF(1/2*xtan(e*xx+d) *27 (1/2) * ((~b+(=4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2* (-4+2xb* (b
+(~4*axc+b™2)"(1/2))/a/c)~(1/2))-E1lipticE(1/2*tan (exx+d)*2” (1/2)* ((~b+(-4*
axc+b™2)~(1/2))/a) ~(1/2) ,1/2% (-4+2xb* (b+ (~4*axc+b~2)~(1/2)) /a/c)~(1/2)))-1/
4%27(1/2) / ((~b+ (~4*axc+b™2)~(1/2)) /a) ~ (1/2) * (4-2% (~b+ (~Axaxc+b™2)~(1/2)) /a*
tan(e*x+d) ~2) " (1/2) * (4+2% (b+ (-4*a*xc+b~2) ~(1/2) ) /a*tan (exx+d) ~2) ~(1/2) / (a+bx
tan(e*x+d) "2+c*tan(exx+d) "4) " (1/2)*E11lipticF (1/2+tan(exx+d)*27 (1/2)* ((~b+ (-
4xaxc+b~2)"(1/2))/a) " (1/2) ,1/2% (-4+2%b* (b+ (-4*axc+b~2) ~(1/2)) /a/c) ~(1/2))+2
~(1/2)/(-b/a+1/a*x(—4xaxc+b~2)~(1/2))~(1/2) *(1+1/2/a*xtan (exx+d) ~2%b-1/2/a*ta
n(e*xx+d) “2* (~4*xa*xc+b™2) " (1/2))~(1/2) *(1+1/2/a*tan(e*x+d) "2*b+1/2/a*tan (exx+
d) "2%(-4*a*xc+b~2) " (1/2))~(1/2)/(atb*tan (exx+d) “2+cxtan(e*xx+d) ~4) ~(1/2) *E1li
pticPi(1/2*tan(e*x+d)*27 (1/2)* ((~b+(-4*axc+b~2)"(1/2))/a)~(1/2),-2/(-b+(-4x
axc+b~2) " (1/2) ) *a, (-1/2% (b+(-4*a*xc+b~2)~(1/2))/a) ~(1/2) %2~ (1/2) / ((-b+(-4*ax
c+b™2)7(1/2))/a)~(1/2)))
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Maxima [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) ~4/(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="maxima")

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 4/ (atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan (d + ex)

dx
f \/a + btan? (d + ex) + ctan* (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**4/(atb*tan(e*x+d)**2+c*tan(e*xx+d)**4)**(1/2),x)

[Out] Integral(tan(d + e*x)**4/sqrt(a + b*tan(d + e*xx)**2 + cxtan(d + exx)**4), x
)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)4 P
X

\/ctan (ex + d)4 + btan (ex + d)2 +a
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 4/ (atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="giac")

[Out] integrate(tan(e*xx + d)~4/sqrt(c*tan(exx + d)~4 + b*tan(exx + d)72 + a), x)
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tan?(d+ex)

3.42 dx

\/ a+b tanz(d+ex)+c tan4(d+ex)

Optimal. Leaf size=436

btan?(d tan(d . _1 ( Yetand 1 b Z
\4/5(\/5_‘_ \/Etanz(d + ex)) \/a+ an”(d+ex)+c tan™( +ex)Elhpt1CF (Ztan 1 (W)’Z (2 _ \/E\/E)) tan_l (—“

(\/E+\/E tanz(d+ex))2 \Ja+b tan?
2+/ce (\/— -~ \/E) \/a + btan®(d + ex) + ctan*(d + ex) 2eva

[Out] -ArcTan[(Sqrt[a - b + c]*Tan[d + exx])/Sqrt[a + b*Tan[d + e*x]”"2 + c*Tan[d
+ exx]~4]]/(2*Sqrtla - b + cl*e) + (a~(1/4)*EllipticF[2*ArcTan[(c~(1/4)*Tan
[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]l))/4]*(Sqrtl[al + Sqrt[c]l*Tan[d
+ exx]"2)*Sqrt[(a + b*Tan[d + e*x]”2 + cxTan[d + exx]~4)/(Sqrt[al + Sqrt([c]
*Tan[d + exx]~2)72])/(2*%(Sqrtla]l - Sqrtlcl)*c~(1/4)*exSqrtla + b*Tan[d + ex
x]72 + cxTan[d + exx]"4]) - ((Sqrtl[al] + Sqrtlc])*EllipticPi[-(Sqrt[a] - Sqr
t[c]) "2/ (4xSqrt[al*Sqrt[c]l), 2*ArcTan[(c~(1/4)*Tan[d + ex*x])/a~(1/4)], (2 -
b/ (Sqrt[al*Sqrt[c]))/4]1*(Sqrt[a]l + Sqrtlcl*Tan[d + e*xx]~2)*Sqrt[(a + b*Tan
[d + exx]~2 + c*Tan[d + e*x]~4)/(Sqrt[a] + Sqrtlcl*Tan[d + exx]~2)72])/(4*a
~(1/4)*(Sqrtlal - Sqrtlcl)*c”(1/4)*exSqrtla + b*Tan[d + e*xx]~2 + cxTan[d +
e*xx]~4])

Rubi [A] time = 0.3407, antiderivative size = 436, normalized size of antiderivative

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 35, e =

0.114, Rules used = {3700, 1319, 1103, 1706}

integrand size

2 4 4
tan-! Va—b+ctan(d+ex) \4/5 (\/E + \/Etanz(d + ex)) a+b tan®(d+ex)+c tan (d;ex)F (2 tan-! (M) & (2
\/a+b tanz(d+ex)+c tan4(d+ex) (\/E+\/Etan2(d+ex)) \/E
2eNa-b+c 2\4/56(\/_—\/5)\/a+btan2(d+ex)+ctan4(d+ex)

Antiderivative was successfully verified.

[In] Int[Tan[d + exx]~2/Sqrtl[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x]

[Out] -ArcTan[(Sqrt[a - b + c]*Tan[d + ex*x])/Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d
+ exx]~4]]/(2%Sqrtla - b + cl*e) + (a”(1/4)*EllipticF[2*ArcTan[(c~(1/4)*Tan
[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]l))/4]*(Sqrtl[al + Sqrt[cl*Tan[d
+ exx]"2)*Sqrt[(a + b*Tan[d + e*x]"2 + c*xTan[d + e*xx]~4)/(Sqrtl[a] + Sqrtl[c]
xTan[d + exx]~2)72])/(2x(Sqrtlal - Sqrtlc]l)*c~(1/4)*e*xSqrt[a + b*Tan[d + ex
x]72 + cxTan[d + exx]74]) - ((Sqrtlal + Sqrtlc])*EllipticPi[-(Sqrtl[a]l - Sqr
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t[c]) "2/ (4%Sqrt[al*Sqrt[c]l), 2*ArcTan[(c~(1/4)*Tan[d + e*x])/a~(1/4)], (2 -

b/ (Sqrt[al*Sqrt[c]))/4]1*(Sqrt[a]l + Sqrtlcl*Tan[d + e*xx]~2)*Sqrt[(a + bx*Tan
[d + exx]~2 + c*Tan[d + e*x]~4)/(Sqrt[a] + Sqrtlcl*Tan[d + exx]~2)72])/(4*a
~(1/4)*(Sqrtlal - Sqrtlcl)*c”(1/4)*exSqrt[a + b*Tan[d + e*x]”2 + cxTan[d +
e*xx] ~4])

Rule 3700

Int[tan[(d_.) + (e_)*(x )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_)*x(x_)]1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, X, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 1319

Int[(x_)"2/C((d_ ) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4]1)
, x_Symbol] :> With[{q = Rtlc/a, 2]}, -Dist[(a*x(e + d*q))/(c*d"2 - axe”2),
Int[1/Sqrt[a + b*x"2 + c*x"4], x], x] + Dist[(a*xdx(e + d*xq))/(c*d"2 - axe”2
), Int[(1 + g*x72)/((d + exx"2)*Sqrt[a + b*x"2 + c*x74]), x], x]] /; FreeQ[
{a, b, ¢, 4, e}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d"2 - bxdxe + axe”2, 0]
&&% PosQlc/al && NeQ[cxd™2 - axe”2, O]

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + gq™2*x72)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q72%x72)72)]*
EllipticF[2*ArcTan[qg*x], 1/2 - (bxq~2)/(4*c)])/(2xg*Sqrt[a + b*x"2 + c*x~4]
), x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4*axc, 0] && PosQ[c/al]

Rule 1706

Int [((A_) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - Axe)*Arc
Tan[(Rt[-b + (cxd)/e + (axe)/d, 2]*x)/Sqrtla + b*x"2 + c*x"4]])/(2*d*e*Rt[-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2*(a
+ bxx"2 + c*xx"4))/(ax(A + B*x72)"2)]*EllipticPi[Cancel [-((B*d - Axe)~2/(4x
dxexA*B))], 2*xArcTan[qg*x], 1/2 - (b*A)/(4*axB)])/(4*dxexAxq*Sqrt[a + b*x"2
+ c*xx74]), x]] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~2 - b*d*xe + axe”2, 0] && NeQ[cxd~2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA”™2 - axB~2, 0]

Rubi steps
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X2
Subst (f m dx, x, tan(d + €X))

e

tan?(d + ex)
dx =

\/a + btan?(d + ex) + ctan*(d + ex)

1+\/Ex2

ﬁ
\/_Subst (f —+b " dx, x, tan(d+ex)) VaSubst [IW
‘ (Va-o)e ‘ (Va- e
Va-b+c tan(d+ex) ) %F (2 tan- (\/_tan(d+ex)) E ( 1

tan™!
\/a+b tanz(d+ex)+c tan4(d+ex)

2Va—-b +ce 2(\/5_\/5)\4/56

Mathematica [C] time = 8.99379, size = 311, normalized size = 0.71

VB2—dac+b+2ctan®(d+ex) | 2ctan?(d+ex) b —4ac+b b+Vb2—4ac
+ 1 EllipticF |isinh™ ( / tan(d + ex )
\/ Vi2—4ac+b b-Vb2-4ac P \/_ bz 4ac+b ( ) b2 4ac 2c

V2e /‘/ﬁ b\/a + btan®(d + ex) + ctan*(d + ex)
—4ac+

Antiderivative was successfully verified.

[In] Integrate[Tan[d + exx]~2/Sqrtl[a + bxTan[d + e*x]"2 + cxTan[d + exx]~4],x]

[Out] ((-I)*(EllipticF[I*ArcSinh[Sqrt[2]*Sqrtl[c/(b + Sqrt[b~2 - 4*axc])]*Tan[d +
exx]], (b + Sqrt[b”™2 - 4xaxc])/(b - Sqrt[b~2 - 4*a*xc])] - EllipticPi[(b + S
qrt[072 - 4*axc])/(2xc), IxArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]x*
Tan[d + exx]], (b + Sqrt[b~™2 - 4*axc])/(b - Sqrt[b~2 - 4x*axc])])*Sqrt[(b +
Sqrt[b~2 - 4*axc] + 2xcxTan[d + exx]~2)/(b + Sqrt[b~2 - 4xax*xc])]*Sqrt[1 + (
2xcxTan[d + exx]~2)/(b - Sqrt[b~2 - 4*axc])])/(Sqrt[2]*Sqrt[c/(b + Sqrt[b~2

- 4xaxc])]xexSqrt[a + b*Tan[d + e*xx]~2 + cxTan[d + exx]~4])

Maple [A] time = 0.158, size = 402, normalized size = 0.9

v (—b +Vaac+t b2) (tan (ex + d))? (b +Vdac+ bZ) tanex+d? [ ers )y
E T 4 -2 4+2 p ElllpthF f«

a
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d) "2/ (a+b*tan(e*x+d) "2+cxtan(exx+d)~4)~(1/2),x)

[Out] 1/ex(1/4%27(1/2)/((-b+(-4*axc+b™2)~(1/